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1. INTRODUCTION

In this paper, we consider the following problem [7, Problem 2.1] (see [3, 9, 10] for applications of
Problem 1.1):

Problem 1.1. Let H be a real Hilbert space. Suppose that
(Al) Qi: H—H (i€ .7 :={1,2,...,1}) is quasi-firmly nonexpansive;
(A2) fi: H— R (i € .#) is convex and continuous with dom(f;) :={x € H: f;(x) < 4} =H.
Then,
minimize f(x) := Z fi(x) subjecttox € X := ﬂ Fix(Q;),
i€y ics
where one assumes that there exists a solution of Problem 1.1 (see Sections 2 and 4 for the details).

Algorithms for solving this problem have been proposed in [7, 9]. Reference [7] proposed paral-
lel and incremental subgradient methods for solving Problem 1.1 and provided convergence as well as
convergence-rate analyses. Reference [9, 10] proposed stochastic fixed point optimization algorithms for
solving a convex stochastic optimization problem that is to minimize the expectation of f;s over Fix(Q;).
The stochastic fixed point optimization algorithms can be applied to the classifier ensemble problem.

There are methods for solving Problem 1.1 where Q; is taken to be a nonexpansive mapping, which
is a stronger assumption than a quasi-nonexpansive mapping. Subgradient methods were presented in
[4, 5, 6, 11], while proximal methods were presented in [8, 16].
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In this paper, we present a parallel method for solving Problem 1.1. The method is obtained by
combining the parallel method in [7] with the proximal method in [8]. We also present a convergence
analysis for a constant step size and a diminishing step size. The analysis shows that the proposed method
with a small constant step size may approximate a solution to Problem 1.1 (Theorem 3.1) and that with
a diminishing step size it converges to a solution under certain assumptions (Theorem 3.2). We also
provide a convergence-rate analysis with a diminishing step size (Theorem 3.3). Finally, we numerically
compare the proposed method with the existing subgradient methods.

This paper is organized as follows. Section 2 gives the mathematical preliminaries. Section 3 presents
the parallel proximal method for solving Problem 1.1 and analyzes its convergence. Section 4 numer-
ically compares the behaviors of the proposed method and the existing ones. Section 5 concludes the
paper with a brief summary.

2. MATHEMATICAL PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and its induced norm || - ||. We use the standard
notation N for the natural numbers including zero and R" for the N-dimensional Euclidean space.

2.1. Quasi-nonexpansivity and demiclosedness. The fixed point set of a mapping Q: H — H is de-
noted by

Fix(Q) :={x€ H: Q(x) =x}.

Q is said to be quasi-nonexpansive [2, Definition 4.1(iii)] if ||Q(x) —y|| < ||x —y|| for all x € H and for
all y € Fix(Q). When a quasi-nonexpansive mapping has one fixed point, its fixed point set is closed and
convex [2, Proposition 2.6]. Q is said to be quasi-firmly nonexpansive [1, Section 3] if, for all x € H and
for all y € Fix(Q),

10(x) = ¥I* +[1(ld = Q) ®)|I* < [lx =],

where Id(x) := x (x € H). Any quasi-firmly nonexpansive mapping satisfies the quasi-nonexpansivity
condition. Moreover, Q is quasi-firmly nonexpansive if and only if R := 2Q — Id is quasi-nonexpansive
[2, Proposition 4.2], which implies that (1/2)(Id + R) is quasi-firmly nonexpansive when R is quasi-
nonexpansive. Let x,u € H and (x,),eny C H. 1d — Q is said to be demiclosed if a weak convergence
of (x,) to x and limy,_, 4 ||x, — Q(x,) —u|| = 0 imply x — Q(x) = u. 1d — Q is demiclosed when Q is
0(x) =0 < llx=yll (x,y € H) [2, Theorem 4.17]. The metric projection Pc
onto a nonempty, closed convex subset C of H is firmly nonexpansive, i.e., ||Pc(x) — Pe(y)|* + || (Id —
Po)(x) — (Id—Po)(y)|*> < |lx—y||?> (x,y € H). Moreover, Fix(Pc) = C [2, Proposition 4.8, (4.8)].

nonexpansive, i.e.,

2.2. Convexity, proximal point, and subdifferentiability. A function f: H — R is said to be convex
if, for all x,y € H and for all o € [0,1], f(ax+ (1 —a)y) < of(x)+ (1 — &) f(y). A function f is
said to be strictly convex [2, Definition 8.6] if, for all x,y € H and for all @ € (0,1), x # y implies
flax+(1—a)y) < af(x)+ (1 —o)f(y). f is strongly convex with constant 3 [2, Definition 10.5] if
there exists 8 > 0 such that, for all x,y € H and forall ¢ € (0, 1), f(ox+ (1 —a)y)+ (Ba(l—a)/2)|x—
YIP < af@)+(1-a)f).

Let f: H — (—oo, 00| be proper, lower semicontinuous, and convex. Then, the proximity operator
of f [2, Definition 12.23], [14], denoted by Prox s, maps every x € H to the unique minimizer of f(-) +
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(1/2)]|x—-||%; i.e.,
{Proxf(x)} = argelgin [f(y) —|—% Hx—y||2] (xeH).

The uniqueness and existence of Prox f(x) are guaranteed for all x € H [2, Definition 12.23], [13]. We
call Proxs(x) the proximal point of f at x. Let dom(f) :={x € H: f(x) < 4o} be the domain of a
function f: H — (—oo, 4o9].

The subdifferential [2, Definition 16.1] of f is defined by

df(x):={ueH: f(y) = f(x)+(y—xu) (yeH)} (xeH).
We call u € d f(x) the subgradient of f at x.

Proposition 2.1. [2, Propositions 12.26, 12.27, 12.28, and 16.14] Let f: H — (—o0, 0| be proper, lower

semicontinuous, and convex. Then, the following hold:

(i) Letx,p € H. p=Proxy(x) ifand only if x—p € df(p) (i.e, (y — p,x—p)+ f(p) < f(y) for all
yeH).
(ii) Prox; is firmly nonexpansive with Fix(Prox ) = argmin g f(x).
(iii) If f is continuous at x € dom(f), df(x) is nonempty. Moreover, & > 0 exists such that d f (B(x; 6))
is bounded, where B(x; §) stands for a closed ball with center x and radius §.

The following propositions will be used to prove the main theorems in this paper.

Proposition 2.2. [15, Lemma 3.1] Suppose that (x,,),en C H weakly converges to £ € H and % # X. Then,
liminf,, s o ||, — £|| < liminf, e [|x, —X||-

Proposition 2.3. [2, Theorem 9.1] When f: H — R is convex, f is weakly lower semicontinuous if and

only if f is lower semicontinuous.

Proposition 2.4. [12, Lemma 2.1] Let (I';),en C R and suppose that (U'y;) jen (C (I'n)nen) exists such
that Ty, <y, 41 forall j € N. Define (T(n))n>n, C N by 7(n) :=max{k <n: Iy <Tyy 1} for someny € N.
Then, (T(n))n>n, is increasing and lim,, . T(n) = +oo. Moreover, U,y < Ty 41 and Ty < T4 for
all n > ny.

3. PROPOSED PARALLEL PROXIMAL METHOD

Algorithm 1 is the proposed algorithm for solving Problem 1.1.

Let us consider a network system with / users and assume that user i has its own private objective
function f; and mapping Q; and tries to minimize f; over Fix(Q;). Moreover, let us assume that each
user can communicate with other users. Then, at iteration 7, each user can have x,, in common. Since
user i has its own objective function f;, it computes y,; := Proxy, s (xn). Moreover, user i has its own
constraint set Fix(Q;), with which it tries to find a fixed point of Q; by using x,; := Q;(y,;). Since
the users can communicate with each other, user i can receive all x,;, and hence, user i can compute

Xpp1 = (1/1) Yic.s Xn,i-
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Algorithm 1 Parallel Proximal Method for solving Problem 1.1
Require: (%,)nen C (0,+o0)

1: n<—0,xoe H

2: loop

33 fori=1toi=1Ido

4: Xpi == Qi(Proxy, (x,))
5:  end for |

6:  Xpy1 = 7 Z Xn,i

i€y
7: n<—n+1

8: end loop

Let us compare Algorithm 1 with the existing parallel subgradient method [7, Algorithm 3.1] for
solving Problem 1.1. The parallel subgradient method [7, Algorithm 3.1] is as follows:

ro,i = old+ (1 — a)Qi,
8n,i S afl (Q(X,i(xn>) 5

Xni = Qa,i(Xn) = Angni, (3.1)
1
a1 =7 ) A
i€y

The difference between Algorithms 1 and (3.1) is the form of x,,;, i.e., Algorithm 1 uses x, ; = Q;(Proxy, s, (x,)),
while algorithm (3.1) uses x,,; := Qg,i(xn) — Angn,i- Section 4 compares the behaviors of Algorithm 1
and algorithm (3.1) for concrete optimization problems.

First, we prove the following lemma:

Lemma 3.1. Suppose that (Al) and (A2) hold and define y, ; := Proxy,s.(x,) for all i € .7 and for all
n € N. Then, Algorithm 1 satisfies that, for all x € X and for alln € N,

1 2
Y {Iben =il 4w =3l } + T ¥ () = fima).

n 1 =) < [len — 2] — 7
i€y i€y

Proof. Let x € X and n € N be fixed arbitrarily. The definition of y, ; := Proxy, 7, (x,) and Proposition
2.1(i) ensure that, for all i € .#,

= YnisXn = Yni) < W(fi(x) = fi(yni)),
which, together with 2(x,y) = ||x||*> + ||y[|* — |lx — y||* (x,y € H), implies that
200(fi(3) = fiOni)) 2 %=yl + Il =yl = Il =]
Accordingly, forall i € .7,
i = 21> < e = 511 = [0 = yinall* + 20 (£ (6) = fin,)- (3.2)
The definition of x,,; := Q;(y,;) and (A1) guarantee that, for all i € .7,

||xn.,i _xH2 < Hyn.,i _XHZ - ||xn.,i _yn,iHZ- (3.3)
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Hence, (3.2) and (3.3) imply that
e =26l < o =311 = lltn = Yl = i = ¥ I 29 () = fi o))
Summing the above inequality from i = 1 to i = I and the convexity of || - |> ensure that

Ixnr =21* <Y [ =]

ics
<1y =1 = X {btn =3l + b =3l } 2% X () = i),
ics ics
which completes the proof. g

The convergence analysis of Algorithm 1 depends on the following:
Assumpion 3.1. The sequence (y, ;),en (i € ) is bounded.

Assume that, for all i € ., argmin,y fi(x)(= Fix(Proxy,)) # 0 and Fix(Q;) is bounded. Then, we
can choose in advance of running the algorithm a bounded, closed convex set C; (e.g., C; is a closed ball
with a large enough radius) satisfying C; O Fix(Q;). Accordingly, we can compute

Xni = Pc;[Qi(yn,i)] € G (3.4)

instead of x,,; in Algorithm 1. The boundedness of C; (i € .#) implies that (x, ;),en (i € .#) is bounded.
Accordingly, (x,),cn is also bounded. Moreover, Proposition 2.1(ii) ensures that, for all i € .# , for all
n € N, and for all x € Fix(Proxy,), ||ys,; — x|| < ||x, — x||. Hence, the boundedness of (x,).cn guarantees
that (yni)nen (i € #) is bounded. Hence, it can be assumed that (x,;).en (i € ) in Algorithm 1 is as
in (3.4) in place of Assumption 3.1.

We also have the following lemma:

Lemma 3.2. Suppose that (Al), (A2), and Assumption 3.1 hold. Then, (X, ;)nen (i € &) and (xn)nen are
bounded.

Proof. Assumption (A1) ensures that, for all x € X, for all i € .#, and for all n € N,
(20,0 = x[| < [lymi — ]|

which, together with Assumption 3.1, implies that (x,;),en (i € .#) is bounded. Hence, the definition of
xn implies that (x,),en is also bounded. O

3.1. Constant step-size rule. The following is a convergence analysis of Algorithm 1 with a constant
step size, which indicates that Algorithm 1 with a small constant step size may approximate a solution
of Problem 1.1.

Theorem 3.1. Suppose that (Al), (A2), and Assumption 3.1 hold. Then, Algorithm 1 with 7y, ;=7 >0
satisfies that

.. 2 ..
légg"figj lyni — Qilyni)ll” <IMyy and lrllrﬁrlirc}ofiezjﬁ()’n,z) < f*,

where M :=sup{(2/I) ¥ic 7 (fi(x) — filyni)): n € N} < +oo for some x € X and f* is the optimal value
of Problem 1.1.
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Proof. Let x € X be fixed arbitrarily. The definition of d f;(x) and the Cauchy-Schwarz inequality imply
that, for all i € .#, for all n € N, and for all u; € d f;(x),

Ji(x) = filyni) < e =y ui) < | yni — x| [Juill
which, together with B := max;c_s sup{||y.; — x| : n € N} < +oo (by Assumption 3.1), implies that

2 -
M, = sup{l .é(fi(x) — filyni)):n e N} < 2Bri16133;(||u,'|] < oo, (3.5)

We first show that

liminf Z] {10 =il + i =yl < Iy, (3.6)
1€,

Xn.i

If (3.6) does not hold, there exists § > 0 such that

liminf Y X, ; > IM;y+26.
ics

n—y—oo

Accordingly, the property of the limit inferior of (¥;c s {|[xx — Ynill? + ||¥ni — Ynill*})nen ensures that
ng € N exists such that, for all n > n,

Y X, >1IMy+6. (3.7)
ics

Accordingly, Lemma 3.1 with 7, := ¥ (n € N) guarantees that, for all n > no,
1 2
Pt =% < e —x(? = = Y Xoi+ 57 Y (fix) = fi(yn))
1 ics 1 ics

1
< ln —x|[* = S (IM1y+8) + My

5
= o —a* = 5

5
< oy = x[I* = 7 (41 = o).

The right side of the above inequality approaches minus infinity as n diverges. Hence, we have a contra-
diction. This implies that (3.6) holds. Therefore,

o L. 2
liminf Y [[ya; — ol* = limint Y [vas — Q:(va)|> < 1My .
i€d i€d
Next, we show that
imi (yni) < f*. '

Assume that (3.8) does not hold. An argument similar to the one for obtaining (3.7) implies that there
exist £ > 0 and mg € N such that, for all n > my,

Z fioni) = f*> €.

i€y
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Lemma 3.1 thus ensures that, for all n > mg and for all x* € X* :={x* € X: f(x*) = f* =infex f(x)},

* * 2
gt =12 < o =" + Sy (f* -y fi(yn,i)>

i€y
2
2
< o =" = S8

2
< oy =11 718+ 1—mo),
which is a contradiction. Accordingly, (3.8) holds. This completes the proof. O

3.2. Diminishing step-size rule. The following is a convergence analysis of Algorithm 1 with a dimin-
ishing step size.

Theorem 3.2. Suppose that (Al), (A2), and Assumption 3.1 hold and 1d — Q; (i € .¥) is demiclosed.” Let
(Xn)nen be the sequence generated by Algorithm I with (Yn)nen satisfying lim, o ¥y = 0 and ¥, Yo =
+oo. Then, there exists a subsequence of each of (Xp)nen, (Xn.i)nen, and (Yni)nen (i € F) that weakly
converges to a solution of Problem 1.1. Moreover, (X)neN, (Xn,i)nen, and (Yni)nen (i € F) strongly
converge to a unique solution of Problem 1.1 if one of the following holds:

(i) One f; is strongly convex;

(i1) H is finite-dimensional, and one f; is strictly convex.

Proof. We consider two cases.

Case 1: Suppose that there exists mg € N such that, for all n € N and for all x* € X*, n > mg implies
|xn1 — x| < ||x, —x*||, where X* := {x* € X: f(x*) = f* = infyex f(x)}. Then, there exists ¢ :=
lim,,—, o0 [[x, — x*||. Let x* € X* be fixed arbitrarily. Lemma 3.1, together with a discussion similar to
that of (3.5), guarantees that there exists

My = p{? Y () — filwn): ne N} < oo

ics
such that, for all n > my,
1
7 X {1 =il 4 ln =3l } < b =1 = s =1+ Mo (3.9)
i€y

Accordingly, the conditions lim,,_, ;. %, = 0 and ¢ := lim,,_, ;o ||x, — x*|| mean that

Jm [l = yail| = 0and lim =yl =0 (i € 7). (3.10)
From Lemma 3.1, forall x € X and for all k € N,
2
T Y (Fi0i) = £i(x)) < llve = 2] = [ — x|, (3.1D)

i€y

Ni(x)

which implies that, for all n € N and for all x € X,

2 n
7 Y %Nie(x) < o —x|* = g1 — x> < [lio — x|
k=0

* See Section 4 for an example in which Q; is quasi-firmly nonexpansive and Id — Q; is demiclosed.
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Accordingly, for all x € X,

2 I
7L W) < oo (3.12)
k=0
Here, we show that, for all x € X,
liminf N, (x) <0. (3.13)
n—r—+too

Assume that (3.13) does not hold; i.e., there exists xy € X such that liminf,_, 1N, (xo) > 0. Then, m; € N
and 6 > 0 exist such that, for all n > my, N, (xo) > 6. From (3.12) and ):,+ oY = +°,

20 = 2 &
o= Y }’k_l Z YNk (x0) < +oo,
k=m, k=m,

which is a contradiction. Hence, (3.13) holds, i.e., for all x € X,

11m1anf, yni) < Y, filx) =: f(x). (3.14)

n—r—+oo ey

The definition of u,; € d fi(x,) and the Cauchy-Schwarz inequality ensure that, for all i € .# and for all
neN,

fi(%n) _fi(yn,i) < (xn _J’n,iaun7i> < ||xn _)’mi” H”n,iH-

Proposition 2.1(iii) and the boundedness of (x,),en (see also Lemma 3.2) guarantee that there exists
Bj := max;e.s sup{||un,||: n € N} < 4oosuch that, foralln € N,

n) = Z filxn) < By Z %62 — il + Z Jin,i)-

i€y i€y i€y

Therefore, (3.10) and (3.14) lead to the finding that, for all x € X,

hmmff(x,,) < B hm Z %0 — y,,,H—i—hmmfo, Vi) < f(x). (3.15)

n—s oo

Accordingly, a subsequence (x,, )ien of (X,)nen exists such that, for all x € X,
lim £ (x,,) = liminf £ (x,) < £(x). (3.16)
| —o0 n—ro0

Since (xp, )ien is bounded (see also Lemma 3.2), there exists (X, )men (C (Xn)1en) such that (x,, )men
weakly converges to x, € H. From (3.10), (y,,IW,-) (i € .#) weakly converges to x.. Hence, (3.10) and the
demiclosedness of Id — Q; ensure that x, € Fix(Q;) (i € .%), i.e., x. € X. Proposition 2.3 ensures that the
continuity and convexity of f (by (A2)) imply that f is weakly lower semicontinuous, which means that
f(x) < liminf,, e f(xy, ). Therefore, (3.16) leads to the finding that, for all x € X,

flx) < lgnjgff (xnzm) = nlllgi,f (x'ltm) < f®),

that is, x, € X*. Let us take another subsequence (x, )ren (C (X, )ien) such that (xy, )ren weakly
converges to x,, € H. A discussion similar to the one for obtaining x, € X* guarantees that x,, € X*.
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Here, it is proven that x,, = x,... Now, let us assume that x, # x.. Then, the existence of ¢ := lim,,_ ||, —
x*|| (x* € X*) and Proposition 2.2 imply that

¢= lim Hx,,l x*H < lim me x**H
nm—roo mM—ro0

xn/k — X xn/k — Xk

= lim ||x, — X || = lim
n—eo k—>oo k—>oo

:C’

which is a contradiction. Hence, x, = x... Accordingly, any subsequence of (x,, );cny converges weakly
to x. € X*; i.e., (X, )ien converges weakly to x, € X*. This means that x, is a weak cluster point of
(xn)nen and belongs to X*. A discussion similar to the one for obtaining x, = x,, guarantees that there
is only one weak cluster point of (x,),en, so we can conclude that, in Case 1, (x,),en Weakly converges
to a point in X*.

Case 2: Suppose that, for all m € N, there exist n € N and x§j € X* such that n > m and ||x,+1 —xj|| >
1= x| > o, —
xp|l =: Ty, Proposition 2.4 thus guarantees that m; € N exists such that, for all n > my, Iy < T4,

[|x, — x5|. This implies that (x,;) jen (C (Xa)nen)

where 7(n) is defined as in Proposition 2.4. From Lemma 3.1 (see also (3.9)), for all n > m;,
1 2 . -
7 X {Ivetn = el + Feeimi = yemall” } < T2y = Tyir + M2y < MoYeo
ey

where

M, —SUP{I Zﬂ(ﬁ( ) = fie(m)i): ”GN}

is finite by Assumption 3.1 (see also (3.5)). Hence, the condition limy—; 1« ¥;(,) = 0 implies that

M {[xz() = Ye(uil| =0and m ||xz0) ;= ye(m)i]| =0 (i € 2). (3.17)

n—r+oo n—r+-oo

From (3.11), for all n > m;,

7’}/1'( ) T(n )(XO) < 1—‘2( ) F%(n)+1 < 07

which, together with ¥;(,) > 0 (n > m; ), implies that NT(,,) (x5) < 0. Accordingly,
lim sup Z ﬁ Yi(n < fr

n—+oo ;o g

An argument similar to the one for obtaining (3.15), together with (3.17), implies that
limsup f (xf(n)) < fr
n——+eo

Choose a subsequence (x;(,,))xeN Of (X7(n))n>m, arbitrarily. Then,

limsup f (x(y)) < limsup f (xg(p)) < f* (3.18)
k—+-o0 n—y—-o0
The boundedness of (x(,,))ken ensures that (xr(nk,))leN (C (%g(n) Jken) exists such that (xr(nk,))leN
weakly converges to x, € H. Then, (3.17) and the demiclosedness of Id — Q; ensure that x, € X. More-
over, Proposition 2.3 and (3.18) guarantee that

) S Hmin f (g, ) < timsup f (x,,) ) <7

[—>+o0
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that is, x, € X*. Therefore, (xf(nkl)) 1eN weakly converges to x, € X*. From Cases 1 and 2, there exists a
subsequence of (x,),cn that weakly converges to a point in X*.

Suppose that assumption (i) in Theorem 3.2 holds. The strong convexity of f :=Y;c s f () implies that
X* consists of one point, denoted by x*. In Case 1, the strong convexity of f guarantees that there exists
B > 0 such that, for all & € (0,1) and forall / € N, (B/2)a(1 — a)]|jx, —x*||> < ot f () + (1 — @) f* —
flax, + (1 —a)x*). Accordingly, from the existence of ¢ := lim,,_ . ||x, —x*|| and (3.16), we have

B (1= a0) tim vy~ < tim (@f (v)+ (1~ ) 1)
+limsup (—f (ox,, + (1 — o) x¥))
[ =00

< f* —liminf f (0, + (1 — @) x*),

[ =00

which, together with the weak convergence of (x,, );en to x* and Proposition 2.3, implies that

ga(l—a)

Hence, (xy,);en strongly converges to x*. Therefore, from [2, Theorem 5.11], the whole sequence (x;,),en

lim [x, —x*|* < f*— f (o + (1 —a)x*) = 0.
[—>o0

strongly converges to x*. From (3.10), (x,,i)nen and (yni)nen (i € &) strongly converge to x*. In Case
2, the strong convexity of f leads to the deduction that, for all o € (0,1) and for all/ € N,

B

—a(1—a)limsup

2
2 Xr(nk[) —x*H < alimsupf (xf(nk,)> + (1 _ OC) f*
[——+oo

[—+o0

— liminf f (axm,kl) (11— a)x*) .

[—+oo
The weak convergence of (xf(nkl)) jeN to x*, the weakly lower semicontinuity of f (by Proposition 2.3),
and (3.18) imply that

B

—o (1 —a)limsup
2 [—+oo

*
‘xT(I’lkl ) -X

2§f*—f(ax*+(l—oc)x*):0,

which implies that (xf(nkl))leN strongly converges to x*. When another subsequence (xr(nkm))mEN (C
(Xz(n;) Jken) can be chosen, a discussion similar to the one for showing the weak convergence of (xr(nk,))leN
to a point in X* guarantees that (xr(nkm))meN also weakly converges to a point in X*. Furthermore,
a discussion similar to the one for showing the strong convergence of (xf(,,kl )) jeN to x* ensures that
(Xz(n,,,) Jmen strongly converges to the same x*. Hence, it is guaranteed that (x;(,,))xen strongly con-
verges to x*. Since (x¢(,,))xeN is an arbitrary subsequence of (xX;(y))n>m;» (Xz(n))n>m, strongly converges
to x5 ie., limy o0 Dy(y = limy oo || X7 () —x*|| = 0. Accordingly, Proposition 2.4 ensures that

limsup [|x, — x*|| <limsupT'¢,) 41 =0,

n—soo n—soo

which implies that, in Case 2, the whole sequence (x;,),cn converges to x*. Moreover, Lemma 3.1 and
lim,,, o %, = 0 imply that lim,, ;e ||X; — Y]] = limy—s o0 || Xni — ynill = 0 (i € &). Therefore, (X, ;)nen
and (yni)nen (i € &) converge to x*.

Suppose that assumption (ii) in Theorem 3.2 holds. Let x* € X* be the unique solution to Problem
I.1. In Case 1, it is guaranteed that (x,),en converges to x* € X*. From (3.10), (x,.i)nen and (Vn,i)nen
(i € ) strongly converge to x*. Moreover, in Case 2, the convergence of (xr(nk]))leN to x* is guaran-
teed. A discussion similar to the one for showing the strong convergence of (x;(,))n>m, to x* ensures that
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(Xz(n) Jn>m, converges to x* € X*. Proposition 2.4 thus guarantees that the whole sequence (x,),cn con-
verges to x*. Lemma 3.1 and lim,,—; o %, = 0 imply that lim,, e [|x; — Y il| = limy—s 4o || X0 — Ynil| =0
(i € 7). Therefore, (x,)nen and (yn.i)nen (i € #) converge to x*. This completes the proof. O

The following is a convergence-rate analysis of Algorithm 1 with a diminishing step size.

Theorem 3.3. Suppose that the assumptions in Theorem 3.1 hold and a monotone decreasing sequence

(Y)nen satisfies limy 4o Yy = 0, limysoo(n¥) ™1 = 0, L1551 = +o0, and lim,y40n ' Y170 % = 0.
Then, Algorithm [ satisfies that, for all n > 1,

IB

1= 1 HXO XH 1 n—1
Y Z yei — Qi) I° | < ———+ Z % and Y fil =Y ki <+ )
=0 2ny,

i€y i€y

where x* is a solution of Problem 1.1, My := sup{2¥c (fi(x*) — fi(yni)): n € N} < +oo, and B :=
sup{||x, —x*||?: n € N} < +oo,

Proof. Let x* € X*. Lemma 3.1 implies that, for alln > 1,

) ) Ml n—1
TE T (Il s} < b+ T o,
lG/k =

which in turn implies that

L ( Z I = el > 3 i {||xk—)7k,i||2+ka,i—Yk,i||2} < M Zy

ics Nicri=
Lemma 3.1 indicates that, for all k € N,
¥ filki) 1 < oo b= = s — 2P
ics Y
Summing the above inequality from k = 0 to k = n — 1 implies that, for all n > 1,

lnl

Y Y filbi) - 2’;

ni=oicr

(Il =21 = s = x°11°

Xn

i
T

The definition of X,, means that
[0 — x|

S N el [ O e
Bo=xl.y _ _ ’
Y k=1 Y Yi—1 Yn—1

which, together with %, < ¥, (n > 1) and B := sup{||x, —x*||?: n € N} < +oo (by Lemma 3.2), implies

that
X<B+BZ<1—1>: B SE-
Y Yk Yie—1 V-1 Y

The convexity of f; thus ensures that, for all n > 1,

1] IB
Li(1En) e

i€y

Xy =

which completes the proof. U
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Let us consider the rate of convergence of Algorithm 1 with ¥, := n~1/2 (n>1). The step size
(Y1)n>1 is monotone decreasing and satisfies lim,,_, 1o %, = 0, lim,_, y(n},)~! = 0, and Z+ 0T =
Moreover, the Cauchy-Schwarz inequality and ):Z;(l) k' <14 Inn mean that

1”1 1 f ”1 1+lnn
n = o\[ kO B

which implies that lim,,_, ;. n ™! ZZ;O Y = 0. Theorem 3.3 indicates that Algorithm 1 with v, :=n
satisfies that, for all n > 1,

nn ]
l;j(,lZHyk, Q,<yk,>||> (w”j ) and iezjﬁCZykl)_ ’?

where & stands for the Landau notation (see [10] for a convergence rate analysis of stochastic approxi-

~1/2

mation methods).

4. NUMERICAL COMPARISONS

Let us compare the performance of Algorithm 1 with the one of the existing parallel subgradient
method (PSM) [7, Algorithm 3.1] (see (3.1)) and incremental subgradient method (ISM) [7, Algorithm
4.1] for the following problem (see also [7, Problem 5.1]): Leta; ; >0,b; j,dieR (i€ #,j=1,2,...,N),
and ¢; 1= (c,-_,]-)j;.’:1 €RN (i € .#) with ¢; j > 0. Then,

minimize f(x) Z fi(x) subjecttox € X := ﬂ Fix(Q;) = ﬂ lev<ogi, 4.1)
i€s i€y ics

where f;: RY — R and Q;: RY — RY are defined for all x := (xj)]}’:l € RN by

gi(x) :
N x— ———=zi(x) if gi(x) >0,
X) = Zai’j ‘XJ'—bi,j’ and Q,'(x) = ||zl~(x)H2
Jj=1 x if x € leveog; := {x € RV: g;(x) <0},

gi: RY — R is defined for all x € RY by

<c,~,x> +d; if <C,’,X> > —di,

gi(x) == .
0 otherwise,

and z;(x) is any vector in dg;(x). The above mapping Q; is called the subgradient projection related to
gi- O, satisfies quasi-firm nonexpnasivity, and Id — Q; satisfies the demiclosedness condition [1, Lemma
3.1].

The experiment was conducted on a MacBook Air (13-inch, 2017) with a 1.8 GHz Intel (R) Core (TM)
i5 CPU processor, 8 GB, 1600 MHz DDR3 memory, and Mac OS Catalina (Version 10.15) operating
system. PSM, ISM, and Algorithm 1 were written in Python 3.7.4 with the NumPy 1.17.2 package.
We set I =256 and N = 1000 and randomly chose a; ; € (0,100}, b; ; € [-100,100), d; € [-1,0), and
cij € [-0.5,0.5). The stopping condition was n = 10000. The step sizes were as follows:

Constant step sizes: 9, := 107!, 1073,
107" 1073

Diminishing step sizes: ¥, := ——, .
g step T il ntl
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The performance measures were as follows: for n € N,

Z Z fl xn andD Z Z ”xn -0 xn( ))H

s—llef s liesy

where (x,(s)),en is the sequence generated by each of the three algorithms with the randomly chosen
initial point xo(s) € [0,1)N (s = 1,2,...,10). If (D,)nen converges to 0, the algorithms converge to a
pointin X.

Figure | shows that the algorithms with 7, = A, = 10~! did not converge to a point in X. Figure 2
indicates that, although the values of Do generated by the algorithms with y, = A, = 103 were less
than those generated by the algorithms with %, = A, = 10~!, the algorithms with }, = A,, = 10~3 did not
converge to a point in X. These results imply that it would be difficult to set an appropriate constant step
size in advance.

10000
6.54x10° |- Algorlthml(lo ) — A AIgorlthml(lO ) —_—
M (10 ) - 3 —
6.52x10° |- ISM (10 ) 7 1000 ISM (10 ) B
g ‘,/
6.5x10° - T
8 —~ 100 ¢ ,
6.48x10° - 7 %
c 6.46x10° [ R a
TN - o 10 E
8 o
6.44x10° - E =
fa)
6.42x10° - g 3 E
6.4x10° = R
01F E
6.38x10° - R
6.36x10° . . ‘ 0.01 ‘ ! !
1 10 100 1000 10000 1 10 100 1000 10000
Number of iterations (log scale) Number of iterations (log scale)
(A) Evaluation of F;, (B) Evaluation of D,,

FIGURE 1. Behaviors of F;, and D,, for Algorithm 1, PSM, and ISM with y, = 4,, = 10!

o y 10000 —
6.54x10 Algorlthm 1(10; ) — Algorithm 1 (10 3) —
s M (10° ) — PSM (107) ——
6.52x10° |- ISM (10%) R 1000 F ISM (10°%) E
6.5x10° - R
~ 100 | —
6.48x10° |- ] T //—
< 6.46x10° |- E a I ]
L 2 10
6.44x10° - 8 =
[a)
6.42x10° - : 1y E
6.4x10° - 1 o1l ]
6.38x10° |- B
6.36x10° . . ‘ 0.01 ‘ . !
1 10 100 1000 10000 1 10 100 1000 10000
Number of iterations (log scale) Number of iterations (log scale)
(A) Evaluation of F;, (B) Evaluation of D,

FIGURE 2. Behaviors of F,, and D,, for Algorithm 1, PSM, and ISM with 3, = A4, = 1073

Meanwhile, Figures 3 and 4 show that Algorithm 1 with diminishing step sizes ¥, = 107! /(n +
1),1073/(n+ 1) converged to a point in X, as guaranteed by Theorem 3.2. These figures also show
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that F;, remains stable. Accordingly, from Theorem 3.2, Algorithm 1 converged to a solution of problem
(4.1). Figures 3 and 4 also indicate that Algorithm 1 performs comparably to PSM and ISM.

: 10000
6.54x10° |- Algonthm 1 (10 1/(n+1)) — Algorlthm 1 (10 1/(n+1)) —
3 PSM (10 /(n+1)) — PSM (10 /(n+1)) —
6.52x10° - ISM (10Y/(n+1)) R 1000 | ISM (10Y(n+1)) ]
6.5x10° - 8
. 100 | - 9
6.48x10° |- ] ) // NG
= 6.46x10° - i 3 i \ ]
w = 10 \
6.44x10° |- R = 3
[a)
6.42x10° |- 8 1F E
6.4x10% — E o1
T ] E E
6.38x10° [ g
6.36x10° . ‘ ‘ 0.01 ‘ . !
1 10 100 1000 10000 1 10 100 1000 10000
Number of iterations (log scale) Number of iterations (log scale)
(A) Evaluation of F;, (B) Evaluation of D,,

FIGURE 3. Behaviors of F, and D,, for Algorithm 1, PSM, and ISM with 7, = A, =

107! /(n+1)
T 3 10000 3
6.54x10° |- Algorlthm 1(10 /(n+1)) — 1 Algorlthm 1(10 /(n+1)) —
PSM (10 3/(n+1)) S PSM (10 3/(n+1)) —
6.52x10° |- ISM (10™°/(n+1)) q 1000 F ISM (10™/(n+1)) E
6.5x10° - R
8 — 100 ¢ 4
6.48x10° - 7 )
8
8 [ i
= 6:46x10 o 10k —_— 9
8 k=]
6.44x10° |- R =
fa)
6.42x10° - : 3 E
6.4x10° §
01F B
6.38x10° - R
6.36x10° : . ‘ 0.01 ‘ L L
1 10 100 1000 10000 1 10 100 1000 10000
Number of iterations (log scale) Number of iterations (log scale)
(A) Evaluation of F;, (B) Evaluation of D,

FIGURE 4. Behaviors of F, and D,, for Algorithm 1, PSM, and ISM with 7, = A, =
1073 /(n+1)

5. CONCLUSION

This paper presented a parallel proximal method for solving the minimization problem of the sum
of convex functions over the intersection of fixed point sets of quasi-nonexpansive mappings in a real
Hilbert space. It also provided convergence and convergence-rate analyses. Numerical comparisons
showed that the performance of the algorithm is almost the same as those of the existing methods.
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