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This paper proposes an incremental subgradient method for solving the problem of mini-
mizing the sum of nondifferentiable, convex objective functions over the intersection of fixed
point sets of nonexpansive mappings in a real Hilbert space. The proposed algorithm can
work in nonsmooth optimization over constraint sets onto which projections cannot be al-
ways implemented, whereas the conventional incremental subgradient method can be applied
only when a constraint set is simple in the sense that the projection onto it can be easily
implemented. We first study its convergence for a constant step size. The analysis indicates
that there is a possibility that the algorithm with a small constant step size approximates a
solution to the problem. Next, we study its convergence for a diminishing step size and show
that there exists a subsequence of the sequence generated by the algorithm which weakly
converges to a solution to the problem. Moreover, we show the whole sequence generated by
the algorithm with a diminishing step size strongly converges to the solution to the problem
under certain assumptions. We also give examples of real applied problems which satisfy the
assumptions in the convergence theorems and numerical examples to support the convergence
analyses.
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1. Introduction

Convex optimization theory is a powerful tool for solving many practical problems in
operational research. In particular, it has been widely used to solve practical convex
minimization problems over complicated constraints, e.g., convex optimization problems
with a fized point constraint [5, 14, 15, 17, 18, 36] and with a wvariational inequality
constraint [11-13, 19].

This paper considers the following nonsmooth convex optimization problem over fized
point sets in a real Hilbert space H: given a continuous, convex function, f®: H — R
(i € T:={1,2,...,I}), and a firmly nonexpansive mapping, T7): H — H (i € T), with

This work was supported by the Japan Society for the Promotion of Science through a Grant-in-Aid for Scientific
Research (C) (15K04763).
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Fix(TOW) :={z c H: T (z) =2} # 0 (i € T),

minimize Z F9(z) subject to x € ﬂ Fix (T(i)> . (1)

€T i€

The parallel proximal algorithm and the forward-backward algorithm [2, Chapters 25
and 27|, [6, 8, 9, 32], which use the prozimity operators of convex functions, can solve the
problem of minimizing the sum of the convex functions over the whole space. They are
based on the Douglas-Rachford algorithm [2, Chapters 25 and 27], [7, 9, 10, 24]. Since
the proximity operator of the indicator function on a nonempty, closed convex set C¥)
(i € T) is the metric projection onto C®) [9, Table 10.1, xii], the algorithms in [6, 8, 9, 32]
can work in convex optimization over (.1 c® When the projection onto CY can be
computed efficiently, e.g., when C9 is an afﬁne subspace, a half-space, or a hyperslab,
onto which the projection Pow) can be computed within a finite number of arithmetic
operations [1], [2, Chapter 28].

To deal with cases in which C) (i € T) is more complicated (e.g., C®) is the intersection
of half-spaces C,gl) (k=1,2,...,K)), we can define a firmly nonexpansive mapping (2,
Definition 4.1(i)] (see also subsection 2.1),

T@JfﬁﬂmmM%Fm@@>:d”

(e.g., TW := 1/2(1d + Hk 1 C( ») is firmly nonexpansive with Fix(7®) = ﬂk 1 Gy’ =

c 2, Proposmons 4.2 and 4.8, (4.8)], where Id stands for the identity mapping on H ).
Therefore, problem (1) enables us to discuss constrained optimization problems in which
the explicit form of the metric projection onto the constraint set is not always known;
i.e., the projection cannot be calculated explicitly.

There are many fixed point optimization algorithms presented in [5, 14, 15, 17-19, 36,
37]. However, they can work only when f) (i € 7) is differentiable and convex and the
gradient of f) (i € T) is Lipschitz continuous. Accordingly, we cannot directly apply
them to problem (1).

In this paper, we propose a distributed algorithm for solving problem (1). Our algo-
rithm embodies two ideas: The first is the Krasnosel’skii-Mann algorithm [2, Subchapter
5.2], [23, 28] for finding a fixed point of a nonexpansive mapping. It can be used to
show that our algorithm converges to a point in the constraint set (,.; Fix(T®). The
second is the incremental subgradient method [3, Section 8.2], [4, 20, 22, 30] which is a
distributed algorithm for nonsmooth optimization. It allows us to use the subdifferential
2, Definition 16.1], [33, Section 23] (see also subsection 2.1) of f() (i € Z) instead of
the proximity operator of f(. As a result, we can formulate an incremental type of
distributed optimization algorithm for solving problem (1). When user i (i € Z) has its
own private ) and T® in problem (1), our distributed algorithm enables user ¢ to find
a solution to problem (1) by using only @ TG and the transmitted information from
the neighboring user of user i.

This paper has three contributions in relation to other work on nonsmooth convex
optimization. The first is that our algorithm does not use any proximity operators, in
contrast to the algorithms presented in [6, 8, 9, 32, 37]. Our algorithm can use subdiffer-
entials, which are well-defined for any nonsmooth, convex function. The second contri-
bution is that our distributed algorithm can work in optimization over fixed point sets
of nonexpansive mappings. Unfortunately, the previous incremental subgradient method
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[3, Section 8.2], [4, 20, 22, 30] can only be applied when the constraint set is simple in
the sense that the projection onto it can be easily implemented. The third contribution
is to present convergence analyses of our algorithm for different step-size rules. We show
that the sequence (z,,)nen generated by the algorithm with a positive constant step size
A satisfies liminf, so0 D e fO(z,) < Y oieT f@(z*) + M+V/A, where z* is a solution to
problem (1) and M (> 0) is a constant (Theorem 3.1). We also show that there exists a
subsequence of (z,)nen generated by the algorithm with a diminishing step size (An)nen
that weakly converges to a solution to problem (1) (Theorem 3.2).

This paper is organized as follows. Section 2 gives the mathematical preliminaries
and states the main problem. Section 3 devises the incremental subgradient method
for solving problem (1) and studies its convergence properties for a constant step size
(subsection 3.1) and a diminishing step size (subsection 3.2). It also gives some examples
of real applied problems which satisfy the assumptions in the convergence theorems
and shows that our algorithm outperforms the other existing algorithms on the same
problems (subsection 3.3). Section 4 provides numerical examples for our algorithm.
Section 5 concludes the paper.

2. Preliminaries

2.1 Subdifferentiability, nonexpansivity, and propositions

Let H be a real Hilbert space with inner product (-,-) and its induced norm || - ||. Let N
denote the set of all positive integers including zero.

The subdifferential [2, Definition 16.1], [33, Section 23] of f: H — R is the set-valued
operator,

Of tH -2z {uecH: f(y)> fla)+ (y—z,u) (ye H)}.

Suppose that f: H — R is continuous and convex with dom(f) := {z € H: f(x) <
oo} = H. Then, 0f(x) # 0 (x € H) [2, Proposition 16.14(ii)].

PROPOSITION 2.1 [2, Proposition 16.14(iii)] Let f: H — R be continuous and convex
with dom(f) = H. Then, for all x € H, there exists § > 0 such that 0f(B(x;0)) is
bounded, where B(x;d) stands for a closed ball with center x and radius §.

A mapping, T: H — H, is said to be nonexpansive [2, Definition 4.1(ii)] if ||T'(z) —
T(y)| < |lz—yl| (x,y € H). T is said to be firmly nonexpansive |2, Definition 4.1(i)] if
| T (x) =T (y)||>+||(Id=T)(z)— (Id—=T)(y)||* < ||[z—yl||? (x,y € H), where Id stands for the
identity mapping on H. It is clear that firm nonexpansivity implies nonexpansivity. The
fized point set of T is denoted by Fix(T) := {x € H: T(x) = x}. The metric projection
[2, Subchapter 4.2, Chapter 28] onto a nonempty, closed convex set C' (C H) is denoted
by Pc. It is defined by Po(z) € C and ||z — Po(z)|| = infycc ||z — y|| (x € H).

PROPOSITION 2.2 Let T: H — H be nonexpansive, and let C (C H) be nonempty,
closed, and convex. Then,

(i) [2, Corollary 4.15] Fix(T') is closed and convex.

(i) [2, Remark 4.24(iii)] (1/2)(Id 4+ T) is firmly nonexpansive.
(iii) [2, Proposition 4.8, (4.8)] Pc is firmly nonexpansive with Fix(Pc) = C.

The following is used to prove the convergence theorems in the paper.
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PROPOSITION 2.3 [27, Lemma 2.1] Let (I';))nen and suppose that (I'y,)jen (C (I'n)nen)
exists such that I'y 1 > I'y, for all j € N. Then, there exists ng € N such that (1(n))n>n,
defined by 7(n) := max{k < n: Ty < Tkxi1} (n > ng) is increasing and lim, o 7(n) =
o0. Moreover, I'r(n) < T'rnyy1 and I'y < T4 for all n > ny.

2.2 Assumptions, notation, and main problem

This paper deals with a networked system with I users. Let Z := {1,2,..., I} be the set
of users.
Throughout this paper, we assume the following.

ASSUMPTION 2.1

(A1) X© (c H) (i € T) is nonempty, bounded, closed, and convex;

(A2) TW: H — H (i € T) is firmly nonexpansive with Fix(TW) ¢ X® and N,.; Fix(T®) #
0;

(A3) fO: H - R (i € T) is continuous and convex with dom(f®) = H;

(A4) Useri (i € T) can use PY := Py, T®, and 0 fW,

(A5) User i (i € Z) can use the information transmitted from user (i — 1), where user 0
stands for user I.

Suppose that user (i — 1) z € 7) has z(—1) E H. Assumptions (A4) and (A5) imply
user 7 can compute z(? = (0= PO T §f@)) by using the information 20—
transmitted from user (i — 1) and its own prlvate information.

This paper uses the notation,

xim (YE (10), 1= Y00, 3= o e X )= 1= i £}

i€T icT yex
The main objective of this paper is to solve the following problem.
PRrROBLEM 2.1 Under Assumption 2.1, find x* € X*.

Assumptions (A1)—(A3) imply that X Ndom(f) = X # 0 and X is bounded. Hence,
(A3) (the continuity and convexity of f) guarantees that X* # () [2, Proposition 11.14].

At the end of this section, we give examples of X and T in Assumption 2.1. User
i (1 € Z) in an actual network [14, 25, 26, 34] has a bounded, closed convex constraint
set C. € is defined by the intersection of simple, closed convex sets C’,gz) (k € KO =
{1,2,... ,K(i)}) (e.g., C’I(;) is an affine subspace, a half-space, or a hyperslab) and PIEZ) =
PC;;:) can be easily computed within a finite number of arithmetic operations [2, Chapter
28]. Then, user i can set a bounded X (5 C®) such that P is easily computed (e.g.,
X = Fix(P®W) is a closed ball with a large enough radius). Accordingly, user i (i € T)
can use firmly nonexpansive mappings (see Proposition 2.2(ii), (iii))

Id+HP

ke @

PW and T7®

with Fix (70) = () ¢ = ¢ ¢ x0.
keK@)
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3. Incremental Subgradient Method

This section presents an incremental subgradient method for solving Problem 2.1.

ALGORITHM 3.1
Step 0. Useri (i € I) sets a (€ (0,1)) and (A\p)nen (C (0,00)). User I chooses xg € H
arbitrarily and defines x[()o) = xy.

Step 1. Useri (i € ) computes azg) € H cyclically as follows:

¢ eaf® xﬁffl)) :
i =10 (LY - Angﬁf)) ,
2= PO (0ol 4+ (1= )yl (i=1,2,...,1).

Step 2. User I defines xpy1 € H as xpy1 = xg) = 557(10+)1 and transmits it to user 1.

Put n:=n+1, and go to Step 1.

Algorithm 3.1 combines two useful algorithms: the Krasnosel’skii-Mann algorithm and
the incremental subgradient method. The Krasnosel’skii-Mann algorithm [2, Subchapter
5.2], [23, 28] can find a fixed point of a nonexpansive mapping 7', and it forms a convex
combination of x,, and T'(z,,) in each iteration n, i.e.,

Tpy1 = axy + (1 —a)T (z,) (n€N), (2)

where g € H and o € (0,1). We can see that (:L‘q(f))neN (1 € ) in Algorithm 3.1 is
generated from the convex combination of x,(f ~ and y,(f) = T (:cff - _ )\ngff )), ie.,
Algorithm 3.1 uses the idea of the Krasnosel’skii-Mann algorithm.

The following incremental subgradient method [3, Section 8.2], [4, 20, 22, 30] can be
applied to the problem of minimizing f := > .7 f () over a closed convex set C' onto
which the projection can be easily computed.

2= Po (270 = Mgt} s i €05 (V) (=12,
(1) 3
Tp+l = Tn
where z¢p = xéo) € RY and (A\y)nen C [0,00). We can also see that (yff))neN (t€Z)in
Algorithm 3.1 is based on the idea of the incremental subgradient method (3).
The convergence analyses of algorithm (3) was presented under the bounded assump-

tion of (gg))neN (1 € ) (see, e.g., [3, Assumption 8.2.1]). This assumption is satisfied if
f9 (i e 1) is polyhedral or C'is compact [3, p. 471]. In this paper, we assume the bound-
edness of X (i € T) (ie., X := Nicz Fix(T") is bounded) instead of the boundedness

of (gg))neN (¢ € T). Assumptions (Al) and (A3) ensure the boundedness of (gg))neN
(1 € T) (see also Lemma 3.1(i)).
We first show the following.

LEMMA 3.1 Suppose that Assumption 2.1 is satisfied, o € (0,1), and limsup,,_, ., A\p <
0o. Then, (ng))neN, (yﬁf))neN (i € 1), and (xpn)nen in Algorithm 3.1 have the following
properties:
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(i) (@8 )new, W nen, and (g8 )ners (i € ) are bounded.
(ii) For all x € X and for alln € N,

. (12
lansr = 2l < llom = 2l + IMiA = (1= 0) 3 ||ofiD — )

_azuxg—n O -
1€

DY

1€

2

)

y\) — (i)

where My := maxlez(sup{QKyn —x gn )\ n €N} <
(iii) For all x € X and for allm € N,

st — all® < llen — all® +2(1 — a)h (f(2) = flan)) + IMa(L — @)X

oM (

n

i€ j=1

where My = maxjez(sup{Hg H2 n € N}) < oo and M3 := max;ez(sup{||z|: z €
of 9 (x,),n € N}) < .

Proof. (i) From the definition of 2 (n € N,i € T), we have that (ﬂfg))nEN c X0 (e
7). Hence, (A1) implies (acgf))neN (i € Z) is bounded. Accordingly, (A3) and Proposition
2.1 mean (gg))neN (z 6 7) is bounded. Moreover7 we have from (A2) that, for all z € X
and for all n € N, [y — 2| = | T @™V = Agl)) = TO@)]| < (2™ = Augl) — 2.
Accordingly, the boundedness of (x%))neN and (g,(f))neN (1 € 7) and lim sup,,_, o A\p, < 00
imply that (yg))neN (¢ € 7) is also bounded.

(ii) Choose x € X arbitrarily and put My := maxiez(sup{2|<y( —x gn >| n € N}) <
oo (Lemma 3.1(i) leads us to M; < 00). Assumption (A2) ensures that, for all n € N and

for all ¢ € Z,
) — xH2 < [[ (250 = angl?) - ﬂJHQ [ (#57 = angld) = 0 LW
which, together with ||z — y[|? = ||z||* — 2(z,y) + ||y||* (z,y € H), means that
T T
- ‘ 20 — 0| + 20, <x§f*1) - yﬁf)vgﬁf)> (5)
< ‘xﬁffl) —xH — H -1 _ (i) i + My,

Proposition 2.2(iii) and z = az + (1 — )z € X = Fix(P%) (n € N,i € Z) imply that,
for all n € N and for all ¢ € Z,

o ol < o (0 =) w0 () =)
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which, together with ||az+(1—a)y|?> = a|z|?+(1—a)|y||* —a(l—a)||z—y|? (z,y € H),
means that

2

O I R B VR

~(1—a) |y — 20"

uy) — )

Hence, from (5), we find that, for all n € N and for all i € Z,

. 2 . 2 . .
=o' e o -

My — a2 — af |[*

o |2~

From x, 11 = xg) and $(0) =z, (n € N), we find that, for all n € N,

. (12
1 = ol < lan = ) = (1= a) 3 2570 = o0 |+ 12t
i€
. . . 12
—a Y[l =2 - - ) 3 — )
1€T

1€T
(iii) Choose x € X arbitrarily. Then, (4) implies that, for all n € N and for all i € Z,
. 2 A .
0l <0 -5) - na
2 , .
xH + 2\, <:17 - azﬁf‘”,gff)>

< [la — | + 200 (5O @) — 7O (270)) + 222,

2

where the second inequality from gﬁl € of9) (y, (- 1)) and My := maxiez(sup{Hg,(f) 1?:n €

N}) < oo (M < oo is guaranteed by Lemma 3.1(i)). Accordingly, (6) and the convexity
of || - ||? imply that, for all n € N and for all i € Z,

N
<aH:L‘(’ 1)—:EH +(1-a) ()—:EH

xH +2(1 = ) (9 (@) = £D (24))
+ Mo(1 — a)X\2,
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which, together with f:=>". ; @ implies that, for all n € N,

i1 — 2|2 < ||lzn — z]|* +2(1 — a))\nz (f(i) (z) — O (xﬁf‘”))
i€l
+ IM(1 — )\,
= ||zp — xH2 +2(1 —a)\, (f () — f (zn)) + I Mo(1 — O‘>)\721

+2(1— a)An Z[ l>(a:£j*1>)}.

i€l

Moreover, since fO)(z,) — f(i)(azgfl)) < (xy — xﬁffl),zr(f” (n € Nyi € I), where
2 E 8f )(z,,), the Cauchy-Schwarz inequality gives f@(z,) — f(i)(ajq(f_l ) < |l@n —

2 ||Hzn | (n € Nyi € 7). The boundedness of (x,)neny and Proposition 2.1 en-

sure that Mz := max;er(sup{|z||: z € 9f@(z,),n € N}) < oco. Therefore, we find
that, for all n € N, |21 — 2|2 < [Jzn — 2| + 2(1 — @) M\u(f(2) — f(20)) + IMa(1 —
a)\? + 2M5(1 - a))\ Yier llzn — x,(ffl)H. Since the triangle inequality implies that
g — 2 V) < 2L (|2 Y — 2| (i € T), we have

|41 = z]|* < \lﬂﬂn—wll2+2(1—a)>\ (f (x) = f (2n)) + IMa(1 = @)A7

This completes the proof. [ ]

-+ 2M3

n

i€ j=1

3.1 Constant step-size rule

The discussion in this subsection makes the following assumption.

ASSUMPTION 3.1 Useri (i € I) has (An)nen satisfying
(C1) A\p:=A (>0) (neN).

Let us perform a convergence analysis on Algorithm 3.1 under Assumption 3.1.

THEOREM 3.1 Suppose that Assumptions 2.1 and 3.1 hold. Then, the sequences (Tp)nen
and (acgf))neN (1 € T) generated by Algorithm 3.1 have the following properties:

(i) Let My and My be constants defined as in Lemma 3.1, My := maxiez(sup{]\xg_l) —

yﬁf)H: n € N}) < oo, and My := My /(1 — o) + 2/ MaMy + MaX. Then,

' IML
im i E (i—-1) _ < A

(e

10 ) <13

n—oo

(ii) Let My, Ms, and Ms be constants defined as in Lemma 3.1. If lim,_ Hx =1 ng)HQ
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exists for all i € T,

IMaA  IT(I—1)Ms [IMA
Hminf f (z,) < f* + 2 + ( ) M sy

n—o00 2 2 [0

(7)

Let us compare Algorithm 3.1 under Assumptions 2.1 and 3.1 with the conventional
incremental subgradient algorithm. Proposition 8.2.2 in [3] indicates that the incremental
subgradient method (3) when A, := XA > 0 (n € N) satisfies

. . D%\
liminf f (z5) < f*+ ——,
where {z € C: f(z) = f*:=infyec f(y)} # 0, D := 3 ez Dii)s Digy = supnendllgll: g €
Of D (x,) Uaf® (ng_l))} (i € 7), and one assumes that D) < oo (i € Z).
In contrast to algorithm (3), Algorithm 3.1 can be applied to Problem 2.1, which has
fixed point constraints. Theorem 3.1(i) says that the (xs))neN (1 € Z7) in Algorithm 3.1
satisfy

2 M\ . e
< 222 imint ’xgj*U—T(l) (x,(f*))H < IMA.

a n— 00

lim inf Ha:%fl) — xﬁf)
n—oo

Moreover, Theorem 3.1(ii) ensures that (z,)nen in Algorithm 3.1 satisfies (7). Therefore,

there is a possibility that Algorithm 3.1 with a small enough A approximates a point in

X™. Section 4 describes the behaviors of Algorithm 3.1 for different constant step sizes.
Proof. (i) First, let us show that

tnint 3|

i€

2
< IMl)\' (8)

K~ af)
(6%

Assume that (8) does not hold. Accordingly, we can choose 0 (> 0) such that

; A2 ITMiA
imi (i—1) _ (1) i
liminf >~ Hxn 2D > =+
1€T
The property of the limit inferior of (3, 7 ||33$f71) - ng)]?)neN guarantees that there

exists ng € N such that liminf, ;oo ) 7 qu(f_l) — x,(f)HQ —0< Y er ngf_l) - ng)HZ for
all n > ng. Accordingly, for all n > ng,

> i e
i€l

IM; A
> 20 s,
o
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Hence, Lemma 3.1(ii) implies that, for all n > ngy and for all z € X,

. NP
lns1 = ol < lan — ol + IMA = @) 247D — af)
1€T

< Nan — 2| + IMXA — o (I]\?)\ + 5)
= ||&p — z||* — ad.
Therefore, induction ensures that, for all n > ngy and for all x € X,
0 < |lznp1 — || < ||2n, — z||* — ad (n+1 —ng).
Since the right side of the above inequality approaches minus infinity when n diverges,
we have a contradiction. Therefore, (8) holds.

A similar discussion to the one for obtaining (8) guarantees that

2 IMiA
< —.
T 11—«

(9)

imi (i=1) _ (4
imint 3 7Y o
i€

On the other hand, from the triangle inequality we have that, for all n € N and for all

ie T, |28 1O @Y < 1285 =) + 1y — 7O (28|, which, together with

My = maxjez(sup{[|z " — 49| : n € N}) < 00 and [[y&) — 7O @Y < @8 -

)\g,(f)) — :cg_l)H < VMsX (n € N,i € 7), means that, for all n € N and for all i € Z,

2l =y

2
+ 2¢/ Mo My + Mo)2.

L1 _ () (xafl)) H2 < ’

Thus, we find from (9) that

2= _ ) (x(z'—n) H2

n

lim inf ‘
n—00 ;
< liminf [Z ng‘*) Ol (2\/M2M4 + MQA) /\]
€L

M
<I (1 L o/ MoMy + Mg)\> A.

—

(ii) Let us show that, for all € > 0, there exists (azg,z)keN (¢ € T) such that (x,(f,z)keN C

(w4 )nen implies

IMz) —
imi * 2 G=1) _ ()
hnII_l)loIéff(l'n) <f '+ 2 + M3 EI g 1 Hx"]’“ x)
el g=

+ 2e. (10)

Assume that the abqve assertion does‘not hold. This implies that there exists ¢ > 0
such that, for all (x,(f,z)keN (1 €1, (a:s,z)keN C (:cg))neN and liminf,, o f(zn) > f*+
IMaN/2+ M3y it Z;;ll qu(i],:l) - :ch,} || +2¢e. Then, since the nonempty condition of X*

10
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guarantees x* € X exists such that f(x*) = f*, we find, for all n € N,

i—1
. o IM2A (G-1) _ ()
hnrggff(xn) > f(a*) + 5 —|—M3z€;§;Hxnj —x,) H+26.
€7 j=

From the property of the limit inferior of (f(x,))nen, there exists ny € N such that
liminf, o f(z,) — € < f(zy,) for all n > ny. Accordingly, for all n > nq,

i—1
Flen) — £ > 2 L0 S 2§70 29 e ()
€T j=1

Therefore, from Lemma 3.1(iii) and (11) we have that, for all n > n;,

st — a2 < o — | + IMa(1 — a)N2

oM (- A 3 e - a0

€T j=1

i—1
IMa) Yo
21— a)Aq —M3§j§ij,<g e

€T j=1

|-
= || — 2*]|* — 2(1 — @) Ae,
which implies, for all n > nq,
|41 = a*|* <z, — 2 = 2(1 = @)Ae(n+ 1 1)

Since the above inequality does not hold for large enough n, we have arrived at a con-
tradiction. Therefore, for all € > 0, there exists (xq(lz)keN (1 €I) such that (SUa(zZ)keN C

(acgf))neN implies (10). Theorem 3.1(i) and the existence of lim,, Hx i-1) )||2 (1€1)
(1)

guarantee that, for any subsequence (x5, )jen C (:c;))neN (i eI),

= lim
n—oo

< el
< (e,

lim ng_l) - xg)

2
l—o00 ‘

H (J_l)_x%])Hz IMl)\

which means, for all € > 0, there exists kg € N such that, for all k& > kg,

Accordingly, from (12) and (10) we find that, for all e > 0,

IM)\ [ TN
liminf f (x,) < f*+ 2 —|—M3§ (i—1) 2 e+ 26
n—oo [0

1€

2J= — () A (jeT). (12)

Since € > 0 is arbltrary, we have from . 7(j —1) = I(I —1)/2 that liminfy, o0 f(25) <
4+ (IMaX)/2 + M3(I(I —1)/2)\/IMi\/a. This completes the proof. [ |
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3.2 Diminishing step-size rule

The discussion in this subsection makes the following assumption.

ASSUMPTION 3.2 Useri (i € Z) has (An)nen satisfying

(C2) nh_g)lo A =0 and Z Ap = 0.

n=0
Let us perform a convergence analysis on Algorithm 3.1 under Assumption 3.2.

THEOREM 3.2 Suppose that Assumptions 2.1 and 3.2 hold. Then, there exists a subse-
quence of (:cgf))neN (1 € Z) in Algorithm 3.1 which weakly converges to a point in X*.

Let us compare Algorithm 3.1 under Assumptions 2.1 and 3.1 with the previous in-
cremental gradient methods. Proposition 8.2.4 in [3] says (zp)nen in algorithm (3) with
(C2) satisfies

liminf f (x,) = f¥,

n—o0

where {z € C: f(z) = f* := infyec fy)y#0, D= ZZEI D(i)v D(i) = SupneN{||9||3 ge
Af D (z,) U 8f(i)(:c7(f_1))} (i € Z), and one assumes D;) < oo (i € I).

The following incremental gradient method [14, Algorithm 3.1] can solve the problem
of minimizing the sum of strictly convex, smooth functionals over the intersection of fixed
point sets: given 2(9) € H (i € T) and 2V e H,

y) = 1O (270 = 00 r0 (2177))),

20 .— pl) <anx<i> (11— ay) y,(j>> (i=1,2,...,1) (13)
)

Tntl = Tn ",

where V() (i € T) is the Lipschitz continuous gradient of @, and (ay,)nen and (Ap )nen
are slowly diminishing sequences such as A, := 1/(n+1)% and oy, := 1/(n+1)? (n € N),
where a € (0,1/2),b € (a,1—a). Theorem 3.1 in [14] guarantees that (z,)nen in algorithm
(13) converges to the unique minimizer of f over X.

In contrast to algorithms (3) and (13), Algorithm 3.1 works even when f() (i € T)
is convex and nondifferentiable and T (i € T) is firmly nonexpansive. Theorem 3.2
guarantees that a subsequence of (x,,)nen in Algorithm 3.1 with A, := 1/(n+1)* (n € N),
where a € (0, 1], exists such that it weakly converges to a solution to Problem 2.1. Section
4 describes the behaviors of Algorithm 3.1 with different diminishing step sizes.

Proof. We will distinguish two cases.

Case 1: Suppose mg € N exists such that ||z,41 — 2*|| < ||z, — 2% for all n > mp and
for all ¥ € X*. Then, lim,_o ||z, — 2*|| exists for all z* € X*. Lemma 3.1(ii) means

12
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that, for all n € N,

. ~ 112
1= a) 3 [~ 4@ < llzw — 1P ~ llowrs — ¥ + 101,
i€l
) 2 k2 k|2
< Jan = 22 = [@nss — ¥ + IMidn,
€T
. ~ 112
(=) 3 [ — a||” < w21 ~ mar — ¥ + T A,
el
From lim,, ,oc A\, = 0 and the existence of lim, o ||z, — z*| (z* € X*), we have

limy, oo (|70 — 2*]|? — ||2ne1 — 2*)|> + IMa)\,) = 0. Accordingly, we find that

lim H i=1) _ (i (i €T), (14)
lim H i=1) _ 4 (ieT), (15)
nh_)rgo Hyn all (tel). (16)

Since the triangle inequality ensures that Hxn—xn )|| < Z Hzgfl) —x,(1j)|| (neN,ie
7), (15) implies

lim Hxn—xfj—”H =0 (ieT). (17)

Moreover, from ||z, — H < ||zn — 2l || + || —yg)H (neN,ieZ), (14) and (17)
guarantee that

lin yION =0 (iel). (18)

Meanwhile, (A2) (the nonexpansivity of T (i € 7)) guarantees that, for all n € N and

i€,
< - -

Accordingly, from (17) and lim, o, Ay, = 0, we find that

(i—1
n

+ /Mo,

-

S)x

lim Hyﬁf) T ()

n—o0

(ieT). (19)

Since ||z —T@ (20)|| < lzn — y$ ||+ |98 — TO (20)]| (n € N,i € T), (18) and (19) imply
that

limlar, — TO (z)||=0 (i€T). (20)

13
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Let us define that, for all n € N and for all x € X,

My () == (1= @) { 2(f(zn) — f(x)) — IMaAy — 2Mgz§ (ARl Y

icT j=1

Lemma 3.1(iii) thus guarantees that A\, M, (z) < ||z, — 2||?> — ||[2zns1 — 2]|* (n € N). This
leads us to, for all m € N, > X\, My, (z) < ||zo — z|* — [|[@mt1 — z|? < ||lzo — z|* < oo,
which means

i A My (z) < oco.
n=0

Now, fix z € X arbitrarily and assume that lim inf,,_,o, M, (x) > 0. Then, we can choose
my € Nand v > 0 such that M, (z) > ~ for all n > m;. Accordingly, from » > ;A\, = oo,
we can produce a contradiction:

00 =y i A < io: An My (2) < 0.

Therefore, we find that liminf,, . M, (z) <0 (z € X), i.e., for all z € X,
i-1 ‘ .
liminf § 2 (f(wn) = f(z) = [Mady —2M5 3 > ngg*) - x&PH <0,
ieT j=1

which, together with lim, . A, = 0 and (15), implies that liminf, , f(z,) < f(x)
(x € X). Hence, there exists a subsequence, (p,)ien, of (2n)nen such that

lim f (@) = liminf f(z,) < f(2) (& € X), (21)

Since (2n,)ien is bounded, there is (2, )men (C (2p,)ien) which weakly converges to
z, € H. Fix i € T arbitrarily and assume that z, ¢ Fix(T®). From Opial’s condition
[31, Lemma 1], (20), and the nonexpansivity of T, we find that

lim inf Ha:m - a:*H <liminf ||z, — T® (;L;)H

m—o0 m—00
=timinf 2, — T (5, )+ TO (2, ) = TO ()
= timinf 70 (a0, ) =7 (2

< liminf Hl‘nz — :E*H ,
m— o0 m

which is a contradiction. Hence, x, € Fix(T®) (i € T), i.e., z, € X. Moreover, since (21)
and f is weakly lower semicontinuous [2, Theorem 9.1], we find that

f(zx) <liminf f (25, ) = n}im (zn, ) < f(2) (z € X), e, 2, € X™

m—ro0 —00

14
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Let us take another subsequence (zn, )ren (C (Zn,)ien) which converges weakly to
T4 € H. The same discussion proving that z, € X implies z,, € X. Assume that
Ty # Zux. Then, the existence of lim,, o ||z, — x| (x € X) and Opial’s condition [31,
Lemma 1] lead us to a contradiction:

lim ||z, — 2,]| = lim H$m —l’*H < lim H$m —l’**H
n—00 m—00 m m—00 m
= lim ||z, — T4/ = lim Hxn, —x**H < lim Hxn, —iL‘*H
n—00 k—oc0 k k—oco k
= lim ||z, — 2] .
n—oo

Accordingly, any subsequence of (z,, );cy converges weakly to x, € X*; i.e., (zp,)ien con-
verges weakly to x, € X*. This means z, is a weak cluster point of (z,,)nen and belongs
to X™*. Since a similar discussion to the one for obtaining x, = ., guarantees there is
only one weak cluster point of (z,)nen, we can conclude that, in Case 1, (2, )neny weakly

converges to a point in X*. Therefore, from (17), (ng))neN (1 € ) weakly converges to
a point in X*.

Case 2: Suppose that 25 € X* and (zn,) (C (zn)nen) exist such that [z, — 2] <
|2n,+1 — x5 for all j € N. Defining Iy, := |z, — || (n € N) implies that I';,, < T’y 41
for all j € N. Accordingly, Proposition 2.3 guarantees the existence of mg € N such that
o) < Trny41 for all n > myg, where 7(n) is defined as in Proposition 2.3. Lemma 3.1(ii)
means that, for all n > my,

o Z ’ (i—1
1€T

Lr(n)

)0 P2, e + IMi Aoy < IMGN
T(n) — T(?’L) )+1 l T(TL) - 1 T(”)’

T(n

which, together with lim,, o 7(n) = o0 and limy, 00 Ar(n) = 0, implies that

(i-1) (@)

Trn) = Tr(n)

—0 (GeT). (22)

lim
n—oo

The same manner of argument as in the proof of (22) leads us to

=0and lim ‘yf()n) — acg()n)

n—oo

lim =0 (ieT).

1 .
Hx(z ) .
n—00

(
r(n) — Yr(

)
n)
Therefore, a similar discussion to the one for obtaining (20) ensures that

lim
n—oo

Tr(n) — T(Z) (xT(n)) H =0 (Z € I) . (23)

Moreover, a similar discussion to the one for obtaining (17) leads to

. )
nhj;o Lr(n) = Lr(n)

‘:oaezy (24)

Since Lemma 3.1(iii) implies that A () M) (z5) < Fz(n) —TI?

7(n)+1 <0 (J € N) and

15
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An >0 (n € N), we find that M,y (z5) <0 (n >myg), ie., for all n > my,

i—1
2 (f (xf(n)) - f*) < IM2)\7'(n) + 2]\43 Z Z ’

i€Z =1

2 = o

Accordingly, from (22) and limy, 00 Ay = 0,

lim sup f (xT(n)) < f~ (25)

n—oo

Choose a subsequence (2, ))ken Of (Tr(n))n>m, arbitrarily. From (25),

lim sup f (:BT(M)) < limsup f (:L‘T(n)) < f. (26)
n—oo

k—o00

The boundedness of (2,(n,))ren ensures the existence of (z;(,, ))ien Which weakly con-
verges to x, € H. A similar discussion to the one for obtaining z, € X and (23) lead
us to z, € X. Moreover, the weakly lower semicontinuity of f [2, Theorem 9.1] and (26)
guarantee that

flzy) < 11l11_1>£ff (xT(nkl)> < hllliigpf (mT(nkl)) < fYoie, me € X7

Therefore, (7,(,,))ren Weakly converges to a point in X*. Hence, (24) leads to the weak
(4)
T(nk

Theorem 3.2 leads to the following corollary. The corollary can be proven by referring
to the proof of [16, Theorem 3.2].

convergence of (x ))keN (1 € 7) to a point in X*. This completes the proof. [ |

COROLLARY 3.1  Suppose that the assumptions in Theorem 3.2 hold. If one @ s
strongly convez, the sequence (xq(f))neN (i € I) strongly converges to the unique solu-
tion to Problem 2.1.

Proof. Assume that there exists ig € Z such that f(°) is strongly convex. Then, f :=
YieT 1@ is strongly convex; i.e., there exists 3 > 0 such that, for all a € (0,1) and for
allz,y € H, f(ar+(1—a)y)+(8/2)a(l —a)||lr —y||* < af(x)+ (1 —a)f(y). Moreover,
since f satisfies the strict convexity condition, X™* consists of one point, denoted by z*.

In Case 1 in the proof of Theorem 3.2, there exists (2, )ien (C (n)nen) which weakly
converges to z*. The strong convexity condition of f guarantees that, for all a € (0,1)
and for all [ € N,

D (1= ) ffrn, — 2P < af (a0) + (1 - 0) £~ ] (o, + (1~ 0) %),

Accordingly, from the existence of lim,,_,« ||z, — 2*|| and (21), we have

B (1 —a) lim ||z, —2*)* < o lim f (zn,) + (1 — ) f*
2 l—00 l—o0
+ limsup (— f (axp, + (1 — a) 2¥))
l—00

< fr- lilminff (axp, + (1 —a)x™),
—00
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which, together with the weak convergence of (xy,)en to * and the weakly lower semi-
continuity of f, implies that

ga (1-a) llim |@n, — 2| < f* = f (az* + (1 —a)z*) = 0.
— 00

Hence, (zy,)1en strongly converges to x*. Therefore, from [2, Theorem 5.11], the whole

sequence (p)nen strongly converges to x*. From (17), we find that (ng))neN (1 €I
strongly converges to z*.

In Case 2 in the proof of Theorem 3.2, there exists (z,(,, ))ien (C (Zn)nen) which
weakly converges to x*. The strong convexity condition of f leads to the deduction that,
for all @ € (0,1) and for all [ € N,

s

—a (1 — a) lim sup
2 l—o0

*
x’T(TLkl) -

2
< alimsup f (mT(nkl)) +(1—a)f*

l—o0

— liminf f (amT(nk_ y+(1—a) :U*) .
l—o0 !

The weak convergence of (xf(nkl))leN to z*, the weakly lower semicontinuity of f, and
(26) imply that

g

—a (1 — ) limsup
2 l—o0

*

2
Tr(ny,) — T Sf*_f(ozx*_|_(1—a)x*):0,

which in turn implies (ﬂfT(nkl))leN strongly converges to z*.

When another subsequence (2, ))men (C (Tr(n,))ken) can be chosen, a discussion
similar to the one for showing the weak convergence of (xT(nkl))IEN to a point in X*
guarantees that (xT(nkm ))meN also weakly converges to a point in X*. Furthermore, a
discussion similar to the one for showing the strong convergence of (%(nkl))leN to x*
ensures that (xT(nkm))mGN strongly converges to the same z*. Hence, it is guaranteed
that (7,(,,))ken strongly converges to z*. Since (Z,(n,))ren is an arbitrary subsequence of
(T7(n))n>mos (Tr(n))n>m, strongly converges to *; i.e., limy 00 'r(ny = limMy—so0 [T7(n) —
x*|| = 0. Accordingly, Proposition 2.3 ensures that

limsup [z, —2*|| <limsup 'z ()41 = 0,
n—o0 n—0o0

which implies that the whole sequence (x,)nen strongly converges to z*. Lemma 3.1(ii)
and limy,, o ||z, — 2*|| = 0 imply that lim, ngf_l) — :J:S)H =0 (i € 7). Accordingly,
the triangle inequality ensures that lim, o ||z, — Py 71)H =0 (i € Z). Hence, we find

that (:nﬁf ))nGN (1 € T) strongly converges to x*. This completes the proof. [ |

3.3 Ezxample applications of Algorithm 3.1

This subsection gives some examples of real problems to which Algorithm 3.1 can be
applied. First, let us consider the classifier ensemble problem with sparsity and diversity
learning [38, Subsection 2.2.3], [39, Subsection 3.2.4], which is expressed as the following
problem of minimizing the sum of the L'-norm and two smooth convex functions over
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the half-space [39, problem (11)]:
Minimize g(z) + al|z||1 + Bh(z) subject to x € RY, (27)

where g, h: RV — R are differentiable and convex, Vg and Vh can be computed effi-
ciently, o and § are control parameters for the sparsity regularization and diversity cal-
culation, ||z||; := Z;\le |z;| (x = (a:j)év:l e RY), and RY := {z := (xj)év:l eRN: z; >
0(=12,...,N)}.

Reference [39] used the centralized optimization method for solving problem (27).
Meanwhile, problem (27) can be also solved by using Algorithm 3.1, an incremental type
of distributed algorithm. Algorithm 3.1 is well suited for use when problem (27) cannot
be solved under centralized control.

Let us show Algorithm 3.1 can solve problem (27). We define X := {z := (xj)é-v:l €
RY: 25 < MO (j =1,2,...,N)} and T® := (1/2)[Id + Pxo Py] (i € T := {1,2,3}),
where M® (i € T) is a large enough positive constant. Then, X (i € 7) satisfies (A1)
and T® is firmly nonexpansive with 0 € Fix(T™) = X&) nRY ¢ X (i € 7), which
means that (A2) holds. Moreover, let us define f() := g, f?) :=al|- ||y, and f©® := gh.
Then, f@ (i € T) satisfies (A3). Since X@ (i € Z) and RY are half-spaces, Px (i € T)
and P[M can be easily computed within a finite number of arithmetic operations (see
subsection 2.2). This implies that T®) (i € Z) can be computed. Moreover, f() and
) are convex functions of which the gradients can be computed, and the subgradients
of f® := a| - ||; can be also computed (see also section 4). Accordingly, Theorem 3.2
guarantees that, under (A5), Algorithm 3.1 with (\,)nen satisfying (C2) and (C3) can
solve problem (27).

Next, let us consider utility-based bandwidth allocation [21, 29, 35]. The objective
here is to share the available bandwidth among traffic sources so as to maximize the
overall utility subject to the capacity constraints [35, Chapter 2]. Source i’s utility can
be expressed as a certain concave function U®: R’ — R and the capacity constraint
set for each link can be represented by a certain half-space. We assume that source ¢
(i € 7) has its own private convex function f() := —U®) and constraint set C() (c R)
wherein source i uses the capacity constraints for links [14, Section 5]. The utility-based
bandwidth allocation problem is as follows (see [14, problem (5.1)] for details on the
problem).

Minimize f(z):= — Z U9 (z) subject to z € RN ﬂ cw. (28)
i€ i€

Let us define T : RT — R (i € T) by T®) := (1/2)[1d+ Par [Tjcpo) Pp)] (i € T), where
L® (i € T) stands for the set of links used by source i and Dj is the capacity constraint
set for link [, which can be expressed as a half-space (i.e., Pp, can be easily computed).
Then, T® (i € T) is firmly nonexpansive and satisfies 0 € Fix(T®) = RL N (e 00 Di =
Rfr NC®. Since Rfr NNiez C is nonempty, bounded, closed, and convex, we can choose
a closed ball X (D Ri N Niez C®) with a large enough radius. Accordingly, X := X
and T® (i € T) satisfy (A1) and (A2). It is obvious that ) := —U® (i € T) satisfies
(A3).

When all £ are strictly convex and differentiable with Lipschitz gradients, the whole
sequence generated by the incremental gradient method [14, Algorithm 3.1] with dimin-
ishing step size sequences converges to the unique solution to problem (28) [14, Theorem
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3.1]. We should note that, if there is one source in the system such that his/her utility
function is nonsmooth, the existing method [14, Algorithm 3.1] cannot be applied to
problem (28).

Even if 7 € 7 exists such that U® is concave and nonsmooth, Theorem 3.2 guarantees
the existence of a subsequence of (m,(f))neN (i € T) generated by Algorithm 3.1 with
(An)nen satisfying (C2) and (C3) that converges to a solution to problem (28) under
(A4) and (Ab). However, knowing that there is one optimal cluster point would not help
the sources to identify an optimal solution when multiple cluster points are observed.

Here, let us assume that only one U is strongly concave (i.e., only one f () is strongly
convex) and the others U are concave and nonsmooth. Corollary 3.1 thus ensures that
the sequence (x,(f))neN (i € Z) generated by Algorithm 3.1 with (A,)nen satisfying (C2)
and (C3) converges to the unique solution to problem (28) under (A4) and (A5). When
there is an operator who manages the system, it is reasonable to assume that the operator
has a strongly convex objective function so as to guarantee the convergence of the whole
sequence in Algorithm 3.1 to the desired solution that makes the system stable and
reliable.

4. Numerical Examples

Let us look at some numerical examples to see how Algorithm 3.1 works depending on
the choice of step size. Consider the following problem: given a( > 0, b € R, d,(;) eR
and ¢\ € RT with ¢\’ #£0 (i € T:={1,2,...,T},k € K:={1,2,...,K}),

minimize g ‘ 2@ + @] subject to (x(")) . eCn ﬂ c®, (29)
1€
i€ i€

where f0)(z) := |[aWz + O] (i € T, € R), C,gi) (CRY) (i € T,k € K) is a half-space
defined by C1 = {z e RY: (¢, 2) < d"}, € := N, c CV £ 0 (i € T), C (CRY) is
a closed ball, and C' N,z C@ # 0.

We will assume that user i (i € Z) has X := C > C N C® = Fix(T") with

i (@)
—a(® (—oo <z < —im

Cand 070(2) i= § [a®,a®] (2= 23},

a® (—% <z < oo)

1d+ Pc [] PY
kek

76 . L
2

The projections Po and P,El) = PC,E” (i € I,k € K) can be computed within a finite
number of arithmetic operations [2, Chapter 28], and hence, T) (i € T) can also be
easily computed. User i can randomly choose @ € 8 f®(=b® /o) = [—a®), o],

The experiment used a 15.4-inch MacBook Pro with a 2.6 GHz Intel Core i7 processor
and 16GB 1600 MHz DDR3 memory. Algorithm 3.1 was written in MATLAB 8.2. We set
I:=4and K := 3 and used a®, b, cl(j), dl(;), and a® generated randomly by MATLAB.
We used

1
Q== A\p = 0 105" m (n € N), where a = 0.5, 1.
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We performed 100 samplings, each starting from different random initial points given by
MATLAB, and averaged their results.
We used the following performance measures: for each n € N,

| oo ‘ 5
D, := . ZZ ‘ T (s) — T (z, (s))H and
s=1 i€l
| oo - '
n = 100 2o 2o [V () + 00
s=1 €T

where (2,,(s))nen is the sequence generated by the initial point z(s) (s = 1,2,...,100)
and Algorithm 3.1 and z,,(s) := (xff)(s))iez (neN,;s=1,2,...,100). D, (n € N) stands
for the mean value of the sums of the squared distances between z,(s) and T (z,(s))
(1e€Z,s=1,2,...,100). If (D,,)nen converges to 0, Algorithm 3.1 converges to a point
in (;c7 Fix(T®) = CNN;cz CY. F,, (n € N) is the mean value of the objective function
Sier FO@(s)) (s = 1,2,...,100).

Figure 1 indicates the behavior of D,, for Algorithm 3.1. We can see that the sequences
generated by Algorithm 3.1 with A\, := 1/(n+1)* (a = 0.5, 1,n € N) converge to a point in
Nicz Fix(T®). Meanwhile, Figure 1 shows that Algorithm 3.1 with A, := 1/10 (n € N)
does not converge in [);c1 Fix(T™), and (D,,)nen in Algorithm 3.1 with X, := 1/10°
(n € N) initially decreases, but then increases little by little.

Figure 2 plots the behavior of F;, for Algorithm 3.1 and shows that Algorithm 3.1 with
An :=1/(n+1) (n € N) is stable during the early iterations and converges to a solution to
problem (29), as promised by Theorem 3.2. This figure indicates that (F},),en generated
by Algorithm 3.1 with X := 1/10% (n € N) decreases slowly. Therefore, Figures 1 and 2,
and Theorem 3.2 show that Algorithm 3.1 with \,, := 1/(n+ 1) (n € N) converges to a
solution to problem (29).

10:: \
10
& \

10°°

T10t

10°*

10°°F
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Figure 1. Behavior of D, for Algorithm 3.1 when M\,
1/10,1/10%,1/(n + 1)® (a = 0.5,1)
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5. Conclusion

We considered the problem of minimizing the sum of nondifferentiable, convex objective
functions over the intersection of the fixed point sets of nonexpansive mappings, and pro-
posed an incremental subgradient method for solving it. The proposed method has the
two advantageous features in contrast with the previous algorithms for nonsmooth con-
vex optimization: the first is that it does not use the proximity operators of the objective
functions, and the second is that it can be applied to the case where the projection onto
the constraint set cannot be easily implemented. We analyzed its convergence for two
different step-size rules: a constant step size and a diminishing step size. In particular,
we showed that there exists a subsequence of the sequence generated by the proposed
algorithm with a diminishing step size which weakly converges to a solution to the prob-
lem. Moreover, we showed that the sequence generated by the proposed algorithm with
a diminishing step size strongly converges to the solution to the problem under certain
assumptions. We also gave some examples of real problems which satisfy the assump-
tions in the convergence theorems and showed that our algorithm outperforms other
existing algorithms on the same problems. Finally, we gave numerical results to support
the convergence analyses.
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