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The graduated optimization approach is used to find global optimal solutions
for nonconvex functions by using a function smoothing operation with stochas-
tic noise. We found that stochastic noise in stochastic gradient descent (SGD)
has the effect of smoothing the objective function, the degree of which is deter-
mined by the learning rate, batch size, and variance of the stochastic gradient.
On the basis of this finding, we propose and analyze a graduated optimization
algorithm that varies the degree of smoothing by varying the learning rate and
batch size and provide experimental results on image classification tasks with
ResNets that support our theoretical findings. We further demonstrate an
intriguing relationship between the degree of smoothing by SGD’s stochastic
noise, the well-studied “sharpness” indicator, and the model’s generalization
performance.
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Section 1. Introduction

1.1 Background

1.1.1 Machine Learning and Optimization

Machine learning is a technique used to classify and predict unknown data by
learning rules and patterns from given data. When training a deep learning model,
which is a specific machine learning method, the objective function is defined as the
average error between the model’s predictions and the correct values. The goal is to
minimize this error by adjusting the parameters of the deep learning model. Therefore,
solving the optimization problem defined below is referred to as training the model.

1 n
Minimize f(x)= — E fi(x) subject to x € RY, (1)
n
i=1

where € R? is parameter of the model and f;(z): R¢ — R is the loss function for
the i-th training data point (d is the dimension of the model, and n is the number
of training data points). The objective function f in (0) is called an empirical loss
function because it is computed from a limited set of training data, and Problem
(I0) is called an empirical risk minimization problem. In general, an empirical loss
function is a differentiable nonconvex function. The optimal solution to Problem (1),
x* € R?, represents the most suitable parameter for the deep learning model derived
from the training data. Therefore, to successfully train the model, it is essential to
solve Problem () in order to approximate this optimal solution, &* € R<.

1.1.2 Optimization Methods for Empirical Risk Minimization

An optimization method called the gradient method, which uses the gradient (the
differential information of a function) is often used to solve Problem (). The gradient
method is used for updating the current point x; € R? to the next point x,,; € R?
by stepping along vector d; € R? with step size n; > 0:

Tiy1 = Ty — Nydy (2)

That is, a point sequence (z;);eny € R? defined as in Equation (2) is generated so that
x; approximates the optimal solution of Problem 0 when the time or the number of
iterations t is sufficiently large. Here, 1, > 0 is referred to as the learning rate or
step size, and vector d; is referred to as the search direction at time ¢. The simplest
gradient method is gradient descent (GD) using the full gradient V f(x;) of objective
function f as the search direction:

Tit1 =@ — NV f(xh).

However, since the total number of model parameters d ranges from hundreds of
thousands to trillions, and the total number of training data points n ranges from
tens of thousands to tens of millions, GD training, which requires the calculation of the
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full gradient V f(x;) at each time step, is not practical. Stochastic gradient descent
(SGD) [] (defined below) uses mini-batch stochastic gradients V fs, computed on b
(< n) randomly selected training data points as the search direction instead of using
all n training data points at each time step. It can be performed by setting batch size
b appropriately:

LTyl = L — Utvfst (mt)-

SGD is the simplest of the optimization methods used to train deep learning models.
The amazing success of deep neural networks (DNNs) in recent years has been based
on optimization by SGD and its variants, such as Adam [2]. These methods have
been widely studied for their convergence [3, @, B, 6, [, 8, 9, [0, I, [2, I3, [4] and
stability [I5, [, 174, IX] in nonconvex optimization.

1.1.3 Empirical Loss Function and Model Generalizability

The most important aspect of machine learning is the generalization performance of
the model. Generalization performance refers to the ability to accurately predict and
classify data beyond the training data, i.e., the test data. By applying an optimization
algorithm such as SGD to Problem ([), we can obtain an approximate solution that
minimizes the empirical loss function value f(x). In this scenario, the training accu-
racy, which is the prediction accuracy for the training data, approaches 100% while
the test accuracy, which is the prediction accuracy for the test data, typically ranges
between 60% and 90%, depending on the training dataset and model type. Although
achieving 100% test accuracy is the ultimate goal of machine learning, only the em-
pirical loss function can be theoretically analyzed. Numerous studies have explored
the relationship between the empirical loss function and generalization performance.
Most of these studies focused on the shape of the neighborhood around the optimal
solution of the empirical loss function, with the prevailing hypothesis being that an
optimal solution with a flat neighborhood offers better generalizability than one with
a steep neighborhood.”

As shown in Figure [0, there is generally a difference between the empirical loss
function calculated from training data only and the expected loss function calculated
from an infinite amount of data, including the test data. While we can optimize only
the empirical loss function, we must also consider the expected loss function, since if
we can minimize the expected loss function value, the test accuracy should be 100%.
Analysis of the discrepancy between the two loss functions suggests that the optimal
solution for the empirical loss function in a flatter neighborhood is likely to achieve a
lower expected loss function value, as illustrated in Figure M. This hypothesis origi-
nates from the work of Hochreiter and Schmidhuber [19]. There have been numerous
studies on this hypothesis. For example, several studies have proposed using “sharp-
ness” as a measure of the smoothness of the function in the neighborhood of the
approximate solution [20, 21, 22, 23, 24], and experimental results have shown that
there is a correlation between sharpness and a model’s generalization performance.
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Fig. 1 Conceptual diagram of empirical and expected loss functions. Minimizing
the expected loss function is essential for achieving high generalization perfor-
mance, but we can only deal with the empirical loss function. Therefore, near the
optimal solution of the empirical loss function, where the optimization methods
converge, a flat optimal solution with a smaller error between the two functions
(dotted line) is considered to offer high generalization performance.

1.1.4 Smoothing by Stochastic Noise in SGD

Unlike GD, which processes all training data points simultaneously, SGD processes
only b data points simultaneously, so stochastic noise is introduced depending on the
data selected at each iteration. It is reasonable to represent this stochastic noise in
terms of the error V fs, (z:) — V f(2:) =: w; in each search direction at each iteration.
Some studies claim that it is crucial in nonconvex optimization. For example, it has
been proven that noise helps the algorithm to escape local minima [P25, P8, 27, 28],
achieve better generalization [IH, I7], and find a local minimum with a small loss value
in polynomial time under some assumptions [29]. Several studies have also shown that
performance can be improved by adding artificial noise to GD [25, B0, 31, 32].

[33] also suggests that noise smoothes the objective function. Here, at time ¢, let
y: be the parameter updated by GD and x;4; be the parameter updated by SGD,
ie.,

Yi = xy — NV f(2t), Tey1 =2 — NV fs,(24).

Then, the update rule for the sequence {y;} is as follows:

Bw, [Yr1] = Bo, (Y] = nVEw, [f (yr — nwr)], (3)

where f is Lipschitz continuous and differentiable (The derivation of Equation (B)
is in Section @). Therefore, if we define a new function f(y;) := Eo, [f(y: — nwy)],
f can be smoothed by convolving f with noise (see Definition B, also [34]), and
its parameters y; can approximately be viewed as being updated by using the GD
to minimize f . In other words, simply using SGD with a mini-batch smoothes the

function to some extent and may enable escapes from local minima (see also Figure
).
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Fig. 2 Conceptual diagram of how stochastic noise in SGD prevents finding of
local optimal solution. The center of the blue region represents a local optimal
solution with a sharp neighborhood and poor generalization performance. The
steepest descent direction —V f(x:) (red arrow) is straight towards the local
optimal solution. In contrast, the SGD direction —V fs,(x:) (green arrow) is
away from the local optimal solution due to the presence of stochastic noise w;
(yellow arrow).

1.1.5 Graduated Optimization

Graduated optimization is one of the global optimization methods that search
for the global optimal solution of difficult multimodal optimization problems. The
method generates a sequence of simplified optimization problems that gradually ap-
proach the original problem through different levels of local smoothing operations.
It solves the easiest simplified problem first, as the easiest simplification should have
nice properties such as convexity or strong convexity; after that, it uses that solution
as the initial point for solving the second-simplest problem, then the second solution
as the initial point for solving the third-simplest problem and so on, as it attempts to
escape from local optimal solutions of the original problem and reach a global optimal
solution (see Figure B for conceptual diagram of graduated optimization).

This idea first appeared in the form of graduated non-convexity by [B35] and has
since been studied in the field of computer vision for many years. Similar early
approaches can be found in [36] and [37]. Moreover, the same concept has appeared
in the fields of numerical analysis [38] and optimization [39, 34]. Over the past 35
years, graduated optimization has been successfully applied to many tasks in computer
vision, such as early vision [40], image denoising [41], optical flow [42, 43], dense
correspondence of images [44], and robust estimation [45, 46, 47]. In addition, it has
been applied to certain tasks in machine learning, such as semi-supervised learning [48,
49, b0], unsupervised learning [61], and ranking [62]. Moreover, score-based generative
models [63, b4] and diffusion models [65, b6, b7, 58], which are currently state-of-the-
art generative models, implicitly use the techniques of graduated optimization. A
comprehensive survey on the graduated optimization approach can be found in [BY].

Several previous studies have theoretically analyzed the graduated optimization
algorithm. [60] performed the first theoretical analysis, but they did not provide a
practical algorithm. [61] defined a family of nonconvex functions satisfying certain
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conditions, called o-nice, and proposed a first-order algorithm based on graduated
optimization. In addition, they studied the convergence and convergence rate of their
algorithm to a global optimal solution for o-nice functions. [62] analyzed graduated
optimization based on a special smoothing operation. Note that [63] pioneered the
theoretical analysis of optimizers using Gaussian smoothing operations for nonsmooth
convex optimization problems.

1.2 Motivation

Equation (B) indicates that SGD smoothes the objective function [33], but it is
not clear to what extent the function is smoothed or what factors are involved in
the smoothing. Therefore, we decided to clarify these aspects and identify what
parameters contribute to the smoothing. Also, once it is known what parameters of
SGD contribute to smoothing, an implicit graduated optimization can be achieved
by varying the parameters so that the noise level is reduced gradually. Our goal was
thus to construct an implicit graduated optimization framework using the smoothing
properties of SGD to achieve global optimization of DNNs.

1.3 Contributions

1. SGD’s Smoothing Property (Section B). We show that the degree of

smoothing 0 provided by SGD’s stochastic noise depends on the quantity o = ”7%,

where 7 is the learning rate, b is the batch size, and C? is the variance of the stochastic
gradient (see Assumption EZ1). Accordingly, the smaller the batch size b is and the
larger the learning rate 7 is, the smoother the function becomes (see Figure B). This
finding provides a theoretical explanation for several experimental observations. For
example, as is well known, training with a large batch size leads to poor generalization
performance, as evidenced by the fact that several prior studies [64, 65, 66] provided
techniques that do not impair generalization performance even with large batch sizes.
This is because, if we use a large batch size, the degree of smoothing § = "—\/CE becomes

smaller and the original nonconvex function is not smoothed enough, so the sharp
local minima do not disappear and the optimizer is more likely to fall into one. [20]
showed this experimentally, and our results provide theoretical support for it.

2. New theoretical findings on o-nice function (Section BT). It has been
unclear to what extent the o-nice function is a special function and whether the
empirical loss function used in practical applications satisfies the o-nice property. We
propose a o,,-nice function which slightly extends the definition of the o-nice function
to make it more practical. We also show that the cross entropy loss and mean squared
error, which are often used in machine learning, are o,,-nice functions under a certain
assumption (Proposition B1). This allows all previous theoretical and experimental
findings on graduated optimization to be incorporated in machine learning through
the o,,-nice function.

3. Implicit Graduated Optimization (Sections and 4-3). Since the de-
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Fig. 3 Conceptual diagram of implicit graduated optimization for o,,-nice function.

gree of smoothing of the objective function by stochastic noise in SGD is determined
by § = ”—\/CE, it should be possible to construct an implicit graduated optimization
algorithm by decreasing the learning rate and/or increasing the batch size during
training. Building on this theoretical intuition, we propose a new implicit graduated
optimization algorithm. We also show that the algorithm for the o,,-nice function
converges to an e-neighborhood of the global optimal solution in O (1 / 62) rounds. In
Section B3, we show experimentally that our implicit graduated algorithm outper-
forms SGD using a constant learning rate and constant batch size. We also find that
methods which increase the batch size outperform those which decrease the learning

rate when the decay rate of the degree of smoothing is set at 1/v/2.
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Fig. 4 (A) Sharpness versus degree of smoothing calculated from learning rate,
batch size, and the estimated variance of the stochastic gradient. (B) Test
accuracy after 200 epochs ResNet18 training on the CIFAR100 dataset versus
sharpness. (C) Test accuracy versus degree of smoothing. The color shading in
the scatter plots represents the batch size: the larger the batch size, the darker
the color of the plotted points. “Ir” means learning rate.
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4. Relationship between degree of smoothing, sharpness, and generaliz-
ability (Section B). To support our theory that simply using SGD for optimization
smoothes the objective function and that the degree of smoothing is determined by
6 = nC/ Vb, we experimentally confirmed the relationship between the sharpness
of the function around the approximate solution to which the optimizer converges
and the degree of smoothing. We showed that the degree of smoothing is clearly
able to express the smoothness/sharpness of the function as well as the well-studied
“sharpness” indicator (Figure @ (A)), and that there is a clear relationship between
generalization performance and the degree of smoothing; generalization performance
is clearly a concave function with respect to the degree of smoothing (Figure @ (C)).
Our results follow up on a previous study [67] that found, through extensive experi-
ments, correlations between generalization performance and hyperparameters such as
the learning rate, but no correlation between it and sharpness.

Section 2. Preliminaries

2.1 Notations and Definitions

Let N be the set of nonnegative integers. For m € N\ {0}, define [m] :=
{1,2,...,m}. Let R¢ be a d-dimensional Euclidean space with inner product (-,-),
which induces the norm || - ||. I4 denotes a d x d identity matrix. B(y;r) is the Eu-
clidean closed ball of radius r centered at y, i.e., B(y;r) :== {& € R?: ||z — y|| < r}.
Let N'(u;¥) be a d-dimensional Gaussian distribution with mean p € R? and vari-
ance ¥ € R4¥?. The DNN is parameterized by a vector & € R?, which is optimized
by minimizing the empirical loss function f(x) := %Zie[n] fi(x), where f;(x) is the
loss function for € R? and the i-th training data z; (i € [n]). Let & be a random
variable that does not depend on & € R%, and let E¢[X] denote the expectation with
respect to  of a random variable X. ¢ ; is a random variable generated from the
i-th sampling at time ¢, and & := (&1,&2, - .-, &p) is independent of (xx)i_, C R,
where b (< n) is the batch size. The independence of &, &1, . .. allows us to define the
total expectation E as E = E¢ E¢, ---Eg,. Let Gg, () be the stochastic gradient of
f(-) at £ € R%. The mini-batch S; consists of b samples at time ¢, and the mini-batch
stochastic gradient of f(x;) for S, is defined as V fs, (x;) := 3 > ieqp) Ger. ().

2.2 Assumptions and Lemma

We make the following assumptions:

Assumption 2.1
(A1) f: R — R is continuously differentiable and L,-smooth, i.e., for all z,y € R,

IVf(x) = VYl < Lyl -yl



10

(A2) f: R — R is an L-Lipschitz function, i.e., for all z,y € R?,

[f(x) = f(y)l < Lellz —yl.

(A3) Let (x¢)ien C RY be the sequence generated by SGD.
(i) For each iteration ¢,

Eft [Gft (mt)] = Vf(il)'t)

(ii) There exists a nonnegative constant C? such that
Eft [HGft (wt) - vf(wt)HQ} < 02~

(A4) For each iteration ¢, SGD samples a mini-batch S; C S and estimates the full
gradient Vf as

Vis(w) =7 3 Geulw) =7 3 Vhil@)
i€[b]

{’i: ziGSt}

The following lemma is very important to our theory. The proof of Lemma P71 can
be found in Appendix C.

Lemma 2.1 Suppose that (A3)(ii) and (A4) hold for all ¢ € N; then,

2
Ee, [IVfs, @)~ V()] < S

2.3 Function Smoothing

Definition 2.1 (Smoothed function) Given a function f: R? — R, define fs5: R? —
R to be the function obtained by smoothing f as

f5(@) = Bunr [f (@ — Su)],

where 0 > 0 represents the degree of smoothing and wu is a random variable from a
any light-tailed distribution £ with E,.. [||u]]] < 1. Also,

x* = argminf(z) and x} := argminfs(x).
xR xERY

Note that, in the definition of the smoothed function fs, [61] defined that the random
variable u follows a uniform distribution from the unit Euclidean ball. In contrast,
from experimental results in Section H, we define the random variable u to follow any
light-tailed distribution. Since the uniform distribution is a light-tailed distribution
(see Section ), our Definition 21 contains Definition 4.1 of [61] and does not conflict
with it. The graduated optimization algorithm uses several smoothed functions with
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different noise levels. There are a total of M noise levels (0,,)me[ar) and smoothed
functions ( f5m)m€[M] in this paper. The largest noise level is §; and the smallest

is dps(see also Figure B). For all m € [M], (zfcgm))teN is the sequence generated by
an optimizer to minimize fgm. Here, this paper refers to the graduated optimization
approach with explicit smoothing operations (Definition 1) as “explicit graduated
optimization” and to the graduated optimization approach with implicit smoothing
operations as “implicit graduated optimization”. All previous studies (see Section )
have considered explicit graduated optimization, and we consider implicit graduated
optimization for the first time.

Finally, we present an example of function smoothing. Figure B plots the single-
variable Rastrigin function [68, 9] defined as in Equation (#) and its smoothed ver-
sion, computed according to definition 271 with Gaussian noise u ~ N (0;1)

(Rastrigin’s function) f(z):= 2* — 10 cos(2mz) + 10 (4)

— f(x)

—— f5(x) with 6 =0.2
f5(x) with 6 = 0.4

—— f5(x) with 6=0.7

—— f5(x) with 6=1.0

—— f5(x) with 6 =3.0

|

-3 -2 1 0 1 2 3
X

Fig. 5 Original objective function f and smoothed function f5 computed using
degree of smoothing ¢ € {0.2,0.4,0.7,1.0,3.0}.

Figure B shows that as ¢ increases, the function becomes smoother and the valleys
of the function gradually become less and less smooth. At 6 = 1.0, function f5 is
completely convex.
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Section 3. SGD’s smoothing property

This section discusses the smoothing effect of using stochastic gradients. From
Lemma P71, we have

Ee, [lox]] <

Sl

due to w; := Vfs,(xt) — Vf(xt). The w; for which this equation is satisfied can
be expressed as w; = %ut, where Eg¢, [||u|]] < 1. Here, we assume that w; in
image classification tasks with CNN-based models follows a light-tailed distribution
in accordance with experimental observations in several previous studies [[70, [71] and
our experimental results (see Section IZ). Therefore, w; ~ £ and thereby w; ~ L,
where £ and £ are light-tailed distributions and £ is a scaled version of L. Then,
using Definition P71, we further transform Equation (B) as follows:

Ewt [yt+1] = Ewt [yt] - UVEwt [f(yt - th)]

= Bo, [ur] = 19 fae (). (5)

This shows that E,, [f(y; — nw;)] is a smoothed version of f with a noise level nC'/v/b

and its parameter y; can be approximately updated by using the GD to minimize f 28 -
b

Therefore, we can say that the degree of smoothing § by the stochastic noise w; in
SGD is determined by the learning rate 7, the batch size b, and the variance of the
stochastic gradient C? and that optimizing the function f with SGD and optimizing
the smoothed function f 2c with GD are equivalent in the sense of expectation.

There are still more diggoveries that can be made from the finding that simply by
using SGD for optimization, the objective function is smoothed and the degree of
smoothing is determined by § = nC/v/b.

Why the Use of Large Batch Sizes Leads to Solutions Falling into Sharp
Local Minima. It is known that training with large batch sizes leads to a persistent
degradation of model generalization performance. In particular, [20] showed experi-
mentally that learning with large batch sizes leads to sharp local minima and worsens
generalization performance. According to Equation (H), using a large learning rate
and/or a small batch size will make the function smoother. Thus, in using a small
batch size, the sharp local minima will disappear through extensive smoothing, and
SGD can reach a flat local minimum. Conversely, when using a large batch size, the
smoothing is weak and the function is close to the original multimodal function, so
it is easy for the solution to fall into a sharp local minimum. Thus, we have theoret-
ical support for what [20] showed experimentally, and our experiments have yielded
similar results (see Figure [ (a)).



13

Why Decaying Learning Rates and Increasing Batch Sizes are Superior
to Fixed Learning Rates and Batch Sizes. From Equation (B), the use of a de-
caying learning rate or increasing batch size during training is equivalent to decreasing
the noise level of the smoothed function, so using a decaying learning rate or increas-
ing the batch size is an implicit graduated optimization. Thus, we can say that using
a decaying learning rate (2, [73, 74, [/5] or increasing batch size [[76, (77, I8, 79, B, 80|
makes sense in terms of avoiding local minima and provides theoretical support for
their experimental superiority.

Section 4. Implicit Graduated Optimization

In this section, we construct an implicit graduated optimization algorithm that
varies the learning rate n and batch size b so that the degree of smoothing 6 = nC'/ Vb
by stochastic noise in SGD gradually decreases and then analyze its convergence.

4.1 New theoretical findings on o-nice function

In order to analyze the graduated optimization algorithm, Hazan et al. defined o-
nice functions (see Definition [), a family of nonconvex functions that has favorable
conditions for a graduated optimization algorithm to converge to a global optimal
solution [61]. We define the following function, which is a slight extension of the
o-nice function. See Appendix [l for details on its extension.

Definition 4.1 (o,,-nice function) Let M € N, m € [M], and v € [0.5,1). A func-
tion f: RY — R is said to be o,,-nice if the following two conditions hold:

(i) For all 6,,, > 0 and all @ , there exists ¢  such that:

*
ngm — x5 | < Omg1 1= Y0

(i) For all §,, > 0, the function fs, () over N(xj5 ;30m) is om-strongly convex.

The o-nice property implies that optimizing the smoothed function ﬁ;m is a good
start for optimizing the next smoothed function f5m +1» which has been shown to
be sufficient for graduated optimization [61]. We will take this route and consider
an implicit graduated optimization algorithm for o,,-nice functions. One might still
think that the definition of the o,,-nice function is not practical and that there is a
gap between theory and application. However, we can show that the commonly used
empirical loss function is a o,,-nice function under certain assumptions (The proof of
Proposition B is in Appendix [2).

Proposition 4.1 In the definition of the smoothed function (Definition 271), suppose
that w follows a standard Gaussian distribution. Then, the cross entropy loss is a
1-nice function and the mean squared error is a 2-nice function.

The cross entropy loss and mean squared error are the most common empirical loss
functions in classification and regression tasks, respectively, and Proposition B im-
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plies that they are o,,-nice functions. This discovery opens up an unlimited range of
applications of graduated optimization in machine learning, and not only the theoret-
ical results that we will present, but all previous theoretical and experimental findings
on graduated optimization can be incorporated into machine learning through o,,-nice
functions.

4.2 Analysis of Implicit Graduated Optimization

Algorithm B embodies the framework of implicit graduated optimization with
SGD for o,,-nice functions, while Algorithm 272 is used to optimize each smoothed
function; it should be GD (see (8)). Note that our implicit graduated optimization
(Algorithm B) is achieved by SGD with decaying learning rate and/or increasing
batch size.

Algorithm 4.1 Implicit Graduated Optimization
Require: ¢,z € B(x} ;301),m > 0,b1 € [n],7 > 0.5

_ mC — 1 1 _
61 —%,ao—mln{m,ﬁ—aﬁ},M—logv&(ﬁ
for m=1to M + 1 do

if m # M + 1 then

€m = 0m02,/2, Ty = Hy,/em
Em/NVAm =7 (Em € (0,1], A, > 1)
end if

wm+1 = GD(Tm, L, fA(;m 9 nm)

NIm+1 ‘= EmTm, bm—i—l = Ambm
dm—i—l = A1 C

bm+1
end for

return x ;o

Algorithm 4.2 Gradient Descent

Require: T,,, z?:gm), fgm,n >0
for t =1 to T, do
a1 =™ =0V s, (x0)
end for
return

(m)
Ty +1

From the definition of ¢,,-nice function, the smoothed function f(;m is o,,-strongly
convex in B(xj ;30,,). Also, the learning rate used by Algorithm to optimize
f(;m should always be constant. Therefore, let us now consider the convergence of GD

with a constant learning rate for a o,,-strongly convex function ﬁ;m. The proof of
Theorem BT is in Appendix ET.
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Theorem 4.1 (Convergence analysis of Algorithm B-2) Suppose that ﬁsm: R? - R

is a oy,-strongly convex and Lg-smooth and 1 < min {GL, Ll
m g

}. Then, the sequence

(:i:gm))teN generated by Algorithm B2 satisfies

PR (m)) P H, 1
min T — x <—=0(=), 6
tE[T]f(STn < t f(SwL( 5m) — T (T ( )

9(1—0.mn)d2, 3L;6m - .

where H,, = X 0277 Mo 77(2—ng77) is a nonnegative constant.
Theorem BT shows that Algorithm B2 can reach an €,,-neighborhood of the optimal
solution @y of fs, in approximately T, := Hy, /€m iterations. The next proposition

is crucial to the success of Algorithm BT and guarantees the soundness of the g,,-nice
function (The proof is in Appendix E2).

Proposition 4.2 Let f be a o,,-nice function and d,,41 := vd,,. Suppose that v €
[0.5,1) and ® € B(x},;301). Then for all m € [M], ||y, — x5 || < 36m.

x,, is the approximate solution obtained by optimization of the smoothed function
5., with Algorithm B2 and is the initial point of optimization of the next smoothed
function f(;m. Therefore, Proposition B2 implies that v € [0.5,1) must hold for the
initial point of optimization of ﬁ;m to be contained in the strongly convex region of
f(;m. Therefore, from Theorem EZ1 and Proposition B2, if f is a 0,,-nice function and
x1 € B(xj ;301) holds, the sequence (.,)me[n] generated by Algorithm E7T never
goes outside of the o,,-strongly convex region B(x} ;30,,) of each smoothed function
fs,, (m € [M]) .

The next theorem guarantees the convergence of Algorithm B with the o,,-nice
function (The proof of Theorem B2 is in Appendix [E=3). Note that Theorem @2 pro-
vides a total complexity including those of Algorithm E=1 and Algorithm A=, because
Algorithm BT uses Algorithm B2 at each m € [M].

Theorem 4.2 (Convergence analysis of Algorithm E1) Let ¢ € (0,1) and f: R? —
R be an Ly-Lipschitz o,,-nice function. Suppose that we run Algorithm BEZT; then
after O (1 / 62) rounds, the algorithm reaches an e-neighborhood of the global optimal
solution x*.

4.3 Numerical Results

Full experimental results and our code are in Appendix G. We compared four
types of SGD for image classification: 1. constant learning rate and constant batch
size, 2. decaying learning rate and constant batch size, 3. constant learning rate
and increasing batch size, /. decaying learning rate and increasing batch size, in
training ResNet34 [K1] on the ImageNet dataset [82] (Figure B), ResNet18 on the
CIFAR100 dataset (Figure B in Appendix @), and WideResNet-28-10 [83] on the
CIFAR100 dataset (Figure O in Appendix G). Therefore, methods 2, 3, and 4 are our
Algorithm B70. All experiments were run for 200 epochs. In methods 2, 3, and 4,
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the noise decreased every 40 epochs, with a common decay rate of 1/ V2. That is,
every 40 epochs, the learning rate of method 2 was multiplied by 1/v/2, the batch
size of method 3 was doubled, and the learning rate and batch size of method 4 were
respectively multiplied by v/3/2 and 1.5. Note that this 1/4/2 decay rate is 7 in
Algorithm B71 and it satisfies the condition in Proposition B=2. The initial learning
rate was 0.1 for all methods, which was determined by performing a grid search
among [0.01,0.1,1.0,10]. The noise reduction interval was every 40 epochs, which
was determined by performing a grid search among [10, 20, 25, 40, 50, 100]. A history
of the learning rate or batch size for each method is provided in the caption of each
figure.

Training ResNet34 on ImageNet dataset

62 1 -5
60 1 -4
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$ 581 —— 1l.constant Ir and constant batch size |3 ©
g —— 2.only decaying Ir g
56 1 \ . . .
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Fig. 6 Accuracy score for the testing and loss function value for training versus
the number of epochs in training ResNet34 on the ImageNet dataset. The solid
line represents the mean value, and the shaded area represents the maximum
and minimum over three runs. In method 1, the learning rate and batch size
were fixed at 0.1 and 256, respectively. In method 2, the learning rate was

decreased every 40 epochs as [0.1, ﬁ, 0.05, ﬁ? 0.025} and the batch size was
fixed at 256. In method 3, the learning rate was fixed at 0.1, and the batch

size was increased as [32,64,128,256,512]. In method 4, the learning rate was

decreased as [0.1, ‘2/—5,0.075, %5,0.05625} and the batch size was increased as

32,48, 72,108, 162].

For methods 2, 3, and 4, the decay rates are all 1/1/2, and the decay intervals are
all 40 epochs, so throughout the training, the three methods should theoretically be
optimizing the exact same five smoothed functions in sequence. Nevertheless, the
local solutions reached by each of the three methods are not exactly the same. All
results indicate that method 3 is superior to method 2 and that method 4 is superior
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to method 3 in both test accuracy and training loss function values. This difference
can be attributed to the different learning rates used to optimize each smoothing
function. Among methods 2, 3, and 4, method 3, which does not decay the learning
rate, maintains the highest learning rate 0.1, followed by method 4 and method 2. In
all graphs, the loss function values are always small in that order; i.e., the larger the
learning rate is, the lower loss function values become. Therefore, we can say that the
noise level §, expressed as ’77%, needs to be reduced, while the learning rate 1 needs to
remain as large as possible. Alternatively, if the learning rate is small, then a large
number of iterations are required. Thus, for the same rate of change and the same
number of epochs, an increasing batch size is superior to a decreasing learning rate
because it can maintain a large learning rate and can be made to iterate a lot when
the batch size is small.

Theoretically, the noise level d,, should gradually decrease and become zero at the
end, so in our Algorithm B, the learning rate n,, should be zero at the end or the
batch size b, should match the number of data sets at the end. However, if the
learning rate is 0, training cannot proceed, and if the batch size is close to a full
batch, it is not feasible from a computational point of view. For this reason, the
experiments described in this paper are not fully graduated optimizations; i.e., full
global optimization is not achieved. In fact, the last batch size used by method 2 is
around 128 to 512, which is far from a full batch. Therefore, the solution reached in
this experiment is the optimal one for a function that has been smoothed to some
extent, and to achieve a global optimization of the DNN, it is necessary to increase
only the batch size to eventually reach a full batch, or increase the number of iterations
accordingly while increasing the batch size and decaying the learning rate.

Section 5. Relationship between degree of smoothing,

sharpness, and generalizability

The graduated optimization algorithm is a method in which the degree of smoothing
0 is gradually decreased. Let us consider the case where the degree of smoothing
is constant throughout the training. The following lemma shows the relationship
between the error of the original function value and that of the smoothed function
value.

Lemma 5.1 Let fg be the smoothed version of f; then, for all € R?,

~

fs(x) — f(x)| <OLy.

Here, a larger degree of smoothing should be necessary to make many local optimal
solutions of the objective function f disappear and lead the optimizer to the global
optimal solution. On the other hand, Lemma B implies that the larger the degree
of smoothing is, the further away the smoothed function will be from the original
function. Therefore, there should be an optimal value for the degree of smoothing



18

that balances the tradeoffs, because if the degree of smoothing is too large, the original
function is too damaged and thus cannot be optimized properly, and if it is too small,
the function is not smoothed enough and the optimizer falls into a local optimal
solution. This knowledge is useful because the degree of smoothing due to stochastic
noise in SGD is determined by the learning rate and batch size (see Section B), so when
a constant learning rate and constant batch size are used, the degree of smoothing is
constant throughout the training.

The smoothness of the function, and in particular the sharpness of the function
around the approximate solution to which the optimizer converged, has been well
studied because it has been thought to be related to the generalizability of the model.
In this section, we reinforce our theory by experimentally observing the relationship
between the degree of smoothing and the sharpness of the function.

Several previous studies [T9, 20, 84, 85, 67] have addressed the relationship between
the sharpness of the function around the approximate solution to which the optimizer
converges and the generalization performance of the model. In particular, the hypoth-
esis that flat local solutions have better generalizability than sharp local solutions is
at the core of a series of discussions, and several previous studies [20, 21, 22, 23, 24|
have developed measures of sharpness to confirm this. In this paper, we use “adaptive
sharpness” [24, 67] as a measure of the sharpness of the function that is invariant to
network reparametrization, highly correlated with generalization, and generalizes sev-
eral existing sharpness definitions. In accordance with [67], let S be a set of training
data; for arbitrary model weights w € R?, the worst-case adaptive sharpness with
radius p € R and with respect to a vector ¢ € R? is defined as

SP

max

(w,c) :=Es ”5®I6116}>”<p§pf(w +6) — f(w)|,

where ®/~1 denotes elementwise multiplication /inversion. Thus, the larger the sharp-
ness value is, the sharper the function around the model weight w becomes, with a
smaller sharpness leading to higher generalizability.

We trained ResNet18 [81] with the learning rate n € {0.01,0.05,0.1,0.1} and batch
size b € {21,...,213} for 200 epochs on the CIFAR100 dataset [86] and then measured
the worst-case [, adaptive sharpness of the obtained approximate solution with radius
p =0.0002 and ¢ = (1,1,...,1)T € R% Our implementation was based on [67] and
the code used is available on our anonymous GitHub. Figure [@ plots the relationship
between measured sharpness and the batch size b and the learning rate n used for
training as well as the degree of smoothing ¢ calculated from them. Figure [d also plots
the relationship between test accuracy, sharpness, and degree of smoothing. Three
experiments were conducted per combination of learning rate and batch size, with a
total of 156 data plots. The variance of the stochastic gradient C? included in the
degree of smoothing 6 = nC'/ Vb used values estimated from theory and experiment
(see Appendix B for details).

Figure [@ (a) shows that the larger the batch size is, the larger the sharpness value
becomes, whereas (b) shows that the larger the learning rate is, the smaller the
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Fig. 7 (a) Sharpness around the approximate solution after 200 epochs of
ResNet18 training on the CIFAR100 dataset versus batch size used. (b) Sharp-
ness versus learning rate used. (c¢) Sharpness versus degree of smoothing cal-
culated from learning rate, batch size, and estimated variance of the stochastic
gradient. (d) Test accuracy after 200 epochs training versus sharpness. (e) Test
accuracy versus degree of smoothing. The solid line represents the mean value,
and the shaded area represents the maximum and minimum over three runs. The
color shade in the scatter plots represents the batch size; the larger the batch
size, the darker the color of the plotted points. “lr” means learning rate. The
experimental results that make up the all graphs are all identical.

sharpness becomes, and (c) shows a greater the degree of smoothing for a smaller
sharpness. These experimental results guarantee the our theoretical result that the
degree of smoothing ¢ is proportional to the learning rate 1 and inversely proportional
to the batch size b, and they reinforce our theory that the quantity nC/ Vb is the degree
of smoothing of the function. Figure [@ (d) also shows that there is no clear correlation
between the generalization performance of the model and the sharpness around the
approximate solution. This result is also consistent with previous study [67]. On
the other hand, Figure [@ (e) shows an excellent correlation between generalization
performance and the degree of smoothing; generalization performance is clearly a
concave function with respect to the degree of smoothing. Thus, a degree of smoothing
that is neither too large nor too small leads to high generalization performance. This
experimental observation can be supported theoretically (see Lemma B). That is, if
the degree of smoothing is a constant throughout the training, then there should be an
optimal value for the loss function value or test accuracy; for the training of ResNet18
on the CIFAR100 dataset, for example, 0.1 to 1 was the desired value (see Figure [@
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(e)). For degrees of smoothing smaller than 0.1, the generalization performance is
not good because the function is not sufficiently smoothed so that locally optimal
solutions with sharp neighborhoods do not disappear, and the optimizer falls into
this trap. On the other hand, a degree of smoothing greater than 1 leads to excessive
smoothing and smoothed function becomes too far away from the original function to
be properly optimized; the generalization performance is not considered excellent. In
addition, the optimal combination of learning rate and batch size that practitioners
search for by using grid searches or other methods when training models can be said
to be a search for the optimal degree of smoothing. If the optimal degree of smoothing
can be better understood, the huge computational cost of the search could be reduced.

[67] observed the relationship between sharpness and generalization performance in
extensive experiments and found that they were largely uncorrelated, suggesting that
the sharpnesss may not be a good indicator of generalization performance and that
one should avoid blanket statements like “flatter minima generalize better”. Figure
@ (d) and (e) show that there is no correlation between sharpness and generaliza-
tion performance, as in previous study, while there is a correlation between degree
of smoothing and generalization performance. Therefore, we can say that degree of
smoothing may be a good indicator to theoretically evaluate generalization perfor-
mance, and it may be too early to say that “flatter minima generalize better” is
invalid.

Section 6. Conclusion

We proved that SGD with a mini-batch stochastic gradient has the effect of smooth-
ing the function, and the degree of smoothing is greater with larger learning rates and
smaller batch sizes. This shows theoretically that smoothing with large batch sizes
is makes it easy to fall into sharp local minima and that using a decaying learning
rate and/or increasing batch size is implicitly graduated optimization, which makes
sense in the sense that it avoids local optimal solutions. Building on these findings,
we proposed a new graduated optimization algorithm for a o,,-nice function that uses
a decaying learning rate and increasing batch size and analyzed it. Our finding that
the commonly used empirical loss functions, i.e., the cross entropy loss and mean
squared error, are o,,-nice functions will dramatically stimulate the application of
graduated optimization in machine learning. We also conducted experiments whose
results showed the superiority of our recommended framework for image classifica-
tion tasks on CIFAR100 and ImageNet. In addition, we observed that the degree of
smoothing of the function due to stochastic noise in SGD can express the degree of
smoothness of the function as well as sharpness does, and that the degree of smoothing
is a good indicator of the generalization performance of the model.
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A Derivation of Equation (3)

Let y; be the parameter updated by gradient descent (GD) and x;y; be the pa-
rameter updated by SGD at time ¢, i.e.,

Yt = Ty — va(wt);
Tiy1 =Ty — NV fs,(T1)
=z — nN(V[f(ze) + wi).

Then, we have

Tit1 =@ — NV fs, (@)
= (Y + 0V f(x:)) =V fs, (1)
=Yt — N, (7)
from w; := Vfs, (xt) — V f(x:). Hence,

Y+l = L1 — T]Vf(wtﬂ)
=y — nwr — NV [y — nwy).

By taking the expectation with respect to w; on both sides, we have, from E,,, [w;] =
0,

Ew, [Yt+1] = Ew, [y:] — nVEs, [f(y: —nw:)],

where we have used E,,, [V f(y: — nw:)] = VE,, [f(y: — nw:)], which holds for a Lip-
schitz continuous and differentiable f [87, Theorem 7.49]. In addition, from (@) and
E, [wt] = 0, we obtain

Eo, [®i+1] = Yt

Therefore, on average, the parameter x;y; of the function f arrived at by SGD
coincides with the parameter y; of the smoothed function f(y;) := Ey, [f(y: — nw;)]
arrived at by GD.

B Estimation of variance of stochastic gradient

In Section B, we need to estimate the variance C? of the stochastic gradient in order
to plot the degree of smoothing § = nC/ Vb. In general, this is difficult to measure,
but several previous studies [88, 89] have provided the following estimating formula.
For some € > 0, when training until + Zle E [|[V f(xr)]|?] < €2, the variance of the
stochastic gradient can be estimated as

02 _ b* 62 |
n
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where b* is the batch size that minimizes the amount of computation required for
training and 7 is learning rate used in training. We determined the stopping condition
€ for each learning rate, measured the batch size that minimized the computational
complexity required for the gradient norm of the preceding t steps at time t to average
less than € in training ResNet18 on the CIFAR100 dataset, and estimated the variance
of the stochastic gradient by using an estimation formula (see Table ). Table & shows
the results of a similar experiment for the training WideResNet(WRN)-28-10 on the
CIFAR100 dataset.

Table 1 Learning rate n and threshold Table 2 Learning rate n and threshold
€ used for training, measured optimal € used for training, measured optimal
batch size b* and estimated variance of batch size b* and estimated variance of
the stochastic gradient C? in training the stochastic gradient C? in training
ResNet18 on the CIFAR100 dataset. WRN-28-10 on the CIFAR100 dataset.

i € b* C? n e b~ (C?

0.01 1.0 27 12800 0.01 1.0 22 400

0.05 05 2° 1280 0.05 05 22 20

0.1 05 21 1280 0.1 05 22 10

0.5 05 210 256 0.5 05 22 2
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C Proofs of the Lemmas

C.1 Proof of Lemma 2.1
(Proof) (A3)(ii) and (A4) guarantee that

- ) 9
Eﬁt [vast (wt) - Vf(wt>H2] = Eft %Z Gft,i (a:t) - Vf<wt) ]

This completes the proof. (Q.E.D.)

C.2 Proof of Lemma

(Proof) From Definition 270 and (A2), we have, for all z,y € R,

fs(@) = f(@)| = By [f(2 — 5u)] - f()|
|E [f(z = du) — f(z)]|
By [[f (@ — du) — f(z)]]
Ey [Lfl[(® — du) — 2|]
= 5LfEu (]
< dLy.
This completes the proof. (Q.E.D.)

D Lemmas on smoothed function

The following Lemmas concern the properties of smoothed functions f(s.
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Lemma D.1 Suppose that (A1) holds; then, fs defined by Definition P is also L,-
smooth; i.e., for all ¢,y € RY,

|Vis@) - Visw)| < Lol — Il

(Proof) From Definition 270 and (A1), we have, for all ¢,y € R,

|Vfs@) = Vis(w)| = IVEw [f (@~ 6w)] - VEu [f(y — su)]|
= [Ew [V £ (@ - 0u)) — E, [V £(y — b))
— Eu [V f (@ ~ ou) = Vf(y — su)]|

(
Eo [[IVf(z = du) = Vf(y - du)|]
Eo [Ly [[(x — du) — (y — du)|]

= Eu [Lg |z — yl]
= Lg|z -yl
This completes the proof. (Q.E.D.)

Lemma D.2 Suppose that (A2) holds; then f; is also an L ¢-Lipschitz function; i.e.,
for all z,y € RY,

(@) = fs(w)| < Lylle -yl

(Proof) From Definition P21 and (A2), we have, for all ¢,y € R,

Fo(@) = f5w)| = B [f(@ — 5w)] — By [f(y — 6u)]
= |Eu [ (z — 6u) — f(y - 6u)]
< By [|f (@ — ou) — f(y - ou)]|
Eu [Ly (@ — du) — (y — 5u)]|
= E, [Ls |l yl]
— Lyllz ~ y.

This completes the proof. (Q.E.D.)
Lemmas D1 and O imply that the Lipschitz constants L ¢ of the original function

f and L, of V f are taken over by the smoothed function ﬁ; and its gradient V f5 for
all 9 € R.



32

E Lemmas used in the proofs of the theorems

Lemma E.1 Suppose that f(;m: R? — R is o,,-strongly convex and :&gg = ﬁ:gm) —

Ntg:. Then, for all t € N,

A ~(m)y 2 * <1_Um77tX_LX ﬁ 2
Jo, (&177) = f5,, (") < Tog, Ot gt Ty lgell”,
Where gr = Vfs (& (m)) X = H:i:tm) —x ||?, and xj is the global minimizer of

5.,- (Proof) Let ¢t € N. The definition of ac,g JJ guarantees that

127 — 22 = 1™ — nige) — 2|
= [l&f™ — a* )| — 2ne (@™ — 25 g0) + 17 llgel|*.
From the o,,-strong convexity of f(;m,
“ L L “ o ”
et — a5, 12 < ™ — a5, 12+ 2m (fs,,(25,) = fo,, @) = F-l@f™ — a3, 1) +n? lgil>

m r l1-0o Mty ~(m 1 m Mt
fon @) = fi, (@3,) < =5 P8 = i 1P - 5@ - @ 7+ g

This completes the proof. (Q.E.D.)

Lemma E.2 Suppose that f5 : R? — Ris L,-smooth and :ﬁfﬁr{ = "™ —n,g,. Then,

for all t € N,
- (1 _ g”t) 19 F5, @2 < Fio (@) = oo (@),

where g, := Vfs,_ (:&ﬁm)) and xj is the global minimizer of f5, . (Proof) From the
L 4-smoothness of the f§ and the definition of sct +1, we have, for all t € N,

Fon @00) < f5,, @) + (Vfs,, (@), &7 - *m>>+—g||mm ™|
= Fon @) =V i (™) g0) + L g 2
< Fou@l™) = (1= 222 ) [, (@)

Therefore, we have

o (1 52 190, GO < s, (@) = o (007D

This completes the proof. (Q.E.D.)
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Lemma E.3 Suppose that f5 : RY — R is L 4-smooth, ;i;i’ff = af:,gm) — M:gt, and
N i=n< Ll Then, for all t € N,

il Z lgell? < %
gn)T

where g := Vf5_ (ﬁ:gm)) and xj is the global minimizer of f5... (Proof) According
to Lemma [EZ2, we have

L m ; ~(m
, (1 - ) IVE@™)? < fi (20) - fi, @),
Summing over ¢, we find that

£ fo, @) = fs,, (&57)
0(1-2) 7 an )2 < o).

Hence, from n < L—,
g

B A (f5,,@™) = fs,.(3,)
T 219 12— Lyn) T '

Here, from the L;-Lipschitz continuity of ﬁ;

m )

fo, @) = f5. (x5 ) < Lp|@l™ — =% |

where we have used mgm) € B(x} ;30m). Therefore, we have
i ol =
—1 —Lgn)T

This completes the proof. (Q.E.D.)

F Proof of the Theorems and Propositions

F.1 Proof of Theorem 4.1

(Proof) Lemma E guarantees that

P (Y LT Omle e L ey
@) = o (@,) < =22 X = o X + Rl

1_Um77 Om 77 2
_ - Umilx, X _ Ym i ‘
= 2 ( t t+1) 5 Xt+1+2HgtH
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From n < min {GL l} and Lemma EZ3, by summing over ¢ we find that

m’Lg

T
=3 (Fon @)~ fon(@3,)) < o2 (X) — Xpia) - 22 ZXm

t=1

2nT 2T —
9(1 —0,n)d2, 1 N 3L¢0y, 1
2 T n2-Lem T
-— —_—
—Hl :ZHQ
1
= (H1 + Hs)
~——— T
=:H,,
==

where we have used X; := Hzc(m)

constant. From the convexity of F',

x} ||* < 967, and H,, > 0 is a nonnegative

Hence,

In addition, since the minimum value is smaller than the mean, we have

™) _ o (pr )) < Fm _ (L
pip (o, (&47) = (@) < 3 =0 (7).
This completes the proof. (Q.E.D.)

F.2 Proof of Proposition 4.2

(Proof) This proposition can be proved by induction. Since we assume x; €
N(xj ;301), we have

1 — a5, || < 31,
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which establishes the case of m = 1. Now let us assume that the proposition holds
for any m > 1. Accordingly, the initial point @,, for the optimization of the m-th
smoothed function ﬁ;m and its global optimal solution xj —are both contained in the
its o,,-strongly convex region N(zxj ;30d,,). Thus, after T, :== H,, /e, iterations, Al-

gorithm B2 (GD) returns an approximate solution :%%z) 41 = Tm+1, and the following

holds from Theorem BT

; A H o 52 Omb2, .
f5m (mm—|—1) - f{)‘m (.’.Bgm) S T_::: =€, = m2 m m2ﬁ;ﬂ,;+ .

Hence, from the o,,-strongly convexity of fgm,

2
Om 5m+1

. 0

Om 9
— ||t — x5 [|* <
2 m m 2~2 v

Therefore, from the o,,-niceness of f and v € [0.5, 1),

|Zmi1 — x5, < l2msr — 25, |+ 25, — 25, 41l

Om
< 7+1 + (’dml - 5m+1)

Om Om,
= +1 + ( RN (5m+1>

v g
2
()
g
S 35m+1-
This completes the proof. (Q.E.D.)

F.3 Proof of Theorem 4.2

The following proof uses the technique presented in [61]. (Proof) According to

c
) = Imily gnd e =~ we have
m+1 \/bm+1 Do s

77m+1C

Oma1 =
+1 -

e
VAV

’im
= Om,

Vam

= YO




36

Therefore, from M := log, (age) + 1 and 6; := 7\7/1_1%

opr = 61yM 1
= (5104()6

77100406

N

According to Theorem £,

E | foui (@ar41) = fou, (@5,,)] < en
== O'M(5]2w

- ()

From Lemmas D2 and b,

~

f@arsz) = £@) = { f@ars2) = Fong@ari2) | + { Fons @) = (@)
+{ Foae(@ars2) = foui (@)}
< {F@rrs2) = fou(@arsn) |+ { fons (@) — F(2") }
+{ fors @ars2) = Fone (@3, }
< OurLy +0ur Ly + { fons @ars2) = fou, (5,,) |
=20m Ly + {fw (®rr42) — fou (CBM+1)} + {J%M (®ar41) — fou, (fBEM)}
< 20n Ly + Ly @area = @aria| + {Fous @arn) = fous (@5,)}
Then, we have

f(CCM+2) — f(a:*) < 25MLf + 6Lf(5M + €pm
= 8Lf5M + e,

where we have used ||@pr42 —@p+1|| < 60y since xpyryo,xp+1 € N(x*;300).
Therefore,

. 8L m Cage <«/O’M77100506)2
— <
f(wM—FQ) f(w ) = \/b_l + \/E
< 8Lf7]100&06 <\/E77100406>2
- Vh Vb1

<€
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Vb1 Vb1
16LymC? /20n,C
Let Tiota1 be the total number of queries made by Algorithm E7T; then,

where we have used g := min {

M+1 M+41

H,, H,,
Tiotal = Z - = Z @

€
m=1 ™ m=1

Here, from the proof of Theorem BT (see Section E), we define Hy > 0 as follows:

9(1 — o,,n)d2, n 3L 6, < 9(1 — o1m)6? n 3Lsoy

Hm = ~ = H4
2n (2 = Lgn) 2n (2 = Lgn)
Thus, from ) = d1age,
- :Mil H,, i HMil _ Hy(M +1)
total — 0m52 - + L 0103, 0103,
Hy(M +1) ( 1 )
= 2aa — 9=
0'15 Oé

This completes the proof. (Q.E.D.)

G Full Experimental Results

The experimental environment was as follows: NVIDIA GeForce RTX 4090 x2GPU
and Intel Core 19 13900KF CPU. The software environment was Python 3.10.12,
PyTorch 2.1.0 and CUDA 12.2. The code is available at https://anonymous.4open.
science/r/new-sigma-nice.


https://anonymous.4open.science/r/new-sigma-nice
https://anonymous.4open.science/r/new-sigma-nice
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Fig. 8 Accuracy score for testing and loss function value for training versus
the number of epochs (left) and the number of parameter updates (right)
in training ResNet18 on the CIFAR100 dataset. The solid line represents the
mean value, and the shaded area represents the maximum and minimum over
three runs. In method 1, the learning rate and the batch size were fixed
at 0.1 and 128, respectively. In method 2, the learning rate decreased ev-

ery 40 epochs as [0.1, ﬁ,().(]& ﬁ,0.0QS} and the batch size was fixed at

128. In method 3, the learning rate was fixed at 0.1, and the batch size
was increased as [16,32,64,128,256]. In method 4, the learning rate was de-

creased as [0.1, ‘2/—05,0.075, %,0.05625} and the batch size was increased as

32,48, 72,108, 162].
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Fig. 9 Accuracy score for testing and loss function value for training versus
the number of epochs (left) and the number of parameter updates (right) in
training WideResNet-28-10 on the CIFAR100 dataset. The solid line represents
the mean value, and the shaded area represents the maximum and minimum
over three runs. In method 1, the learning rate and batch size were fixed at
0.1 and 128, respectively. In method 2, the learning rate was decreased ev-

ery 40 epochs as [0.1, ﬁ,0.0E), ﬁ,omﬂ and the batch size was fixed at

128. In method 3, the learning rate was fixed at 0.1, and the batch size was
increased as [8, 16,32, 64, 128]. In method 4, the learning rate was decreased as

[0.1 ¥3 0.075, 33 0.05625} and the batch size was increased as [8, 12, 18, 27, 40].
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H Discussion on the definition of the smoothed function

Recall the general definition of the smoothing of the function.

Definition H.1 Given a function f: RY — R, define f(;: R? — R to be the function
obtained by smoothing f as

A~

‘fé (11) = EuNN(O;%l

) (e —u).
where & > 0 represents the degree of smoothing and w is a random variable from a
Gaussian distribution.

What probability distribution the random variable u € R? follows in the definition
of smoothed function varies in the literature. [34, b9, 90] assumes a Gaussian distribu-
tion, while [61] assumes a uniform distribution for the sake of theoretical analysis. So
what probability distribution the random variable u should follow in order to smooth
the function? This has never been discussed.

It is difficult to confirm from a strictly theoretical point of view whether the func-
tion ﬁ; obtained by using a random variable w that follows a certain probability
distribution is smoother than the original function f (more precisely, it is possible
with a Gaussian distribution). Therefore, we smoothed a very simple nonconvex
function with random variables following several major probability distributions and
compared it with the original function. We deal with one-dimensional Rastrigin’s
function [68, 9] and Drop-Wave function [91] defined as follows:

(Rastrigin’s function) f(z) := 2% — 10 cos(2nz) + 10, (8)
1+ cos(127x) (9)
0.522 + 2

(Drop-Wave function) f(x) :=

We smooth the above functions in accordance with Definition EZ using random
variables following light-tailed distributions: Gaussian, uniform, exponential, and
Rayleigh, and heavy-tailed distributions: Pareto, Cauchy, and Levy. We have added
the code for this smoothing experiment to our anonymous GitHub. For more informa-
tion on the parameters of each probability distribution, please see there. First, Figure
M plots the Rastrigin’s function and its smoothed version with a degree of smoothing
of = 0.5, using a random variable that follows several probability distributions.

Figures M shows that smoothing using random variable from light-tailed distribu-
tions works, while smoothing using random variable from heavy-tailed distributions
does not. The reason for this is thought to be that extremely large values tend to
appear in heavy-tailed distributions, and the function values are not stable.

Next, Figure [ plots the Drop-Wave function and its smoothed version with a de-
gree of smoothing of § = 0.5, using a random variable that follows several probability
distributions.
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- Smoothed Function ;‘5 with heavy-tailed distributions

40 .
—— f)rlgnnalfo) ! 104 - ——- Original f(x)
35 B — 1:5 (Gaussian) _ ?5 (Pareto)
R it 12 | a
o fﬁ (Uniform) 10 % (Cauchy)
J— fg (Exponential) Lo | o %ﬁ (Levy)
fs (Rayleigh)
g 251 o
[ 3 10°
5 201 g
g T 10°
2 15 N\ ug.
1 A 104
[ A Y. \ \
10 L TSRNHRY/N WA \/vJ\\AJk [\/\/\”\ IV ,/
VRN A RARY: w [0 MY Ay
\ \ ‘\/n 100 4 R VA
0 T v
-4 -2 0 2 4 -4 -2 0 2 4
X X
Fig. 10 Rastrigin’s function (B) and its smoothed version using random variables
following a light-tailed distribution (left) and heavy-tailed distribution (right).
The degree of smoothing is set to 0.5. Note that right graph has the logarithmic
vertical axis with a base of 10.
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Fig. 11 Drop-Wave function (8) and its smoothed version using random vari-
ables following a light-tailed distribution (left) and heavy-tailed distribution
(right). The degree of smoothing is set to 0.5.

Figure I shows that, in contrast to Figure M0, the heavy-tailed distribution suc-
cessfully smooths the function as well as the light-tailed distribution. The reason
for this lies in the definition of the Drop-Wave function. The Drop-Wave function
has an 22 term in its denominator, which prevents the function value from exploding
even when the heavy-tailed distribution provides extremely large values, and thus the
smoothing works.

In smoothing of the function, random variables have been defined to follow pri-
marily a Gaussian distribution (see Definition HI), but these experimental results
motivate us to extend it from a Gaussian distribution to a light-tailed distribution
(see Definition P-T). Note that we also provide the interesting finding that, depend-
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ing on the definition of the original function, random variables from heavy-tailed
distributions can also be useful for smoothing.

| Discussion on o,,-nice function

1.1 Extension from o-nice function to o,,-nice function
Hazan et al., proposed o-nice function to analyze graduated optimization algorithm.

Definition 1.1 (o-nice function [B1]) Let M € N and m € [M]. A function f: R? —
R is said to be o-nice if the following two conditions hold:
(i) For all 6,,, > 0 and all @ , there exists ¢  such that:

(ii) For all §,, > 0, the function fs () over N (x5 ;30m) is o-strongly convex.
Recall our o,,-nice function (Definition A).

Definition 1.2 (o,,-nice function) Let M € N, m € [M], and v € [0.5,1). A function
f: R? — R is said to be o,,-nice if the following two conditions hold:
(i) For all 6,,, > 0 and all @} , there exists ¢ such that:

< Oma1 = YOm-

* *
Hmém - m‘S'rn«l»l

(ii) For all 8,, > 0, the function fs5 () over N (x5 ;30m) is om-strongly convex.

In condition (i), we extended the decay rate of the degree of smoothing from a
constant 0.5 to a constant vy € [0.5,1). See Proposition B2 for the soundness of this
extension. In condition (ii), ﬁ;m was always defined to be o-strongly convex in the
definition of o-nice function, which is a rather strong assumption. In fact, the greater
the degree of smoothing 9,, is, the smoother the smoothed function f(sm becomes and
the smaller the strong convexity parameter may be. Here, let ogman be a strongly
convexity parameter of f and 0 < ogman < Obig, then the function f is not opig-
strongly convex function. Therefore, the strongly convexity parameter should depend
on the degree of smoothing ¢, and we extend the strongly convexity parameter to
o from o.

1.2 Proof of Proposition 4.1

(Proof) First, we consider the cross entropy loss. Let x; € R? (i € [n]) be the i-th
training data, y; € R° be the i-th label (one-hot vector), and f(x;) be the i-th output
of the model, where d is the number of model parameters, ¢ is the number of classes,
and n is the number of training data. Assume that the output elements f(x;)) € R
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(j € [c]) are normalized to (0, 1] by using a softmax function. In this case, the cross
entropy loss can be expressed as

1 10t
LOBL = = % LY, where L = ~log Fla) @™,
1€[n]

hot

where ;" is an index with element 1 of label y;, and f (mi)(y? *) € R is an element

of f(x;) corresponding to that index y!°*. Therefore, we can consider the following
function:

g(x) :=—logz (0 <z <1).
Recall the definition of the smoothed function with a Gaussian wu,
g(S('x) = IEguwN(O;l) [g(x - 6“)]
From the Taylor expansion, we have

5 52 2
—log(z — 0u) = —logx + ?u + 2;2 .

Hence,

R &2
gs(z) := E[—log(z — ou)] = —logz + 32
where we use E[u] = 0, E[u?] = 1.
First, both g and g5 are functions have a global minimum at x = 1, i.e., z* = 1

and z§ = 1 for all 4. Thus, the first oy,,-nice condition is satisfied. Next, since
g'(x) = % > 1 and g§(z) = x—lg + ‘%2 > 1 hold, both g and g5 are 1-strongly convex.
Thus, the o,,-nice second condition is also satisfied. Therefore, g i.e., LiCEL is a 1-nice
function. Since cross entropy loss LEF is the average of n functions LEPL, LOFL s
also a 1-nice function. This completes the proof for the cross entropy loss.

Next, we consider the mean squared error. Let ¢; be the i-th output of the model,
y; be the i-th true value, and n be the number of training data. Then, the mean

squared error can be expressed as
1
Lusg := — LMSE  where LMSE .= (g, — ;).
MSE n .EZ[:] i i (9 — vi)
7 n

Therefore, we can consider the following function:

h(z) = x°.
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From the definition of the smoothed function with Gaussian u, we have

~

hs(z) := Eynr0;1) [R(7 — 6u)]
= ]EuNN(O 1) [(I‘ ) ]
= 2?2 — 20E, [u] + 6*E, [u?]
= 2% + 6%,
where we use E[u] = 0,E[u?] = L.

First, both h and hs are functions that have a global minimum at =z = 0, i.e.,
z* = 0 and x5 = 0 for all 6. Thus, the first o,,-nice condition is satisfied. Next,
since h”(x) = 2 and izg(x) = 2 hold, both h and hgs are 2-strongly convex. Thus,
the second o,,-nice condition is also satisfied. Therefore, the function h i.e., LMSF is
a l-nice function. Since the mean squared error LMSF is the average of n functions

LMSE [MSE g also a 2-nice function. This completes the proof for the mean squared
€eITor. (Q.E.D.)

1.3 Discussion on the light-tailed distribution

According to [92, Definition 3.1], the light-tailed distribution is defined as follows:

Definition 1.3 (light-tailed distribution) A random variable X is said to be light-
tailed if there exists a ¢g > 0 such that E [exp(AX)] < oo for all |A] < ¢p.

This definition implies that the probability density function of the light-tailed distri-
bution decreases exponentially at the tail. The definition of function smoothing in
the previous study [61, Definition 4.1] used a random variable that follows a uniform
distribution. We can show that the uniform distribution is light-tailed distribution.

Proposition I.1 The uniform distribution is light-tailed distribution.

(Proof) Let X be a random variable which follows uniform distribution over the
interval [a, b], where a,b € R (a < b). Then, the probability density function fx(x) is
defined as follows:

Frlz) = {ﬁ, if z € [a,b],

0, otherwise.

For all A € R\ {0}, we have

AX b)\m 1 bm 1 Lt azpb 1 b Aa
E [e ]:/e fX(:U)da::b_a/e dx:b_a-x[e }a:m(e —eM).

When A = 0, we have

E [eAX} =E [60} = 1.

Therefore, for all A € R, we obtain E [¢*¥] < oc. (Q.E.D.)
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1.4 Distribution of SGD'’s stochastic noise

We collected 1000 each of stochastic noise w; := Vfs, (x:) — Vf(x) and tested
whether each element follows a light-tailed distribution. They were collected at the
point where ResNet18 had been trained on the CIFAR100 dataset (10,000 steps). The
code used in this experiment is available on our anonymous GitHub. ResNet18 has
about 11M parameters, so w; form an 11M-dimentional vector. Figure I2 plots the
results for the w; elements from dimension 0 to dimension 100,000. Figure 3 present
the results for all elements. These results demonstrate that the SGD’s stochastic noise
w; follows a light-tailed distribution.

Histogram from 0 to 100000 dimensions

30000 A

25000 -

20000 -

Density

15000

10000

5000 A

04
-0.00100  —0.00075  —0.00050  —0.00025  0.00000 0.00025 0.00050 0.00075 0.00100
Value

Fig. 12 Distribution of 1000 w; elements from 0 to 100,000 dimensions.
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