FIXED POINT OPTIMIZATION ALGORITHMS FOR DISTRIBUTED
OPTIMIZATION IN NETWORKED SYSTEMS *

HIDEAKI IIDUKA T

Abstract. This paper considers a networked system with a finite number of users and deals with
the problem of minimizing the sum of all users’ objective functions over the intersection of all users’
constraint sets, onto which the projection cannot be easily implemented. The main objective of this
paper is to devise distributed optimization algorithms, which enable each user to find the solution
of the problem without using other users’ objective functions and constraint sets. To reach this
goal, we first introduce easily implementable nonexpansive mappings of which the intersection of the
fixed point sets is equal to the constraint set in the problem. We formulate the problem as a convex
minimization problem over the intersection of the fixed point sets of the nonexpansive mappings.
We then present an iterative algorithm, based on the conventional incremental subgradient methods
which use the projection, for solving the problem. The algorithm can be implemented by using other
nonexpansive mappings than the projection. We prove that the algorithm with slowly diminishing
step-size sequences converges to a solution of the problem in the sense of weak topology of a Hilbert
space. We also present a broadcast type of distributed optimization algorithm that weakly converges
to a solution of the problem. Numerical examples for the bandwidth allocation demonstrate the
convergence of these algorithms.
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1. Introduction. This paper presents distributed optimization algorithms for
solving the convex minimization problem,

minimize f(z) := Zf(i) () subject to x € C := ﬂ cW, (1.1)

i€l i€l

where f) (i € I := {1,2,...,K}) is a convex functional of a real Hilbert space H
and C% (C H) (i € I) is nonempty, closed, and convex.

We focus on Problem (1.1) in a networked system in which user ¢ (i € I) has
its own private objective function, f(¥), and constraint set, C¥), and cannot get the
explicit forms of other users’ objective functions and constraint sets. Problem (1.1) in
this situation includes important and practical engineering problems, such as signal
and image processing [9], channel allocation [20], bandwidth allocation [22], storage
allocation [23], and power allocation [27] problems.

Distributed optimization algorithms for Problem (1.1) can be implemented through
all users’ cooperating, and they enable each user to find the optimal solution of Prob-
lem (1.1) without using the private information of other users such as their objective
functions and constraint sets. A useful distributed algorithm for solving Problem (1.1)
is the incremental subgradient method (see [4, Subchapter 8.2], [5, 19, 21, 24] and ref-
erences therein). The sequence, (2, )nen, is generated by the incremental subgradient
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2 H. IIDUKA

method as follows: given (A, )nen C (0,00) and z,, := x;O) € H,

{xﬁf) = Pe (me‘” - Angr(f)) o) € af® (wgf_l)) (i=12...,K),

(K
LTn+l = Tn 7,

(1.2)

where Pg is the metric projection onto C' and 9f()(z) stands for the subdifferential
of f at € H. Convergence analyses of Algorithm (1.2) have been done when
(An)nen 1s a constant step-size [4, Subchapter 8.2.1], [5, 24], a diminishing step-size [4,
Subchapter 8.2.1], [21, 24], or a dynamic step-size [4, Subchapter 8.2.2], [19, 24]. When
(An)nen is a slowly diminishing step-size sequence, (x,)nen generated by Algorithm
(1.2) converges to a solution of Problem (1.1) [4, Proposition 8.2.6], [24, Proposition
2.4]. The analyses guarantee that, under the assumption that C' := ,.; C () is known
to the all users in advance and is simple enough so that the projection can be easily
implemented, Algorithm (1.2) enables each user in the network to decide its own
optimal solution by using only its own private objective function and the transmitted
information from the neighbor user.
In this paper, we will discuss Problem (1.1) under the following assumptions:
(I) User i (i € I) has its own private f() and CY), and cannot get the explicit
forms of other users’ objective functions and constraint sets, i.e., none of users
can use Po = Pﬂiel c)-
(I1) C® (i € I) does not always have a simple form.!
(ITI) User i (i € I) can use a firmly nonexpansive mapping?, TV : H — H, satis-
fying Fix(T®W) := {zx € H: TW(z) = 2} = OO,
A particularly interesting application of Problem 1.1 under Assumptions (I), (II),
and (IIT) is when user 4 (i € T) has a nonempty, closed and convex constraint set,

(@) .— ()
c:= () Dy,
jeJ (@)
which is the intersection of simple, closed and convex sets D§i) (jeJ@) :={1,2,...,m(i)})

(e.g., Dj(-i) is a closed ball, a closed cone, or a half-space). Note that the projection
P can be computed within a finite number of arithmetic operations. User i then
i

can use T : H — H defined by

Vo1
7@ =5 |1+ II 7o |- (1.3)
jesay

where Id stands for the identity mapping on H. The mapping T() satisfies the firm
nonexpansivity condition because P, (j € J(i)) is nonexpansive. Moreover,
J

Fix (7)) = Fix P | =0
IONE

n this paper, D (C H) is said to be simple when D is, for example, a closed ball, a closed cone,
or a half-space, onto which the projection can be easily implemented. In the case where P ;) can be
implemented, user ¢ can use T(9) = P, (i) satisfying the firm nonexpansivity and Fix(T(i)) =c®,

2T: H — H is said to be firmly nonexpansive [1], [11, Chapter 12], [12, Chapter 1-11] if | T'(z) —
TY)|? < {(x—y,T(z) — T(y)) (x,y € H). Firm nonexpansivity is stronger than the nonexpansivity
(ie., | T(z) = T(y)|| < |lz—y| (z,y € H)). T := (1/2)(Id 4+ S) satisfies the firm nonexpansivity
condition when S is nonexpansive [2, Definition 4.1, Proposition 4.2].
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Let us consider the problem of network bandwidth allocation and treat the ex-
ample of T(*) represented in (1.3). The objective of bandwidth allocation is to
share the available bandwidth among K traffic sources so as to maximize all the
network’s utility subject to the capacity constraints for all links [28, Chapter 2].
The capacity constraints for all links are absolute constraints that are expressed
as a finite number of inequalities. Hence, the constraint set in this problem can
be expressed as a polyhedral set. In general, none of the sources can get the ex-
plicit form of the constraint set because there is no source who knows the utilization
situation of all links. When source ¢ has only the explicit forms of the capacity
constraints for links used by source i, C¥) can be expressed as the intersection of
RX and the sets with these capacity constraints, i.e., C( = RE N Njesa) D§Z),

where RE = {(z1,22,...,2x) € RE:2; > 0 (i = 1,2,...,K)} and D§i) (C RE)
(j € J@@) :={1,2,...,m(i)}) are half-spaces with the capacity constraints for links
used by source ¢ (see Section 5 for examples of such sets). Source ¢ then can use a
firmly nonexpansive mapping T := (1/2)(Id + Pric [Licsw PD;i))7 which satisfies
Fix(T®W) = C®,

Another application is when C?) (i € I) is the set of all minimizers of a Fréchet
differentiable and convex functional g(*) over a simple, closed and convex set D, i.e.,

c = {x e DW: g (z) = min g(i)(y)}-
yeD®@

When Vg9: H — H is Lipschitz continuous, Pp) (Id — AVg¢(®) with an adequate
A (> 0) is nonexpansive [14, Proposition 2.3]. Hence, user i can use T": H — H
defined by

, 1 .
(1) . = . _ (4)
TO = = (Id+PDm (Id AVg )) , (1.4)
which satisfies the firm nonexpansivity condition (see [34, Theorem 46.C (1) and (2)]).
Fix (T@) — Fix (PD@ (Id - Avg“))) —c®

Let us consider the case where user 7 has simple, closed and convex sets D), Dy)
(CH) (e J@l :=1{1,2,...,m(i)}), and the intersection of these sets are empty.
When D@ is the absolute set, it would be reasonable to deal with a user i’s constraint
set C() as a subset of D) with the elements closest to the sets D;-i) in terms of the
mean square norm. This subset is referred to as a generalized convez feasible set (see

[8, section I, Framework 2], [31, Definition 4.1]). When ®()(z) stands for the mean

square value® of the distances from 2 € H to D§i)

is defined by

, the generalized convex feasible set

Coo = { €DV 20(z) = min ¢<i><y>} .

30 H — R is defined as follows: for w](.i) (> 0) (7 € J(i)) satisfying ZjeJ(i) w](.i) =1,
O () := (1/2) Yieaa) w;Z)(minyeDy) lz—yl))? (x € H). ®® is Fréchet differentiable and convex,

and V(@) =1d — ZjEJ(i) wy)PD@ is Lipschitz continuous.
3
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The fact that Cy) # 0 is guaranteed when at least one of D) and D§i) is bounded [31,
Remark 4.3(a)]. The set Cgi) is well defined because it is the set of all minimizers of

®0) over D). Moreover, Cyy = D Njes) DJ(Z) holds when D) Njes Dy) #+
0, which implies that Cgw is a generalization of D& N ﬂje](i) Dy). User ¢ can
use a firmly nonexpansive mapping T(*) defined by (1.4) when Vg = Vo® =
1d=3"0c 50 wJ(-Z)PD;n (see Footnote 3 for the definition of &), i.e., T := (1/2)(Id+
P (1= NI+ A, wS” Ppyy)), which satisfies Fix(T®) = Cyo.

When we consider a minimizatJion problem in which the constraint set composed
of the absolute set and the subsidiary sets is not feasible, we can provide a meaningful
optimal solution by using a minimizer of an objective function over the generalized
convex feasible set, i.e., a compromise solution that satisfies the absolute constraints
and tries to satisfy the subsidiary constraints as much as possible. Generalized convex
feasible sets have been used to discuss real-world optimization problems that can be
formulated as such an infeasible optimization problem, including inconsistent signal
feasibility problems [8], power control problems in which the constraints about the
sufficient signal-to-interference-plus-noise ratio fall in the infeasible region [15], band-
width allocation problems in which the constraints about the preferable transmission
rate fall in the infeasible region [16], and optimal control problems given unsolvable
stochastic algebraic Riccati equations [18].

Here, we formulate Problem (1.1) under Assumptions (I), (II), and (III) into
the following convex optimization problem over the intersection of fized point sets of
NONETPaAnsive mappings:

Minimize f(z) := Z 9 (x) subject to x € ﬂ Fix (T(i)> . (1.5)

icl i€l

Centralized optimization algorithms [6, 17, 31], that use all T®s and f®s, have been
developed for solving Problem (1.5). The first algorithm developed for solving Prob-
lem (1.5) works when Vf: H — H is strongly monotone and Lipschitz continuous. It
is the hybrid steepest descent method [31, 32]: given x,, € H,

dy =~V (Z f(“) (%),
iEI
Tpal i= HT(’) (T + Andy).
el

The algorithm, with a slowly diminishing sequence (\,)nen, strongly converges to
a solution of Problem (1.5) [32, Theorem 2.15, Remark 2.17 (a)]. Some algorithms
[6, 17] have been proposed to accelerate the hybrid steepest descent method. Ref-
erence [6] presented an effective algorithm for solving the signal recovery problem,
and this algorithm strongly converges to a solution of Problem (1.5) without using a
diminishing sequence. Reference [17] presented the hybrid conjugate gradient method
defined by @11 = [[;c; T (z,, + A\pdy,) and the conjugate gradient direction [25,
Chapter 5],

dy = -V (Z f“)) () + Bndn-1, (1.6)

i€l
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where 8, > 0 (n € N), and proved that the algorithm strongly converges to a solu-
tion of Problem (1.5) if (Ay)nen and (Bn)nen are slowly diminishing sequences [17,
Theorem 4.1]. The numerical examples in [17] demonstrate that the hybrid conjugate
gradient method converges faster than the hybrid steepest descent method.

The main goal of this paper is to devise an incremental gradient method for solving
Problem (1.5). The framework of the proposed algorithm can be obtained by replacing
Po = P, rix(ro) in Algorithm (1.2) with T and by replacing V(3,.; f) in

direction (1.6) with V f(). More precisely, x, := 2 e H, dgzl €H (iel),

d) = VO (7)) + )

n—1»
MONY0) (xﬁj—” + /\nd$ﬁ> (i=1,2,... K), (1.7)
o
n+l ‘= Tn

To guarantee that Algorithm (1.7) converges to a solution of Problem (1.5), we will
modify Algorithm (1.7) by using the idea of the fixed point algorithms in [13, 30] and
prove that the algorithm with slowly diminishing step-size sequences weakly converges
to a solution of Problem (1.5).

Broadcast optimization algorithms [7, 9, 27] have been proposed for solving Prob-
lem (1.1) and have been applied to practical problems such as signal and image pro-
cessing, and power allocation. From such a viewpoint, we will also present a broadcast
type of distributed optimization algorithm that weakly converges to a solution of Prob-
lem (1.5). This analysis of the algorithm will help us to resolve resource allocation
problems in future wireless and wired networks.

The fixed point theory for nonexpansive mappings defined on infinite-dimensional
spaces [1], [2, Chapter 4], [11, Chapter 3|, [12, Chapter 1] is an important area of
Nonlinear Analysis, and it has played a crucial role in resolving complex real-world
problems in Hilbert spaces, such as inconsistent signal feasibility problems [8], signal
recovery problems [6, 10], inverse problems in signal and image processing [9], and
optimal control problems [18]. Thanks to it, we can perform convergence of the
distributed optimization algorithms for Problem (1.5) that includes these problems
in Hilbert spaces. We believe that our convergence analyses will help us to develop
conventional algorithms [6, 8, 9, 10, 18] in the Hilbert space setting and to resolve
unsolved optimization problems in Hilbert spaces. It would be desirable to perform
convergence analyses of algorithms in the Banach space setting because optimization
problems in Banach spaces include practical problems in various disciplines (e.g.,
optimal flow control problems [29, Chapter 1]). Our convergence analyses may provide
useful hints on devising algorithms for solving optimization problems in Banach spaces
because our analyses are done in the infinite-dimensional Hilbert space setting.

This paper is organized as follows. Section 2 gives the convex minimization prob-
lem over the intersection of the fixed point sets of nonexpansive mappings and math-
ematical preliminaries. Section 3 devises the incremental fized point optimization
algorithm for solving the problem. We also prove that the algorithm with slowly di-
minishing step-size sequences converges weakly to a solution of the problem. Section
4 describes the broadcast fixed point optimization algorithm that weakly converges to a
solution of the problem. Section 5 applies the algorithms to a network bandwidth al-
location problem and provides numerical examples for network bandwidth allocation.
Section 6 concludes the paper.
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2. Assumptions, Problem Formulation, and Mathematical Preliminar-
ies. Let H be a real Hilbert space with inner product (-,-) and its induced norm || - ||,
and let N denote the set of all positive integers including zero. Consider a networked
system which consists of K users and suppose that the following assumptions are
satisfied in the network.

ASSUMPTION 2.1.

(A1) TW: H — H (i € I) is firmly nonexpansive® with (;; Fix(T™) := N, {z €
H:TW(z) =2} # 0. The explicit form of T is its own private information;
that is, other users cannot get the explicit form of T™.

(A2) fO: H — R (i € I) is strictly conver® and Fréchet differentiable, and
VO H = H (i €)is (1/LW)-Lipschitz continuous®. The explicit form of
9 s its own private information; that is, other users cannot get the explicit
form of ).

This paper discusses the following problem with information on the whole net-
work:

PROBLEM 2.1. Under Assumption 2.1, we are interested in

minimizing f(x) = Z FO(x) subject to x € ﬂ Fix (T(i)) ,

i€l i€l

where
(A3) Argminy f:= {z* € X 1=, Fix (T®) : f(z*) = min,ex f(z)} # 0.

Assumption (A3) is guaranteed when at least one of the fixed point sets, Fix (7)),
is bounded [33, Theorem 25.C]. Under Argminy f # (), the strict convexity of f guar-
antees the uniqueness of the solution of Problem 2.1 [33, Corollary 25.15]. The con-
vexity of f(*) ensures that subsequences of (25 )nen which are generated by Algorithms
3.1 and 4.1 weakly converge to a solution of Problem 2.1 (Lemmata 3.3(i), (ii) and
4.3(i), (ii)). To guarantee that Algorithms 3.1 and 4.1 weakly converge to the solu-
tion, we will need the strict converity condition of f() (Lemma 3.3 (iii) and Lemma
4.3 (iii)). Reference [28, Chapter 2] provides examples of strictly convex objective
functions in network resource allocation (see also Section 5).

The following propositions will be used to prove the main theorems in this paper.

PROPOSITION 2.1. [14, Proposition 2.3] Let f: H — R be convex and Fréchet
differentiable, and let Vf: H — H be (1/L)-Lipschitz continuous. For A € [0,2L], we
define Sy: H — H for all x € H by Sx(z) :=x — AV f(x). Then Sy is nonexpansive,
i.e., [|Sa(x) = Sa)|| < |l —yl| for all x,y € H.

PROPOSITION 2.2. [3, Lemma 1.2] Assume that (ap)nen C Ry satisfies apy1 <
(1—an)an+anBy (n € N), where (o )nen C (0,1] and (Bn)nen C R with >-07 | ay, =
0o and limsup,, . Bn < 0. Then, lim, o a, = 0.

3. Incremental Fixed Point Optimization Algorithm for Distributed
Optimization. This section presents the following incremental optimization algo-
rithm.

ALGORITHM 3.1 (Incremental Fixed Point Optimization Algorithm).

4See Footnote 2 for the definition of a firmly nonexpansive mapping. Fix(T) :={z € H: T(z) =
x} is closed and convex when T is nonexpansive [12, Proposition 5.3].

5f: H — R is said to be strictly convez [2, Definition 8.6] if, for all z,y € H with = # y and for
all \€ (0,1), F(Az + (1 - A)y) < Af(@) + (1 - ) F(y).

SA: H — H is said to be Lipschitz continuous with L > 0 (L-Lipschitz continuous) if ||A(z) —
AWl < Lijz =yl (z,y € H).
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Step 0. User i (i € I) sets 2 € H arbitrarily, and sets d') .= —V @ (2®).

User K sets xg € H arbitrarily and transmits xéo) =1x9 € H to user 1.

Step 1. Given z, =« € H and dgf)_l € H (i € 1), user i computes Ve H
cyclically by

dD .= V0 (xg—n) +6ndff),1,

y? =70 (27 + Andﬁf)? ,
(

(i

2 = apa® + (1 — apn)yl i=1,2,...,K).

Step 2. User K defines x,,41 € H by

(K
Tp+4+1 = 1‘51 )

and transmits :175103_1 ‘= Zp41 to user 1. Putn:=n-+1, and go to Step 1.

We assume that all users participating in the network know the following common
information before they execute the algorithm.

ASSUMPTION 3.1. User i (i € I) uses the decreasing sequences, (Ap)neny C
(0,2min;e; L], (n)nen € (0,1], and (Bn)nen C (0,1], which converge to 0 and
satisfy the following conditions’ :

- _ 1 1 _ o,
(C1) 3:0 ap, = oo, (C2) nh_}n;o el bwerinbw e 0, (C3) nh_}rrolo - 1-— e 0,
n A'I'L . n
(C4) lim &n _ 0, (Ch) <o for some o > 1, (C6) lim b 0.
n—o00 A\, n+1 n—=00 Qp41

Our convergence result in this section depends on the following assumption.

ASSUMPTION 3.2. The sequence (yﬁf))neN, 1 € I, which is generated by Algorithm
3.1 is bounded.

User i can choose in advance a simple, bounded, closed and convex set, X () (e.g.,
X is a closed ball with a large enough radius) satisfying X > Fix(7*). Then,
user 4 can compute

u? = Py (TO (2479 + 20,d)) (3.1)

instead of y,(af) in Algorithm 3.1. Since (yg))neN C X® and X® is bounded, (yy(f))neN
(i € I) is bounded. Hence, we may assume that (yr(f))neN (i € I) in Algorithm 3.1 is
as in Equation (3.1) in place of Assumption 3.2. Let us show that Assumption 3.2 is
satisfied by replacing 2 in Algorithm 3.1 with y,(f) = T(i)(xsf_l) + )\ndg)) and

D .= Py (anx(i) +(1- an)yﬁLi)) .

Indeed, (:1:53))7L6N C X@ (i € I) is bounded. The boundedness of (asgf))neN, the
Lipschitz continuity of V£ and the convergence of (3,)nen to 0 guarantee that

7Examples of (An)nens (an)nen; and (Bn)nen are Ap = (2min;er L(Z))/(n + 1% an=1/(n+
1), and By, :=1/(n+2)¢ (a € (0,1/2),b € (a,1—a),b < c). If L(Ms are known from the beginning, we
can choose Ay, € (0,2 min;e L(Y] satisfying Conditions (C2)—(C5). From the convergence of (An)nen
to 0, we see that even if \g > 2min;e; L) there exists m € N such that A, < 2min;er L® for all
n > m; that is, (An)p>m C (0,2 minger L] satisfies Conditions (C2)—(C5).
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(d%Z ))neN is bounded (for details, see the proof of Lemma 3.1). The nonexpansivity
of T implies that, for all z € (., Fix(T®), for all i € I, and for all n € N,
g’ — | = 17O (™ 4 hd)) = TO(@)]] < Jlan ™+ Andid — | < [l ™" — ] +
)\n||d£f)|| < ||x$f_1) —z|| + 2 minge; L(i)||d£li)|\ < 00, which means the boundedness of
(W e (i € 1).

Now let us show a convergence analysis of Algorithm 3.1.

THEOREM 3.1. Under Assumptions 2.1, 3.1, and 3.2, the sequence (ng))neN
(i € I) generated by Algorithm 3.1 weakly converges to the solution of Problem 2.1.

Theorem 3.1 says that Algorithm 3.1 enables each user to find the solution of
Problem 2.1 by using only its own private objective function and nonexpansive map-
ping and the transmitted information from the neighbor user.

Let us compare Algorithm 3.1 with the conventional incremental subgradient
method. For convenience, we can rewrite the incremental subgradient method [4,

Equations (8.9), (8.10), and (8.11)] (see also [24]): given z,, := Y e R™,

Q) _ (-1 @O\ ) o g (LG-DY (s
{xn = FPc (xn /\ngn ) y gn' € 8f (xn ) (Z 1,2,.. -aK)a (32)

K
LTpt1 = x% )

Algorithm (3.2) can be used when f(*) (i € I) is convex and non-differentiable, and
Pc can be easily implemented. References [4, Proposition 8.2.6] and [24, Proposi-
tion 2.4] describe that (x,)nen generated by Algorithm (3.2) with (A, )nen satisfying
oo oA =00 and Y2 ;A2 < oo converges to a minimizer of f over C. For simplic-

n=0
ity, we will consider Algorithm 3.1 with 8, := 0 (n € N): given z,, := e H,

y =T (2570 -2,V (2570)),
ng) = anx(i)+(1—an)y7(f) (t=1,2,...,
()

Tp41 = Tn

K), (3.3)

Algorithm (3.3) is applicable when f() (i € I) is strictly convex and differentiable,
and Pn gty and Pp i)y cannot be easily implemented. When user ¢ has a
Niey Fix(T®) Fix(T(9)

complicated C®, Algorithm (3.3) can be implemented by using the easily computable
nonexpansive mapping 7 such that Fix(T®) = C(?® (see Section 1 for examples
of such mappings). Algorithm (3.3), in general, satisfies y,(f), o) ¢ Fix(TW) (n € N),
while Algorithm (3.2) satisfies aP = Pc(ngfl) - )\ngﬁf)) € C (n € N). By using an
iterative technique based on the convex combination of (¥ and yg), which is used to
solve fixed point problems [13, 30], we can prove that, if (A, )nen and (ap, )nen satisty
Conditions (C1)—(C6), then (:cgf ))neN generated by Algorithm (3.3) weakly converges
to an element in (;; Fix(T®) and to the solution of Problem 2.1.

3.1. Proof of Theorem 3.1. We first prove the following lemma.

LEMMA 3.1. Let (Ap)nen C (0,00), (n)nen C (0,1], and (Bn)nen C (0, 1] with
lim,, 00 Bn = 0, and suppose that V@ : H — H (i € I) is (1/L")-Lipschitz contin-
wous and Assumption 3.2 is satisfied. Then, (xg))neN, (Vf(i)(xg_l)))neN, (d,(f))neN
(i € 1), and (zp)nen generated by Algorithm 3.1 are bounded.

8When C'(*) is simple, user i can use T() = P (i) because P ;) is easily implemented and firmly
nonexpansive and Fix(Pg(;)) = c),
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Proof. Since ( 7(1))n€N (¢ € I) is bounded and 2P = apa® + + (1 — an)yn @
(1t € I,n € N), (z %))neN (¢ € I) is also bounded. Moreover, (2,)nen is bounded
from x,41 = xglK) (n € N). The Lipschitz continuity of V() guarantees that
||Vf(i)(x$ffl)) ~VfO(z)] < (l/L(i))HxSf*l) —z|| for all n € N, for all ¢ € I, and for
all z € H. Hence, the boundedness of (mgffl))neN ensures that (Vf(i)(mgfl)))neN
(z € I) is bounded.

Since lim, o0 B, = 0, there exists ny € N such that 8, < 1/2 for all n > n;.
W@putﬂﬁ).—smﬂHVf“( OE nefﬂ»ﬂﬂi.—mnmdﬂﬁ”ngﬂH(iEILand
M := max;es M() < 0. Then we find that ||d H < 2M,. The definition of d.
implies that deﬁiln < IVFO G D)+ B D)) < W1+ (1/2) )] for all n > my
and for all ¢ € I. Fix ¢ € I and suppose that ||d£f)|| < 2M; for some n > ny. Then, we
find that HdnJrl | < M; + (1/2)2M; = 2M;. Accordingly, induction guarantees that
||dn)H < 2M; for all i € I and for all n > ny; i.e., (dgf))neN (i € I) is bounded. O

Next, we have the following lemma.

LEMMA 3.2. Suppose that T): H — H (i € I) is firmly nonexpansive with
Nicr Fix(TW) #£ 0, fO: H =R (i € I) is conver with (1/LM)-Lipschitz continuous
gradient, and Assumption 3.2 is satisfied. Let (An)nen C (0,2 minge; L(i)], (n)nen C
(0,1], and (Bn)nen C (0,1] be the sequences in Assumption 3.1. Then the sequence
(zn)nen generated by Algorithm 3.1 has the following properties:

(i) lim ”xn-&-l — Ty —0;

n—oo

iihm”’l JHZOGGD;

n—oo
(iii) lim H ’ =0 and lim ||z, — T (z,)|| =0 (i € I).
n—oo n—oo

Proof. (i) Lemma 3.1 ensures that My := maxiel(sup{\|Vf(i)(mg_l))||: neN}) <
oo and My = maxieI(sup{QHdg) |I: n € N}) < oo. Proposition 2.1 and the conditions,
Ant1 < A and Brq1 < B, (n € N), guarantee that, for all ¢ € I and for all n > 1,

yr(:q)Ll - ygz)

= ||[7® ( (i— 1) +)\n+1d ) _ () (mﬁf’l) n And%))”
(0 k) )

(0 s (10 (457 )
G

A (90 () ) ) |

IN

IN

(it re? )= s e 4)
()‘n - )‘nJrl) f(i) (xv(zi_l)) + )‘n+1ﬁn+1d£zi) nﬁn H

(57 i1 (51)) - () e ()
|

IA
+

+

e [0 e

x»EZJrll) - xS_I)H + M1|>\n - n+1| + M2)\n5n

nﬁn

IN
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Hence, for all ¢ € I and for all n > 1,

=0 0) 10
=H1—a><“ W) om0 -

<(1—ay) yn, H-Hoén—oén 1\H3€(Z yn7 H

<(1—an) { (i-1) _ (- 1)H+M1|)\ —Ant| + MaAn—1Bn 1}+M3|anfan N

Sl—oz ‘

-1 H + M1|)\n - n—1| + M2 n—lﬁn—l + M3|an - O‘n—l‘,

where Mj := max;c(sup{ |z —y 2 |I: » € N}) < oo from Assumption 3.2. Therefore,
we find that, for all n > 1,

lns1 = @all = ||/ = )

n—lH

S(l - an) ngy,K_l) - -Tgfi;l)H + Ml‘)\n - >\n71| + MQ)\nflﬁnfl + M3‘an - anfl‘
S(l - an)K ngo) - IglollH + KMl‘)\n - )\n—1| + KM2An—1Bn—1 + KM3|Oln - an—1|
S(l - an) ||5L'n - xn—l” + MllAn - )\n—1| + MZ/\n—lﬁn—l + M3|an - an—1|7

where M, := KM; (j = 1,2,3). Hence, Condition (C5) and A, < 2L (n € N), where
L :=min;c; L, guarantee that, for all n > 1,

||xn+1_mnH Hxn_wnfln ~ A = An—1] ~ An—1 ~
— < (1—-a, M M. — My———
An S (I o) g A M M B M
||xn - xn—l” ||xn - xn—l” ||$n - xn—l”
<(l—a,)———— 1—a, —
- ( “ ) >\n71 +( “ ) )\n )\nfl
o A — Ane N ~ e — agy
T o e
An An
|zn — Trn—1]| 1 1
< (1 —apln =Tl yp | 2 -
_( “ ) )\nfl * 4( “ ) )\n )\nfl
oA — A ~ ~ o, — oy
+Mlg +O'M2ﬂn_1 _i_Mgg
An An
|zn — zpn—1]| 111 1
< (1= ap) Il g, — | — —
o ( “ ) An—l * 4o 7% An /\n—l
- 1 |An*>\n—1| v Bn—l 1 |an*an—1|
2L M _— M. Msa _
+ 1a"an 2L\, +oMaon an, + Mo nan An
|xn — Zn-1]| 1]1 1
< (1= a) =Tty — | -
_( “ ) >\n—1 * 4 Qp )\n )\n 1
.11 1 N M | e
+2LMioy,— | —— — — +0'M204nb+M304n7 1_a - )
[07%% An—l An (6'7%% A'r], (077

where My := sup{||zn+1 — 2x||: n € N} < 0o. Proposition 2.2 and Conditions (C1),
(C2), (C3), and (C6) ensure that

lim [ Tny1 — 20|
n—o00 An

= 0. (3.4)

Qp — an71|
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Equation (3.4) and lim,,_,o, A, = 0 imply that

nl;ngo |Znt1 — znll = 0. (3.5)

(ii) The firm nonexpansivity of T() (i € I) and the equation, 2(z,y) = ||=||* +
lyll> = [lz — y||* (z,y € H), mean that, for all z € (,c; Fix(T¥), for all n € N, and
foralli € 1,

20 — ol =27 (a6 1 apa) ~ )
<2 <(x,(f*1) + )\ndgf)) — :E,yg) - x>

. . 2 . .
ety o rt o i = <o)

which implies that, for all z € (,c; Fix(T™), for all n € N, and for all i € I,
. 2 .

0 <[ ) e - ) st

= |41 - xHQ + 22, (2D - x,dg;>> — || - y° —2a, (2D =y, d)

2 . .
-

)

2
+ MS)\na

where M; := maxiel(sup{2|<y,(f) - :c,dsf)>|: n € N}) < oo. Hence, the convexity of
| - |I? guarantees that, for all 2 € (), Fix(T®), for all n € N, and for all i € I,

el
. 2 . X 2
o =) 0o
) 2
Saon(’) —xH +(1—an)

, 2 , e (3.6)
<ay, Hx(l) - J:H +(1 -y { ‘ -1 _ - Hxﬁf‘l) -y + M5)\n}
RS

Accordingly, we find that, for all z € (,.; Fix(T'”) and for all n € N,
s = a2 = [ — o
<ap H:E(K) - xH2 + HCU%K_D - CCHQ —(1—an) ‘CU%K_D - y%K)HQ + M5\,
o o0+ 0 -1 e v
icl iel

—y

2 ~
+ M5>\na

. 2
= 2o =] ¢
i€l

where Ms := K Ms. This inequality means that, for all € ),

ier Fix(T™) and for all
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n €N,

(1 a0 3 [ 4
i€l

2 . 2 ~
<an X ||~ al| + llow — 2l = lonsr = 2l + VA,
el
, 2 .
=an Y [+ = 2|+ (len = 2l + lears = ) (llzn — 2l = lznss = l) + Msh,
i€l

@ _ ’
<an 3|8 2|+ (e = all + ot = 2w = znsa | + Msha,
el

Equation (3.5), the boundedness of (z,)nen, and lim,, o oy, = lim, 00 A, = 0 ensure
that

2
i (=1 _ @) —0: j i (=1 _ Ol =0 (4
nh_)ngoz Hxn y|| =0; ie., nh_)rréo Hxn v |l =0 (i eI).
icl
(iil) Since ||:E£f) - y,@” = ||z — yﬁf)H (1 € I,n € N) and lim,, 00 o, = 0, we
find that lim,_e |2 — y$7| = 0 (i € I). From |z, — 28 V|| = |20 — 287V <

8 =y [+l =2l 2P =y e Y =2V timp e T -

y,(f)” =0, and lim, ||335f) - y,(f)” =0 (i € I), we have

lim Hxn - xgj—UH —0(iel. (3.7)

n— oo

From ||z, — y7(f)|| <z, — ng_l)H + ||x£f_1) - yg)H, we find that

lim ||z, —y| =0 (i € I).
n—oo
Moreover, since [[ys) — T (z,)| = [T (2% + Xd?)) = TO ()] < 2l —

Tnll + )\n||d,(f)||, (3.7), and lim,, o, A, = 0, we also have

lim Hyﬁf) — T (2,)

n—oo

=0 (iel).

Therefore, from ||zn —T@ (2| < [|zn =y ||+ [y5 =T ()], Timyp o0 |20 — || =
0, and limy,_o0 ||y — T@ (2,,)]| = 0 (i € T), we find that

Jim. Hxn 0 (xn)H —0(iel. (3.8)
This proves Lemma 3.2. O

Lemma 3.2 and the strict convexity of f lead us to the weak convergence of
(ng))neN (¢ € I) to the solution of Problem 2.1.

LEMMA 3.3. Suppose that the assumptions in Lemma 3.2 are satisfied. Then, the
following hold.

(i) There exists a subsequence, (Tn, )ken, Of (Tn)nen such that (xy,)ken weakly

converges to x* € (), Fix(T™);
(ii) 2% € N;er Fix(TW) is the solution of Problem 2.1°;

9Equation (3.7) and Items (i) and (ii) in Lemma 3.3 imply that (sz,Z)keN (c (ng))neN) (iel)
weakly converges to the minimizer of f over (;c; Fix(T®).
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(iii) if f s strictly convex, (a:g))neN (i € I) generated by Algorithm 3.1 weakly
converges to x*.
Proof. (i) The boundedness of (z,)neny guarantees the existence of (2, )ken
(C (n)nen) such that (x,, )ken weakly converges to z* € H. Fix i € I arbitrar-
ily and assume that =* ¢ Fix(T(V). Then, the Opial’s condition'®, (3.8), and the
nonexpansivity of 7 imply that

Xy, — T(i)(x*)

liminf ||z, — 2| < liminf‘
k—o00 k—o0

=liminf
k—oco

Ty = T (@n,) + T (20,) - TO(2")

— liminf HT“')(M) _ 7 (%)

k—o0

<liminf ||z,, —z*||.
k—o0 ’

This is a contradiction. Therefore, 2* € Fix(T™W) (i € I); that is, 2* € ,; Fix(T®).

(ii) Let = € ;c; Fix(T¥) be fixed arbitrarily. We find from {V f(®) (ngfl))} =
Of D (27Y) that fD(z) > fO@E™) + (@ — 28D, VIO @) (n e N,i € I).
So, the nonexpansivity of T() guarantees that, for all i € I and for all n > 1,

. 2 . 112
= <0 2) o rt

= mgf_l) - ’ + 2, <x£f_1) — x,dg)> + A2 Hdgf) ’

<zl — 2| + 2, <$S_1) — 2, -V f® (J;S_l)) + Bndgf)_1> + My)2
< zﬁffl) —T ’ + 2\, <x — ngfl), Vf(i) (x&ffl))> + MgAnBn + Mz)\i
< [6 — 2] + 22, (1O @) = FO (a4D)) + MornBo + MaX2,

where Mg := maxiel(sup{2|<x£f_:11) - x,dgf)>|: n € N}) < co. Hence, from (3.6) we

have, for all © € I and for all n > 1,

) 2 . 2 . 2
i ot <o + 0 o

z® — :L’H2 +(1- an){ ngffl) - xH2 + 2\, (f(i)(x) —f® (x;?*)))

<an

. 2 . 2 . . .
s I e RECSLAM CRERPRI S
+ Mg, By + MaX2.

10Suppose that (zn)nen (C H) weakly converges to # € H and # # #. Then, the following
condition, called the Opial’s condition [26], is satisfied: liminf, oo ||zrn —&| < liminf, o ||2n —Z||.
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Therefore, from z,,1 = 20 = zgtoll (n € N) we find that, for all n > 1,
, 2
lnsr —2]® <an 3 Hx(’) - xH 4|z — 22

+2(1 = an)n <f(x) A (xg—w)) 4 Nhfy + MaA2

i€l

. 2 ~ ~
:anZHm(’) —xH + ||xn—x||2+M6)\an+M2)\i
iel

o, <f Flaa) + 30 [79 ) - £O (o ”)])

el

where Mg := K Mg. This inequality means that

_ 2 _ _ 2
21— ) (f(aa) — £(2)) < 23 a0 - a4 Lo tnes =

n el An
ol Mo 201 =) 3 [£9 ) = 1 (47
iel
a Hx(i) - xHZ + (lzn — ]| + [#ns1 — @[] (lzn — || — [[#n41 — 2])
)‘n An
. L (3.9)
+ Mo Mo +2(1 = ) 3 [0 n) = 19 (a7
el
Z o0 — !+ U=l s = Dl =
71 )\n

+ MoBy + MoAn +2(1— ) Y [f@ () — fO (@j*”)} .

iel
On the other hand, for all i € I and for all n € N, we have
T |
which from the boundedness of (V f(x,))nen and (3.7) implies that

lim sup (f”) (z) — f@ (xgg—w)) <0 (iel).

n—oQ

Hence, (3.9), (3.4), Condition (C4), and the convergence of (Ap)nen, (@n)nen, and
(Bn)nen to 0 ensure that, for all z € (,; Fix(T®),

liﬁsolip(f(x") — f(z)) <0.

This inequality, the weak convergence of (z,, )ren to 2* € (;c; Fix(T”), and the
convexity and continuity of f!'! guarantee that, for all z € Nicr Fix(T®),

fl@) < likminff(xnk) <limsup f(xn,) < f(z),
— 00 k—o0

1When f: H — R is convex, f is weakly lower semicontinuous if and only if f is lower semicon-
tinuous [2, Theorem 9.1]. Since f in Problem 2.1 is convex and continuous, and (zn, )ken weakly
converges to z*, we have f(z*) < liminfy_, o f(Zn, ).
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i.e., 2* € ;e Fix(T®) is the solution of Problem 2.1.

(iii) Since f: H — R is strictly convex, the uniqueness of the solution, denoted by
x*, of Problem 2.1 is guaranteed. Hence, Lemma 3.3(i), (ii) ensure that (z,, )ren (C
(Zn)nen) exists such that (x,, )reny weakly converges to z*. Let us take another weakly
converging subsequence, (Zp,)ien, 0f (€5 )nen. Then, from Lemma 3.3(i), (ii), we can
prove that (2,,)en also weakly converges to «* with (z*, w) = limg_ oo (Xp, , w) (w €
H); that is, any subsequence of (x,),en weakly converges to x*. Hence, (zy)neny =
(ng)l)neN weakly converges to x*. This implies from (3.7) that (ng_l))neN (1€l
also converges weakly to z*. Therefore, we can conclude that (ng ))neN (¢ € I) weakly
converges to the solution of Problem 2.1. O

3.2. Analysis of random incremental fixed point optimization algo-
rithm. Let us analyze an incremental fixed point optimization algorithm where one
user is randomly chosen from 1)) (j = 0,1,..., K — 1) defined as follows: we first
choose i¥ € I := T randomly. We then define IV := IO\ {i(O} and choose
i ¢ IV randomly. For j = 2,3,..., K — 1, we set 1) := JU=D\{;U-D} and
choose i) € 1Y) randomly. We define i(5) := 4(0),

ALGORITHM 3.2 (Random Incremental Fixed Point Optimization Algorithm).

Step 0. Useri (i € I) sets x) € H arbitrarily, and sets d(f)l = VO (z®),

(0
User i(9) sets xzg € H arbitrarily and transmits o:él )= xo to user i1,

() ; :
Step 1. Given z, ==z " e H and ds)_l € H (i € 1), user i) (j € I) computes
()
xsf DeH cyclically by

:() (G ;=1 (9
ai") = —v ) (mﬁ )+ 8.,
() - ;-1 (9
y7(1 ) _ (i) (Ir(L )+And£ ) ,
) G o)
) = ) (=) =12, K.

Step 2. User i(® (= i) defines x,,,1 € H by

()

Tp4l = Tn
and transmits ms(ﬁ) i= Tyqq to user iV, Put n:=n+1, and go to Step 1.
Algorithm 3.2 when i) = j (j € I) coincides with Algorithm 3.1. We can prove
a convergence analysis of Algorithm 3.2 by referring to the proof of Theorem 3.1
(Subsection 3.1).12
THEOREM 3.2. Assume that Assumptions 2.1 and 3.1 are satisfied, and the

: () s . i . . .
sequence (yﬁl ))nEN; i) e 1) which is generated by Algorithm 3.2 is bounded. Then

i@ (i ; .
the sequence (:E% ’ ))nEN (2(3) € I(J)) generated by Algorithm 8.2 weakly converges to
the solution of Problem 2.1.
When one user is randomly chosen from 15 := I 71)\{2}(«5 71)} which depends
on n, in general, I 3 i) # zgll € Ir(ﬁl holds, which implies 7+ # T,

12We can obtain all formulas (e.g., (3.9)) in Subsection 3.1 that do not depend on i € I by using

firmly nonexpansive mappings T(i(j)) (j € I). Therefore, we can prove Theorem 3.2 by referring to
the proof of Theorem 3.1.
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We cannot show in this case that Algorithm 3.2 weakly converges to the solution of
Problem 2.1 because the proof of Theorem 3.1 uses essentially nonexpansive mappings,
TG = 7G@) (n € N), which do not depend on n and satisfy 7)) = T
(n € N). Hence, in the future, we should try to devise random incremental gradient
methods that can be applied when user i does not always coincide with user zgﬁl

4. Broadcast Fixed Point Optimization Algorithm for Distributed Op-
timization. In this section, we present the following broadcast type of distributed
optimization algorithm which can be implemented under the assumption that each
user can directly communicate with other users.!

ALGORITHM 4.1 (Broadcast Fixed Point Optimization Algorithm).
Step 0. User i (i € I) transmits an arbitrarily chosen mél) € H to the all users,

and computes xg := (1/K) > ;c; xéi). User i sets dgi) = =V @ ().
(4)

Step 1. Given a:n,dff) € H, user i computes x,\, € H by

3353—1 = anm(()i) +(1- an)yg,,i)

and transmits xifi_l to the all users.

Step 2. User i computes x,41 € H and dgfj_l € H by

1 .
Tntl == 72 nggm
icl

dSJ)rl = =V (@n11) + Bryrd.

Putn:=n+1, and go to Step 1.

In this section, we assume the following:

ASSUMPTION 4.1. The sequence (y,(f))neN, i € I, which is generated by Algorithm
4.1 is bounded.

The same discussion as in Assumption 3.2 describing the existence of a simple,
bounded, closed and convex set, X (i € I), satisfying X > Fix(T), leads us to
Assumption 4.1 (for details, see Section 3).

THEOREM 4.1. Under Assumptions 2.1, 3.1, and 4.1, the sequence (zp)nen
generated by Algorithm 4.1 weakly converges to the solution of Problem 2.1.

We can see from Theorem 4.1 that Algorithm 4.1 enables each user to solve
Problem 2.1 by using only its private objective function and nonexpansive mapping
and the transmitted information from all users.

Let us compare Algorithms 3.1 and 4.1. In Algorithm 4.1, when user i (i €

I) has xﬁf), each point is broadcast to all users. Then, user i computes yg) =

T (z,, + ,\nde)) by using z, = (1/K)> .., 2. All users have (Tn)nen, which
weakly converges to the solution of Problem 2.1 (see Theorem 4.1). Therefore, all

users can solve Problem 2.1. Meanwhile, in Algorithm 3.1, yfli) = T(i)(ngl) +Ande))

uses ' 71), which is the transmitted information from user (i —1). User 4 in this case

only computes (ng ))neN, which weakly converges to the solution of Problem 2.1 (see
Theorem 3.1). Hence, all users using Algorithm 3.1 can also solve Problem 2.1.

13This implies that all users have access to all information and can execute all steps in Algorithm
4.1.



DISTRIBUTED FIXED POINT OPTIMIZATION ALGORITHMS 17

4.1. Proof of Theorem 4.1. We omit the proof of the following result since it
is similar to the proof of Lemma 3.1.

LEMMA 4.1. Let (Ap)nen C (0,00), (an)nen C (0,1], (Bn)nen C (0,1] with
lim,, 00 Bn = 0, and suppose that V@ : H — H (i € I) is (1/L")-Lipschitz contin-

uous and Assumption 4.1 is satisfied. Then, the sequences (ng))neN, (VD (2,))nen,

(dgf))neN, i €I, and (zn)nen which are generated by Algorithm 4.1 are bounded.

LEMMA 4.2. Suppose that T): H — H (i € I) is firmly nonexpansive with
Nicr Fix(TW) £ 0, f&: H - R (i € I) is convex with (1/L®)-Lipschitz continuous
gradient, and Assumption 4.1 is satisfied. Let (A\p)nen C (0,2min;e; L&), (an)pen C
(0,1], and (Bn)nen C (0,1] be the sequences in Assumption 3.1. Then, Algorithm 4.1
has the following properties:

(@) lim ||xn+1 — Zn|| —0;
n— 00
(ii) hm H — g (tel);

(iii) nh_{réc Hxn — 7t )(xn)H =0(iel).

Proof. (i) From Proposition 2.1 and the conditions, A,+1 < A, and Bh41 < By
(n € N) we find that, for all s € I and for all n > 1,

ZUS-)H - y7(zi)

K%H+Ammwg—(%+wmww

| (w1 + Ansr (~VFD @ni1) + Bui1dD) ) = (w0 + Aa (V£ () + BudiL, ) )|
:‘ ($n+1 n+1Vf(i)($n+1)> - (l“n - )\n+1vf(i)($n))

+ O = Aug ) VIO (@) + M1 B d) = AuBud |

| (21 = At VIO @a11)) = (- An+1Vf<"><xn>) H

+ |/\n - )\n+1| va(l) (xn) + )‘n-&-lﬁn-‘rl ‘ nﬁn
é Hanrl - xn” + Nll)‘n - >\n+1‘ + N2>\nﬁna

= HT(” (mn+1 + /\n+1d$zi-)‘rl) -7 (x" + )‘"d%i)> H

IN

IN

n— IH

where Ny := max;e;(sup{||Vf®(2,)||: n € N}) < oo and Ny := maxiej(sup{QHds)H: n e
N}) < oo. Hence, for all i € I and for all n > 1,

=] =+ ) = (s - i)
=[| = an) (57 = 820) + (@0 = an-n) (o8 = 02|
(1—am‘y _J (4.1)

(1 - an) {Hxn - xnfln + N1|>\n - )\n71| + NZAnflﬁnfl} + N3|an - an71|
(]- - an)”mn - xnfln + N1|>\n - )\nfll + NQ)\nflﬂnfl + N3|an - anfl‘a

gzi—)&-l - xgzi)

IN

yy(zlllH + [y — an—1] Hzg

ININA

where N3 := maxiel(sup{Hx((f) - yn)|| n e N}) < o0o. Moreover, for all n > 1, we
bave flns —2all = 10/K) iy = o)l < (VK) iy oy = il and

hence, K|[2nq1 — 2ol <) i ||avn+1 - xn)|| Accordingly, summing up (4.1) over all
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i means that, for all n > 1, we have
||1'n+1 - an < (1 - an)H:r'n - xn—l” + N1|>\n - /\n—l‘ + Nodp_18n—1+ N3|an — Qp—1]-

A similar argument as in the proof of Lemma 3.2(i) leads us to

lim l[Znt1 = 2nl| -0. (4.2)

n—00 An
From (4.2) and the convergence of (\,,),en to 0 we obtain that
nh_{rgo |zn+1 — znl = 0. (4.3)
(ii) From the firm nonexpansivity of T (i € I) and the equation, 2(x,y) =

)2 + llyll* = ||z — yl|* (z,y € H), we find that, for all z € (,c; Fix(T"), for all
n €N, and for all ¢ € 1,

2 ”yff) - xH2 =2 HT(i) (xn + )\ndgf)) — 7 (:E)H2 <2 <<xn + )\ndff)) —z,y — 1’>
2

12 . 2 . .
=5t = o)

Fix(T®), for all n € N, and for all i € I, we have
2 A ,
o )+ 29

’ -2\, <xn — y,(f), dff)> (4.4)

which implies that, for all z € N

=l = ]2 + 22 (20 = 2,d5) — [|on - 5

2
+N4)\n7

icl

. 2 . 2
y’gll) - zH < H(zn —z)+ )‘ndgf)

<llwn — all* = ||z — v

where Ny = maxief(sup{2|<y£f) - a:,dgf)>|: n € N}) < oo. Hence, the convexity of
|| - |* guarantees that, for all z € ()., Fix(T'™), for all n € N, and for all i € I,

. 2 . . 2
b=l = (9 2) #1000 41

@ _ I : 2
<ay, ||z fo +(1—ap) ygf)f:rH

. 2 N2 (45)
<anof? = o]+ 1= 0 {llen = o1 = o = 2]+ Nor,

(i) 2 2 Nk
<an o6 = ||+ lan = ) = (1= @) [0 = o0+ Nida,

On the other hand, the convexity of || - ||2 means that, for all z € H and for all n € N,

2
1 ; 1
mm:w|hz@@x)ng\
el el

Summing up (4.5) over all i we get from (4.6) that, for all z €
alln € N,

Qp % 2 1- Qp
ot =22 < T2 3 ||l = 2|+ lan — 22 - =22 37|
el el

2 —xH2 (4.6)
n+1 . '

.7 Fix(T™) and for

2
+N4)\n7
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which implies that

1—04,12“ *Z/n

«
=02 S 0§ — |+ (o — 2l + s — ) — 2]~ s — ) + Nis
el

Q. . 2
PG e el s o 2
7

Qp 7 2
<223 o8 = || + (zn = @l + Iznss = @l 20 = Znsall + Nao.
el

From (4.3), the boundedness of (2, )nen, and lim,, o, @, = lim,,_, A;, = 0 ensure us
that

) 2
=0; i.e., lim Hxn—
n—oo

nh_}ngo 4 (tel).

(iii) The nonexpansivity of 79 implies that, for all i € I and for all n € N,
||y7(zi)—T(i) ()] = ||T(i)($n+>\nd51i))—T(i) (zn)] < )\an%)H. Hence, the boundedness
of (dgzi))neN (2 € I) and lim,,_,o A, = 0 guarantee that lim,, ||y7(f) —TO(z,)|| = 0.
Accordingly, we find from lim,,_, o |25, —ygf) | =0and ||z, @) (zn)]] < ||zn —y7(f) |+
Ily$) — T (2,)|| (i € I,n € N) that

lim
n— oo

#n — TD (xn)H —0(iel) (4.7)

This proves Lemma 4.2. 0
LEMMA 4.3. Suppose that the assumptions in Lemma 4.2 are satisfied. Then, the
following hold.
(i) There exists a subsequence, (Tn, )ken, Of (Tn)nen such that (xn,)ken weakly
converges to x* € (), Fix(T™);
(i) 2* € Mies Fix(T®) is a solution of Problem 2.1;
(iii) if f is strictly convex, (x,)nen generated by Algorithm 4.1 weakly converges
to x*.
Proof. (i) The boundedness of (z,)nen guarantees the existence of (z,, )ken
(C (zn)nen) such that (z,, )ren weakly converges to * € H. Fix ¢ € I arbitrarily
and assume that z* ¢ Fix(T(®). In the same manner as in the proof of Lemma 3.3(i),
Opial’s condition, (4.7), and the nonexpansivity of 7 lead us to Lemma 4.3(i).
(ii) Let € MN;es Fix(T®) be arbitrarily chosen. From (4.4) and the differentia-
bility of f*) (i € I) we have, for all i € I and for all n > 1, that

. 2
o =] < = re

= llzn = l? + 20 (2 — 2,dD ) + 22 |d)

< Jan = l* + 220 (20 = 2, =V D wn) + Budll ) + NoA2

<l = 2l + 200 (2 = 20, VIO (@0)) + NsAnfn + NaA2
<lwn — f|* + 2, (

FO(@) = fD (@) + NoAnBo + NaAZ,
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where Ny := max;es(sup{2|(z,+1 — z, dg)>|: n € N}) < co. Hence, for all n > 1, that

1 2 2\, . _
= 3| = || <l =l 223 (5O @) = SO (@) ) + NoAaBa + NaX2
iel el
2\

< lon = 2l* + =2 (f(@) = f(2n)) + NsAnfn + NaAT.

Accordingly, from (4.5) and (4.6) we obtain, for all n > 1, that

a ) 2
e — 2l < %2 5" 2§ — 2|+ 2 o) —a|
el

n @ _ 2 2% >
<K;on —a +<1—an>{||xn—x + 222 (£(@) = f(w) + NshaBa + N2A

n () 2 5 21 —an) )
SK;H% | llon = @l + T (F(@) = S () + Noafn + NaX2.

Therefore, we get, for all n > 1, that
2(1 - an)
—— (f(zn) = f(2))

_ 2 _ _ 2
ZH H 4 Jlzn =2l AIIan Wy Neg, 4 N,

_K)\

Qp % Tn — T|| + || Tn - Tp — Tp
< oo o Uz =l lons = al)lon =wnnnll | g
el

—“ K\, An

Hence, Condition (C4), (4.2), and lim, o @, = limy, o0 Ay, = limy, 00 8, = 0 ensure
us that, for all z € (), Fix(T®),

limsup (f(zn) — f(z)) < 0. (4.8)

n—oo

From (4.8), the weak convergence of (2, )ken to o € (),¢; Fix(T®), and the con-

vexity and continuity of f guarantee that, for all z € (,; Fix(T®), we deduce that
f(@") <liminf f(z,, ) < limsup f(zn,) < f(z),
k—o0 k—o0

ie., 2% € N;c; Fix(T™W) is a solution of Problem 2.1.

(iii) Since f is strictly convex, the solution of Problem 2.1 is unique. Therefore, in
the same manner as in the proof of Lemma 3.3(iii), we can prove the weak convergence
of (z,)nen generated by Algorithm 4.1 to the solution of Problem 2.1. O

5. Numerical Examples. Let us apply Algorithms 3.1, 3.2, and 4.1 to the
network bandwidth allocation problem. The objective of utility-based bandwidth
allocation is to share the available bandwidth among traffic sources so as to maximize
the overall utility subject to the capacity constraints [28, Chapter 2]. The utility
function of source i (user ) is defined for all x € R, as follows [28, Equation (2.4)]:
given w® > 0 and a(® > 0, we define

w® log x (a(i) = 1) ,

Z/{(l)(x) = 1—a®
wd (a(i) # 1) .
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Since the utility function is strictly concave, f() := —1f() is strictly convex and
continuously differentiable. We assume that source i has its own private f() := -/
and C) with the capacity constraints for links used by source 1.

Consider the following network bandwidth allocation problem on a network [28,
Fig.2.2] (see Figure 5.1) that consists of three links and four sources:

Maximize U (z ZU( x;) subject to z € ﬂ o (5.1)
i€l i€l

where I := {1,2,3,4}, UV (z) := logz, UP(z) := 2logzx, UB)(z) := 0.5 1207,
UD (z) = 081208 (x € Ry), DY) = {(2, 20, 73, 74) € R*: 21+a3 < ¢}, D?) =
{(21,72,23,24) € R*: 29 + 23 < 2}, D) = {(w1, 22, 23,74) € R*: 29 + 24 < 3},
CW :=RiNDW, C® :=RINDINDG), CB® :=RINDHNDZ, CW := RANDEG).

Source 1 | |
Q“"“O“”“O“”“Q
o

Source 2

Source 3 Source 4

T3

Fic. 5.1. Network with three links and four sources

To apply Algorithms 3.1, 3.2, and 4.1 to Problem (5.1), we define 7" : R* — R*
(ieI) by
1
TW .= (Id + Pey PD<1)) , T =2 (Id + Pas Ppos PD<3>)
) .

TG .

N~ N~

(Id + Paa PD<1)PD<2>) T¢ (Id + Pa PD<3>) :

which satisfy
() Fix (T
(1)
—Fix (PRi PD(1>> A Fix (PRi PD(2>PD<3)) N Fix (PM PD(1>PD<2)) N Fix (PRi PD(3>)

- (]R4 N D<1>) N (R4 nD® N D(3)> N (Ri nD® N D<2>) N (Ri N D<3>)

=R% N ﬂ DW= C" #0.

el

We can see from the fact that (1., Fix(T®W) = R4 n ﬂ?zl D@ that any point in

Nicr Fix(T") satisfies the capacity constraints for all links. We set a closed ball, X

14The projection onto D := {x € RX: (a,z) < ¢}, where a (# 0) € RX and c € R, is expressed as
follows [1, p.406], [2, Subchapter 28.3]: Pp(z) :=z + [(c — {a,x))/||la||?]z (z ¢ D), or z (z € D).



22 H. IIDUKA

(D Fix(T®) (i € I)), with a large enough radius and use Algorithms 3.1, 3.2, and 4.1
: (4) i) (.(1—1) (4) (i) i@y (1U7) (i)
with 5, = Px (T (xn, " 4+ Xadn)), yn 7 := Px (T (ay, + Andy, 7)), and
YD = Py (TD (2 + Aad)) (n € Nyiyj € 1,iD 1= 2,i® 1= 4,i®) .= 3,0 = i) .=
1), respectively. We use A\, :=1073/(n+1)%, o, := 1/(n+1)’, and B, := 1/(n +2)°
(a € (0,1/2),b € (a,1 —a),c > b) which satisfying Conditions (C1)-(C6). Theorems
3.1, 3.2, and 4.1 guarantee that Algorithms 3.1, 3.2, and 4.1 in the above case converge
to the solution of Problem (5.1). To compare the distributed optimization algorithms
with a centralized optimization algorithm!'®, we use the hybrid conjugate gradient
method (HCGM) [17] defined by 2,1 := TOTAOTETW (2, + N\, d,,) and d,, 1 =
V(> ier f(i))(an)JanHdn (n € N), where 2y € R* and dj := V(> ier f(i))(:vo).
We set ¢; := 5, c3 := 4, c3 := 5, and z := 29 = () = xéi) = .Téo) = x(()im))
(i € I) in Algorithms 3.1, 3.2, and 4.1, and HCGM. We selected one hundred ran-
dom points z = z(k) (k = 1,2,...,100) and executed Algorithms 3.1, 3.2, and 4.1,
and HCGM for these points. Let x(k) be one of the randomly selected points and
let (z,(k))nen be the sequence generated by z(k) and one of Algorithms 3.1, 3.2,
4.1, and HCGM. To check whether Algorithms 3.1, 3.2, and 4.1, and HCGM con-
verge to a point in (;c; C = ,c; Fix(T™), we employed the following evaluation
functions'®: Dy, (k) := Y. lan(k) — TO (2, (k)| (k = 1,2,...,100,n € N) and
D,, := (1/100) ,ljfl D, (k) (n € N). We also employed z,, ; := (1/100) ,160201 zn(k);
(j € I,n € N), where z, (k) = (zn(k);)j=12,34. The computer used in the experiment
had an Intel Boxed Core i7 i7-870 2.93 GHz 8 M CPU and 8 GB of memory. The
language was MATLAB 7.13.

Algorithm 3.1 (a=0.45, b=0.5, c=1)
Algorithm 3.2 (a=0.45, b=0.5, c=1)
Algorithm 4.1 (a=0.45, b=0.5, c=1) |
HCGM (a=0.45, c=1) 0

Algorithm 3.1 (a=0.3, b=0.4, ¢=0.5)
Algorithm 3.2 (a=0.3, b=0.4, ¢=0.5)
Algorithm 4.1 (a=0. 0.4, ¢=0.5)

HCGM (a=0.3, c=0.5) El

Dn

10 ) - o
L S —— L
1 0 200 400 600 800 1000 1 0 200 400 600 800 1000
Number of iterations Number of iterations
Fia. 5.2. Behavior of Dy for Algorithms Fia. 5.3. Behavior of Dy for Algorithms
3.1, 3.2, and 4.1, and HCGM when a = 0.45, 3.1, 3.2, and 4.1, and HCGM when a = 0.3,
b=0.5, andc=1 b=0.4, and ¢c=0.5

Figures 5.2 and 5.3 indicate the behaviors of D,, for Algorithms 3.1, 3.2, and 4.1,
and HCGM. These figures shows that the (D, )nens generated by these algorithms
converge to 0; i.e., the algorithms converge to a point in (),c; C® = N,; Fix(T®),
HCGM converges to the point fastest, and Algorithms 3.1, 3.2, and 4.1 when a = 0.45,
b = 0.5, and ¢ = 1 converge to the point faster than they do when a = 0.3, b = 0.4, and

15 Although there are well known centralized optimization algorithms [6, 31, 32] for Problem (5.1),
we apply HCGM, which is the basis for devising Algorithms 3.1, 3.2, and 4.1 (see Section 1), to
Problem (5.1), and see how Algorithms 3.1, 3.2, and 4.1, and HCGM with the same (An)nen and
(Bn)nEN work.

167 € R* satisfies >, [z — TO ()| = 0 if and only if € Fix(T®) (i € I), ie.,
@ € Nier Fix(TW) =R NN, DO =N, CO.
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Algorithm 3.1 (a=0.45, b=0.5, c=1)
Algorithm 3.2 (a=0.45, b=0.5, c=1)
Algorithm 4.1 (a=0.45, b=0.5, c=1)

HCGM (a=0.45, c=1) il

0 200 400 600 800 1000
Number of iterations

FiG. 5.4. Behavior of xn,1 for Algorithms
3.1, 3.2, and 4.1, and HCGM when a = 0.45,
b=0.5, andc=1

Algorithm 3.1 (a=0.45, b=0.5, c=1)
Algorithm 3.2 (a=0.45, b=0.5, c=1) ||
Algorithm 4.1 (a=0.45, b=0.5, c=1)
HCGM (a=0.45, c=1)

0 200 400 600 800 1000
Number of iterations

Fic. 5.6. Behavior of xn 3 for Algorithms
3.1, 3.2, and 4.1, and HCGM when a = 0.45,
b=0.5, andc=1
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Algorithm 3.1 (a=0.45, b=0.5, c=1)
Algorithm 3.2 (a=0.45, b=l
Algorithm 4.1 (a=0.45, b=0.5, o=1) |]
HOGM (a=0.45, o=1)

0 200 400 600 800 1000
Number of iterations

FiG. 5.5. Behavior of xn,2 for Algorithms
3.1, 3.2, and 4.1, and HCGM when a = 0.45,
b=0.5, andc=1

Algorithm 3.1 (a=0.45, b:
Algorithm 3.2 (a=0.45, b:
Algorithm 4.1 (a=0.45, b:
HCGM (a=0.45, c=1)

0 200 400 600 800 1000
Number of iterations

FiG. 5.7. Behavior of x4 for Algorithms
3.1, 3.2, and 4.1, and HCGM when a = 0.45,
b=0.5, andc=1

¢ = 0.5. Figures 5.4-5.7 show the behaviors of =, ; (j € I) when a = 0.45, b = 0.5,
and ¢ = 1. Figures 5.8-5.11 show the behaviors of x, ; (j € I) when a = 0.3, b = 0.4,
and ¢ = 0.5. These figures show that, although the behaviors of the distributed
optimization algorithms differ depending on the choice of the step-size sequences, the
different (z,, j)nen (j € I) generated by the algorithms converge to the same point.

6. Conclusion and Future Work. We discussed the problem of minimizing the
sum of all users’ objective functions over the intersection of all users’ constraint sets in
a Hilbert space and presented two distributed fixed point optimization algorithms for
solving the problem. One algorithm is based on conventional incremental subgradient
methods, and the other is a broadcast type of distributed optimization algorithm. The
algorithms use easily implementable nonexpansive mappings of which the intersection
of the fixed point sets is equal to the intersection of all users’ constraint sets. They can
be applied to the problem when the projection onto each user’s constraint set cannot
be easily implemented. We showed that the algorithms with slowly diminishing step-
size sequences weakly converge to the solution of the problem. Finally, we gave
numerical results to support the convergence analyses on the algorithms.

In the future, we should consider developing distributed optimization algorithms
for solving minimization problems in which all users’ objective functions are nonconvex
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Algorithm 3.1 (a=0.3, b=0.4, ¢=0.5)
Algorithm 3.2 (a=0.3, b=0.4, ¢=0.5)
Algorithm 4.1 (a=0.3, b=0.4, ¢=0.5)

HCGM (a=0.3, c=0.5) il

Algorithm 3.1 (a=0.3, b=0.4, ¢=0.5)
Algorithm 3.2 (a=0.3, b=0.4, ¢=0.5) ||
Algorithm 4.1 (a=0.3, b=0.4, ¢=0.5)
HCGM (a=0.3, c=0.5)

0 200 400 600 800 1000 0 200 400 600 800 1000

Number of iterations Number of iterations
Fi1G. 5.8. Behavior of xn,1 for Algorithms Fic. 5.9. Behavior of xn,2 for Algorithms
3.1, 3.2, and 4.1, and HCGM when a = 0.3, 3.1, 3.2, and 4.1, and HCGM when a = 0.3,
b=0.4, and c=0.5 b=0.4, and c=0.5

Algorithm 3.1 (a=0.3, b=0.4, ¢=0.5)
Algorithm 3.2 (a=0.3, b=0.4, ¢=0.5)
Algorithm 4.1 (a=0.3, b=0.4, ¢=0.5)

HCGM (a=0.3, ¢=0.5) H

Algorithm 3.1 (a=0.3, b=0.4, ¢=0.5)
Algorithm 3.2 (a=0.3, b=0.4, ¢=0.5) ||
Algorithm 4.1 (a=0.3, b=0.4, ¢=0.5)
HCGM (a=0.3, ¢=0.5) 4.5

0 200 400 600 800 1000 0 200 400 600 800 1000

Number of iterations Number of iterations
Fi1G. 5.10. Behavior of xyn 3 for Algorithms FiG. 5.11. Behavior of x4 for Algorithms
3.1, 3.2, and 4.1, and HCGM when a = 0.3, 3.1, 3.2, and 4.1, and HCGM when a = 0.3,
b=0.4, and c=0.5 b=0.4, and c= 0.5

(for example, the signal-to-interference-plus-noise ratio, which is used to evaluate the
performance of each user in a wireless network, is not concave). We also need to
devise incremental fixed point optimization algorithms which work where one user is
randomly chosen at any time.
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