Noname manuscript No.
(will be inserted by the editor)

Acceleration of the Halpern Algorithm to Search for a
Fixed Point of a Nonexpansive Mapping

Kaito Sakurai - Hideaki Iiduka

Received: date / Accepted: date

Abstract This paper presents an algorithm to accelerate the Halpern fixed
point algorithm in a real Hilbert space. To this goal, we first apply the Halpern
algorithm to the smooth convex minimization problem, which is an example
of a fixed point problem for a nonexpansive mapping, and indicate that the
Halpern algorithm is based on the steepest descent method for solving the min-
imization problem. Next, we formulate a novel fixed point algorithm using the
ideas of conjugate gradient methods that can accelerate the steepest descent
method. We show that, under certain assumptions, our algorithm strongly
converges to a fixed point of a nonexpansive mapping. We numerically com-
pare our algorithm with the Halpern algorithm and show that it dramatically
reduces the running time and iterations needed to find a fixed point compared
with that algorithm.
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1 Introduction

Fized point problems for nonexpansive mappings (2, Chapter 4], [4, Chapter
3], [5, Chapter 1], [18, Chapter 3] have been investigated in many practical
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applications, and they include convex feasibility problems [1], [2, Example
5.21], convex optimization problems [2, Corollary 17.5], problems of finding the
zeros of monotone operators [2, Proposition 23.38], and monotone variational
inequalities [2, Subchapter 25.5].

Fixed point problems can be solved by using useful fized point algorithms,
such as the Krasnosel’skii-Mann algorithm [2, Subchapter 5.2], [3, Subchapter
1.2], [13,14], the Halpern algorithm [3, Subchapter 1.2], [6,19], and the hybrid
method [15]. Meanwhile, to make practical systems and networks (see, e.g.,
[7-10] and references therein) stable and reliable, the fixed point has to be
found at a faster pace. That is, we need a new algorithm that approximates
the fixed point faster than the conventional ones. In this paper, we focus on
the Halpern algorithm and present an algorithm to accelerate the search for a
fixed point of a nonexpansive mapping.

To achieve the main objective of this paper, we first apply the Halpern
algorithm to the smooth convex minimization problem, which is an example
of a fixed point problem for a nonexpansive mapping, and indicate that the
Halpern algorithm is based on the steepest descent method [16, Subchapter 3.3]
for solving the minimization problem.

A number of iterative methods [16, Chapters 5-19] have been proposed
to accelerate the steepest descent method. In particular, conjugate gradient
methods [16, Chapter 5] have been widely used as an efficient accelerated
version of most gradient methods. Here, we focus on the conjugate gradient
methods and devise an algorithm blending the conjugate gradient methods
with the Halpern algorithm.

Our main contribution is to propose a novel algorithm for finding a fixed
point of a nonexpansive mapping, which use the ideas of accelerated conjugate
gradient methods for optimization over the fixed point set [11,12], and prove
that the algorithm converges to some fixed point in the sense of the strong
topology of a real Hilbert space. To demonstrate the effectiveness and fast
convergence of our algorithm, we numerically compare our algorithm with the
Halpern algorithm. Numerical results show that it dramatically reduces the
running time and iterations needed to find a fixed point compared with that
algorithm.

This paper is organized as follows. Section 2 gives the mathematical pre-
liminaries. Section 3 devises the acceleration algorithm for solving fixed point
problems and presents its convergence analysis. Section 4 applies the proposed
and conventional algorithms to a concrete fixed point problem and provides
numerical examples comparing them.

2 Mathematical Preliminaries

Let H be a real Hilbert space with inner product (-,-) and its induced norm
|| - 1l, and let N be the set of all positive integers including zero.
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2.1 Fixed point problem

Suppose that C' C H is nonempty, closed, and convex. A mapping, T': C — C,
is said to be nonezpansive [2, Definition 4.1(ii)], [4, (3.2)], [5, Subchapter 1.1],
[18, Subchapter 3.1] if

IT(x) =TI < llz -yl (z,y €C).
The fized point set of T: C'— C' is denoted by
Fix(T) :={x € C: T(z) = z}.

The metric projection onto C' [2, Subchapter 4.2, Chapter 28] is denoted
by Pc. It is defined by Po(z) € C and ||z — Po(z)|| = infyec ||z —y|| (x € H).
P is nonexpansive with Fix(Pc) = C [2, Proposition 4.8, (4.8)].

Proposition 2.1 Suppose that C C H is nonempty, closed, and convexz,
T: C — C is nonexpansive, and x € H. Then,

(i) [2, Corollary 4.15], [4, Lemma 3.4], [5, Proposition 5.3], [18, Theorem 3.1.6]
Fix(T) is closed and convez.
(ii) [2, Theorem 3.14] & = Pc(x) if and only if (x — 2,y —3) <0 (y € C).

Proposition 2.1(i) guarantees that, if Fix(T') # 0, Ppix(r)(x) exists for all
r e H.
This paper discusses the following fixed point problem.

Problem 2.1 Suppose that T: H — H is nonexpansive with Fix(T) # 0.
Then,

find x* € H such that T (x*) = z*.

2.2 The Halpern algorithm and our algorithm

The Halpern algorithm generates the sequence, (Z,)nen [3, Subchapter 1.2],
[6,19] as follows: given xg € H and (an)nen satisfying lim, oo, = 0,
Yo g =00, and Y07 |1 — ap| < 00,

Tpg1 = anxo+ (1 —an) T (z,) (n€N). (1)

Algorithm (1) strongly converges to Ppix(r)(zo0) (€ Fix(T)) [3, Theorem 6.17],
[6,19].

Here, we shall discuss Problem 2.1 when Fix(T') is the set of all minimizers
of a convex, continuously Fréchet differentiable functional, f, over H and see
that algorithm (1) is based on the steepest descent method [16, Subchapter
3.3] to minimize f over H. Suppose that the gradient of f, denoted by V£, is
Lipschitz continuous with a constant L > 0 and define T/: H — H by

T/ :=I1—-aVf, (2)
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where o € (0,2/L] and I: H — H stands for the identity mapping. Accord-
ingly, T satisfies the nonexpansivity condition (see, e.g., [7, Proposition 2.3])
and

Fix (T') = argmin f(z) := {x € H: f(x*) = min f (x)} .

xeH zeH

Therefore, algorithm (1) with 7" := T/ can be expressed as follows.

djyy ==V (2a),
Yn = Tf(xn) = Tn — OlVf (xn) =Tp + Old£+1, (3)
Tnt1 = anZo+ (1 —an)yn (n €N).

This implies algorithm (3) uses the steepest descent direction [16, Subchapter
3.3], d'f;’f]l)D := =V f(zn), of f at z,,, and hence, algorithm (3) is based on the
steepest descent method.

Meanwhile, conjugate gradient methods [16, Chapter 5] are popular ac-
celeration methods of the steepest descent method. The conjugate gradient

direction of f at z, (n € N) is d{l’_&GD = —Vf(z,) + BndlCCP where
df P .= —Vf(zo) and {B,} C (0,00), which, together with (2), implies
that
1
dhoeb = — (T (wn) = wn) + Brdl P, (4)

Therefore, by replacing de_l := =V f(z,) in algorithm (3) with difle'D defined
by (4), we can formulate a novel algorithm for solving Problem 2.1.
Before presenting the algorithm, we provide the following lemmas which

are used to prove the main theorem.
Proposition 2.2 [3, Lemmas 1.2 and 1.3] Let (an )nen, (bn)nen, (¢n)nen, (@n)nen C
(0,00) be sequences with an+1 < (1 —ap)an + anb, + ¢, (n € N). Suppose that

oo o an =00, limsup,,_, . b, <0, and 377 ¢, < 0o. Then lim,_,o an, = 0.

Proposition 2.3 [17, Lemma 1] Suppose that (x,)neny C H weakly converges
tox € H and y # x. Then, iminf, , ||z, — | < lminf, o ||z, — ]

3 Acceleration of the Halpern algorithm
We present the following algorithm.
Algorithm 3.1

Step 0. Choose i € (0,1], a > 0, and xg € H arbitrarily, and set (ap)nen C
(0,1), (Bn)nen C [0,00). Compute dy := (T'xg — o)/ .
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Step 1. Given x,,d, € H, compute d,41 € H by

1
dn—i—l = a (T(xn) - -Tn) + ﬁndn

Compute xny1 € H as follows.

Yn 1= Tp + adnJrla

Tna1 = pano + (1 — pay) yn-
Putn:=n+1, and go to Step 1.

We can check that Algorithm 3.1 coincides with the Halpern algorithm (1)
when 8, :=0 (n € N) and p:= 1.
This section makes the following assumptions.

Assumption 3.1 The sequences (ai,)nen and (Bn)nen satisfy'

(C1) lim a, =0, (C2) Z oy, = 00, (C3) Z |nt1 — a| < 00,

n—oo

n=0 n=0

Moreover, (xp,)nen in Algorithm 3.1 satisfies
(C5) (T'(zn) — Tn)nen s bounded.
Let us do a convergence analysis of Algorithm 3.1.

Theorem 3.1 Under Assumption 3.1, the sequence, (xn)nen, generated by
Algorithm 3.1 strongly converges to Pyix(r(0).

Algorithm 3.1 when §,, := 0 (n € N) is the Halpern algorithm defined by
Tnt1 = panxo + (1 — pay) T (x,) (n € N).

Hence, the nonexpansivity of T' ensures that, for all z € Fix(T) and for all
n €N,

[€nt1 =zl = lpan (o — @) + (1 = pan) (T (zn) — 2)||
< pan [|xo — ol + (1 — pan) [T (2n) — || (5)
< pag [lzo — | + (1 = pow) [|lzn — 2|

Suppose that n := 0. From (5), we have ||z1 — z| < pagllzo — x| + (1 —

pnoo)||lzo — x|l = ||xo — z||. Assume that ||z, — x| < ||zo — z|| for some m € N.
Then, (5) implies that ||zm+1 — || < pamllzo — || + (1 — pay)||zm — x| <
o |lzo — zl] + (1 — poy)||xo — || = ||zo — z||. Hence, induction guarantees
that

[ — || < [lzo =] (n €N).

L Examples of (an)nen and (Bn)nen satisfying (C1)—(C4) are ay, := 1/(n + 1)® and
Br = 1/(n+ 1)22 (n € N), where a € (0, 1].
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Therefore, we find that (z,)nen is bounded. Moreover, since the nonexpan-
sivity of T ensures that (T'(z,,))ren is also bounded, (C5) holds. Accordingly,
Theorem 3.1 says that, if (o, )nen satisfies (C1)—(C3), Algorithm 3.1 when
Bn =0 (n € N) (i.e., the Halpern algorithm) strongly converges to Ppix(r)(0).
This means that Theorem 3.1 is a generalization of the convergence analysis
of the Halpern algorithm.

3.1 Proof of Theorem 3.1

We first show the following lemma.

Lemma 3.1 Suppose that Assumption 3.1 holds. Then, (dp)nen, (Tn)nen,
and (Yn)nen are bounded.

Proof We have from (C1) and (C4) that lim, o 3, = 0. Accordingly, there ex-

ists ng € Nsuch that 8, < 1/2for alln > ng. Define My := max{||dn, ||, (2/a) sup, ey |7 (zn)—
Zn||}. Then, (C5) implies that M; < co. Assume that ||d,|| < M; for some

n > ng. The triangle inequality ensures that

1 1
sl = | (7o) = 20) + B < 21T G@w) = 1+ 52 ] < 01

which means that ||d,|| < M; for all n > ng, i.e., (dn)nen is bounded.
The definition of y,, (n € N) implies that

Yn =Ty + <i (T'(xn) — x0n) + ﬂndn>
=T(zn) + aBndy.

(6)

The nonexpansivity of T" and (6) imply that, for all z € Fix(T) and for all
n > no,
[yn — 2| = 1T (2n) + aBndy — ||
ST (zn) = T(@)] + b lldn|
S Hl‘n - .13“ + aMlB’m
Therefore, we find that, for all z € Fix(T") and for all n > ny,
[#nt1 =zl = |lpan (xo — ) + (1 = pan) (yn — )|
< pa [lzo — 2| + (1 = po) [lyn — ||
< pag [lzo = xl| + (1 = pen) {{|lzn — 2| + M S}
< (1= pow) | — @l + pow ([0 — || + M By,

which, together with (C4) and «,, < 1 (n € N), means that, for all + € Fix(T)
and for all n > ny,

alM
nsr — 2l < (1= ) ln — ] + prcve (nxo —af+ 22 ) .
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Induction guarantees that, for all € Fix(7T') and for all n > ny,

G{Ml
lzn = 2ll < flwo = 2l + ==

Therefore, (z,)nen is bounded.
The definition of y,, (n € N) and the boundedness of (2, )nen and (dy, )nen
imply that (y,)nen is also bounded. This completes the proof. O

Lemma 3.2 Suppose that Assumption 3.1 holds. Then,
(i) limy oo || Znt1 — zn|| = 0.
(i) limy oo ||2n — T(x,)|| = 0.
(iii) limsup,, . (ro — 2%, yn — %) <0, where x* := Ppixr)(0).
Proof (i) Equation (6), the triangle inequality, and the nonexpansivity of T
imply that, for all n € N,

lYnt1 — Ynll = |T (@ng1) = T (2n) + @ (Bug1dns1 — Bndn)||
S HT (xn-i-l) -T (xn)” + « ||Bn+1dn+1 - BndnH
<N 2Znt1 = znll + @ (Brsr dngall + Br lldnll)

which, together with ||d,|| < Mi (n > ng) and (C4), implies that, for all
n > no,

o1 = 9ll < 21 = 2]l + by (a2, +02). ™

On the other hand, from «,, < |ap41 — an| + apg1 and o, < 1 (n € N),
we have that, for all n € N,

aiﬂ + 0431 < ai+1 + an (|1 — an| + @ng1)

é (an+1 + an) Oni1 + |05n+1 - an|~

(®)

We also find that, for all n € N\{0},

[Zn41 — znl| = |lpomzo + (1 — pon) yn — (patn—120 + (1 — pron—1) Yn—1)||
= [l (an — an—1) xo + (1 — pan) (Yn — Yn—1)
+ p (anfl - an) Z/n71||
< plam — an—a| ([zoll + llyn—1l) + (1 = pem) l[yn — yn-al
< (1 - ,uan) ”yn - yn—1|| + M, ‘Ozn - Oén—l‘ )

where My = sup,, ey p(||2ol| + [|yn]]) < oo. Hence, (7) and (8) ensure that, for
all n > ng,

[Zn1 = @nl| < (1 = pan) |[2n = Tn-a || + oMy (0 + an—1) o + |an — o)
+ My o, — 01|
= (1 = pay) [|[vn — zp1|| + (@M1 + Ma) |y, — a1
aM;

+ (an +an71>,u/an-
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Proposition 2.2, (C1), (C2), and (C3) lead us to
nlgr;o [#n+1 — 2 =0. (9)

(ii) From ||zp41 — ynll = poml|zo — ynl| < Maa, (n € N), (C1) means that
limy, s 00 ||Zn+1—yn|| = 0. Since the triangle inequality ensures that ||y, —z, | <
ln — Zns1ll + [|Tns1 — 2ol (n € N), we find from (9) that

. 1 .
lim ||dpt1]| = = lim |y — z,] = 0. (10)
n—oo O n—00
From the definition of d,+1 (n € N), we have, for all n > ny,

1
0< ~ T (@n) = @nll < ldntall + Bn lldnll < lldnsall + M1

Since Equation (10) and lim,, o 8, = 0 guarantee that the right side of the
above inequality converges to 0, we find that

lim [T () — 2, = 0. (1)

(iii) From the limit superior of ({xg—z*, yn —2*))nen, there exists (yn, )ren
(C (yn)neN) such that

limsup {(xg — 2, y, — ") = lim (xg — 2%, yn, — ). (12)
n—00 k—o0

Moreover, since (yn,)ren is bounded, there exists (yn, )ien (C (Yny )ken)
which weakly converges to some point § (€ H). Equatfon (10) guarantees
that (2, )ien weakly converges to g.

We shall show that § € Fix(T). Assume that § ¢ Fix(T), i.e., § # T(9).
Proposition 2.3, (11), and the nonexpansivity of T ensure that

lim inf
17— 00

oy —yH < liminf ||z, — T ()
B 1—»00 K

= liminf ||z, —T (xnk) +T (Can> -T(9)

1—+00

= liminf ||T (xnk) - T(3)

71— 00

<liminf ||z,, — QH .
1—00 K

This is a contradiction. Hence, § € Fix(T). Hence, (12) and Proposition 2.1(ii)

guarantee that

limsup (xg — 2, y, — z*) = lim <330 — 2 Y, — 33*> = {(xg—a",j—2") <0.
n— o0 100 ‘

This completes the proof. a
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Now, we are in a position to prove Theorem 3.1.
Proof of Theorem 3.1 The inequality, ||z +y||*> < ||=]|? +2(y,z +y) (z,y €
H), (6), and the nonexpansivity of T imply that, for all n € N,

lyn = @*|* = IT (20) — &* + aBudy |
<NT (@) = T @)|* + 208, (yn — 2", dn)

< Jlwn —a*|* + Msal,

where 3, < a2 (n € N) and Ms := sup,cy 2a|(y, — 2*,d,)| < oco. We thus
have that, for all n € N,

|1 —a*|* = [lpan (@0 — %) + (1 = pawn) (yn — )|
= p?a ||lzo — a*|* + (1 = pan)? [lyn — 2|
+ 2pa, (1 — poy) (g — *, yn — )
< a2 o — @ |* 4 (1 = pan)* {JJon — "I + My }
+ 2ua, (1 — pay) {xg — %,y — )
< (1= ) o ="+ s oo = 2?4 222 L,
+{2(1 — pay) (o — 2%, yn — )} pavy.
Proposition 2.2, (C1), (C2), and Lemma 3.2(iii) lead one to deduce that

lim ||xn41 — 2> = 0.
n—oo

This guarantees that (z,),en generated by Algorithm 3.1 strongly converges
to 2* := Ppix(r)(0)- O

Suppose that Fix(T") is bounded. Then, we can set a bounded, closed convex
set C (D Fix(T)) such that Po can be computed within a finite number of
arithmetic operations (e.g., C' is a closed ball with a large enough radius).
Hence, we can compute

Tpi1 = Po (panxo + (1 — pa,) yn) (13)

instead of z,y; in Algorithm 3.1. From (x,)nen C C, the boundedness of C'
means (2, )nen is bounded. The nonexpansivity of T' guarantees that ||7(z,)—
T(2)| < ||lxn — 2| (x € Fix(T)), which means that (T'(z,))nen is bounded.
Therefore, (C5) holds. We can prove that Algorithm 3.1 with (13) strongly
converges to a point in Fix(T') by referring to the proof of Theorem 3.1.

Let us consider the case where Fix(T') is unbounded. In this case, we cannot
choose a bounded C satisfying Fix(T) C C. Although we can execute Algo-
rithm 3.1, we need to verify the boundedness of (T(zy) — n)nen. Instead,
we can apply the Halpern algorithm (1) to this case without any problem.
However, the Halpern algorithm would converge slowly because it is based on
the steepest descent method (see section 1). Hence, in this case, it would be
desirable to execute not only the Halpern algorithm but also Algorithm 3.1.
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4 Numerical Examples and Conclusion

Let us apply the Halpern algorithm (1) and Algorithm 3.1 to the following
convex feasibility problem [1], [2, Example 5.21].

Problem 4.1 Given a nonempty, closed convez set C; C RN (i =0,1,...,m),

find x* € C = ﬁCi,

i=0
where one assumes that C # ().

Define a mapping 7: RY — RN by

T:.= P() (717, iPZ> s (14)

where P; := Pg, (i = 0,1,...,m) stands for the metric projection onto C;.
Since P; (i =0,1,...,m) is nonexpansive, T’ defined by (14) is also nonexpan-
sive. Moreover, we find that

Fix(T) = Fix (Py) N ﬁ Fix (P;) = Co N ﬁ C;=C.

i=1 =1

Therefore, Problem 4.1 coincides with Problem 2.1 with T defined by (14).
The experiment used an Apple Macbook Air with a 1.30GHz Intel(R)
Core(TM) i5-4250U CPU and 4GB DDR3 memory. The Halpern algorithm
(1) and Algorithm 3.1 were written in Java. The operating system of the
computer was Mac OSX version 10.8.5.
We set o :=1, pu:=1/10°%, o, :=1/(n+ 1) (n € N), and S, := 1/(n + 1)?
(n € N) in Algorithm 3.1 and compared Algorithm 3.1 with the Halpern
algorithm (1) with o, := p/(n + 1) (n € N). In the experiment, we set C;
(i=0,1,...,m) as a closed ball with center ¢; € RV and radius r; > 0. Thus,
P, (i=0,1,...,m) can be computed with
LK

Pi(z) :=c; + (x —¢;) if ||le; — || > 74,

llei — |
or Pi(z) =z if ||e; — z|| < 7.

We set N := 100, m := 3, r;, := 1 (i = 0,1,2,3), and ¢y := 0. The
experiment used random vectors ¢; € (—1/v/N,1/vV/N)N (i = 1,2,3) gener-
ated by the java.util. Random class so as to satisfy C' # (). We also used the
java.util. Random class to set a random initial point in (—16,16)%.

Figure 1 describes the behaviors of || T(x,, ) —x,|| for the Halpern algorithm
(1) and Algorithm 3.1 (Proposed). The x-axis and y-axis represent the elapsed
time and value of ||T'(z,) — x,||. The results show that compared with the
Halpern algorithm, Algorithm 3.1 dramatically reduces the time required to
satisfy ||T(z,) — @n|| < 1076. We found that the Halpern algorithm took 850
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Fig. 1 Behavior of ||T(z,) — zn|| for the Halpern algorithm and Algorithm 3.1 (Proposed)
(The Halpern algorithm took 850 iterations to satisfy || T(zn) — x| < 1078, whereas Algo-
rithm 3.1 took only six.)

iterations to satisfy ||T'(z,) — z,| < 1079, whereas Algorithm 3.1 took only
Six.

This paper presented an algorithm to accelerate the Halpern algorithm for
finding a fixed point of a nonexpansive mapping on a real Hilbert space and its
convergence analysis. The convergence analysis guarantees that the proposed
algorithm strongly converges to a fixed point of a nonexpansive mapping under
certain assumptions. We numerically compared the abilities of the proposed
and Halpern algorithms in solving a concrete fixed point problem. The re-
sults showed that the proposed algorithm performs better than the Halpern
algorithm.
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