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Abstract: The split feasibility problem deals with finding a point in a closed convex subset of the domain
space of a linear operator such that the image of the point under the linear operator is in a prescribed closed
convex subset of the image space. The split feasibility problem and its variants and generalizations have
been widely investigated as a means for resolving practical inverse problems in various disciplines. Many
iterative algorithms have been proposed for solving the problem. This paper discusses a split feasibility
problem which does not have a solution, referred to as an inconsistent split feasibility problem. When the
closed convex set of the domain space is the absolute set and the closed convex set of the image space is the
subsidiary set, it would be reasonable to formulate a compromise solution of the inconsistent split feasibility
problem by using a point in the absolute set such that its image of the linear operator is closest to the
subsidiary set in terms of the norm. We show that the problem of finding the compromise solution can be
expressed as a convex minimization problem over the fixed point set of a nonexpansive mapping and propose
an iterative algorithm, with three-term conjugate gradient directions, for solving the minimization problem.
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1 Introduction

Inverse problems in various disciplines can be expressed as split feasibility problems and its generalizations,
such as the multiple-set split feasibility problem and split common fixed point problem (see, e.g., [4, 5, 6, 7]
and references therein), and many iterative algorithms have been presented to solve these problems. First,
let us describe the multiple-set split feasibility problem (MSFP).1

Find z* € C:= m C®  such that Az* € Q := m QY (1.1)
1€T jeg

where C() (CRN) 1 € T:={1,2,...,1}) and Q) (CRM) (j € J :={1,2,...,J}) are nonempty, closed,
and convex, and A € RMXN _ The conventional algorithms (see, e.g., [4, 6, 28, 31, 35, 36] and references
therein) for solving MSFP can be applied if it is known from the beginning that MSFP (1.1) has a solution.
However, it would be difficult to verify whether MSFP (1.1) has a solution or not before executing the
conventional algorithms. This implies the applications of the conventional algorithms are severely limited.
Therefore, we should devise algorithms that work without having to assume the existence of a solution to
MSFP (1.1). This paper deals with an inconsistent multiple-set split feasibility problem (IMSFP) under
following assumptions.
(1) C® (i € I) are the absolute sets for which the conditions must be satisfied, whereas Q() and
DU = {x € RN: Az € QUW} (j € J) are the subsidiary sets for which the conditions are satisfied
as much as possible. We assume that ;<7 cn ﬂjeJ DU) =¢.2

(II) We can use a nonexpansive mapping, 7@, RN — RN, satisfying Fix(T“)) = {z e RV: T(i>(x) =
z} = C3 and the metric projection onto QW) (j € J), denoted by P 4

OThis work was supported by the Japan Society for the Promotion of Science through a Grant-in-Aid for
Scientific Research (C) (15K04763).

IMSFP (1.1) when I = J = 1 is referred to as the split feasibility problem.

2The condition, ;.7 C¥ N Njes DU) = @, implies that MSFP (1.1) has no solution.

37: RN — RN is said to be nonexpansive if ||T(z) — T'(y)|| < ||z — y|| (=, y € RY), where || - || stands for
the Euclidean norm. Fix(T) is closed and convex when T is nonexpansive [14, Proposition 5.3].

4Given a closed convex set C' (C RY), the metric projection onto C is defined as follows: Pc(x) € C



The following is an example of T(*) satisfying assumption (IT). When a closed convex set C]Ei) (k =
1,2,...,m(3)) is simple in the sense that Pc(i) can be computed within a finite number of arithmetic
k

operations (e.g., C}(j) is a closed ball, a closed cone, or a half-space) and c@ .= ﬂ}?:(;) C,(ci), we can use

C
Fix(T™) = O ¢ = ¢ [29, Fact 2.1(b), (¢)].

Since C' = (;¢7 Fix(T(®) is the absolute set, it would be reasonable to define a compromise solution
of IMSFP as a point in ;7 Fix(T®) such that its image of A is closest to Q) (j € ) in terms of the
mean square norm (see [10, section I, Framework 2] and [29, Definition 4.1] for the details of the compromise
solution). The mean square value of the distances from Az (€ RM) to QU) (j € J) is represented as follows:
given (w();c 7 C (0,1) satisfying ier wl) =1,

a nonexpansive mapping T'(*) := ZZL:(? ug)P (i), where (ug));n:(? C (0,1) satisfies Tknz(zl) ugj) = 1, with
k

fp(z) = % 3wl HPQU) (Az) — AxH2 (zerM). (1.2)
jeT

Hence, the compromise solution of IMSFP can be found by taking the minimizer of fp over ;<1 Fix(T®).
Therefore, the main objective of this paper is to solve the following problem.

Find z* € m Fix (T(i)) such that fp (z*) = min  fp(z). (1.3)
ez 2€cr Fix(TO)
Even if CN D = (et c®n Njes DU = @, the solution set of problem (1.3) is well defined because it

is the set of all minimizers of fp over ;o Fix(T()). When at least one of the fixed point sets Fix(T())
(¢ € 7) is bounded, the continuity of fp guarantees that problem (1.3) has a solution. Moreover, if MSFP
(1.1) has a solution; i.e., C N D # 0, we find that

cnb=cn|) {xeRN:Aer(j)}
jET

=Cn m {z eRY: HPQ(j) (Az) —A:c” = 0}

jeT
= ix (0 N = i
igFl (T ) N {w eRY: fp(x) in, fp (y)}
_ * . (7)) . *\ _ .
=<{zF e i@le (T > : fp (2¥) = zeﬂiein}irilx(T(i)) fp(=)

The first equation comes from the definition of D) (j € J), the second equation from Fix(Poiy) ={y €
RM . 1P (y) —yll = 0} = QY (j € J), and the third and fourth equations from the definition of fp
(see (1.2)), C =Nz Fix(T®M) c RY, and C'N D # 0. This means that the solution set of problem (1.3)
when C' N D # ) coincides with the solution set of MSFP (1.1); i.e., the solution set of problem (1.3) is a
generalization of the solution set of MSFP (1.1).

Let us define a general problem which includes problem (1.3). Since we can use nonexpansive mappings
T@: RN - RN (5 € T) satisfying Nicz Fix(T() # @, we can also use T: RV — RN defined as follows:

given (v);ez C (0,1) with 30,7 v =1,

7= 3 o070,
1€L
The mapping T satisfies the nonexpansivity condition [29, Fact 2.1(b)], and the following holds [29, Fact
2.1(c)]:
Fix (T) = () Fix (T“)) £ 0.
1€L
Therefore, we can regard the constrained set in problem (1.3) as the fixed point set of a certain nonexpansive
mapping (see [29, Fact 2.1] for other compositions of T such that Fix(T) = ;e Fix(T(9)). The function

and ||z — Po(z)|| = infyec ||z — y|| (z € RY). Assumption (II) means that Pq(;) can be easily computed
within a finite number of arithmetic operations. Pp ;) (j € J) satisfies the nonexpansivity condition [2,
Proposition 2.10].



fp: RN — R defined by (1.2) is convex because A is linear and | - ||? is convex. Moreover, the gradient of
fp defined by
Vip(@) =tAAz = 3 w4 [Py (Az)] (2 € RY)

jegT
is Lipschitz continuous [6, Theorem 2(i)] with a constant p(*AA) 2ieg w(9) 3 where p(tAA) is the spectral
radius of ‘AA and ‘A stands for the transpose of A. Hence, we can regard the objective function in problem
(1.3) as a differentiable, convex function with the Lipschitz continuous gradient. Now, we can formulate the
following problem, which includes problem (1.3).

Problem 1.1. Suppose that T: RN — RN is a nonexpansive mapping with Fix(T) # 0, f: RV — R is
convex and differentiable, and Vf: RN — RN is L-Lipschitz continuous. Our objective is to

minimize f(x) subject to x € Fix (T).

There are many useful algorithms for minimizing a smooth (convex) function with a Lipschitz continuous
gradient over the intersection of convex sets [11, 12, 26] or the intersection of fixed point sets [9, 17, 19, 21,
22, 23, 29, 30]. This paper focuses on conventional fixed point optimization algorithms [9, 17, 21, 22, 29, 30]
and presents an algorithm which not only minimizes the objective function quickly but also converges in the
fixed point set quickly.

Iterative algorithms [9, 21, 17, 22, 29, 30] have been proposed to solve Problem 1.1 under the assumptions
that 7T is nonexpansive, f is strongly convex,® and V f is Lipschitz continuous; these assumptions are stronger
than the assumptions of Problem 1.1 considered in this paper. The strong convexity of f and the Lipschitz
continuity of V f guarantee that there exists a unique solution to Problem 1.1. By using the uniqueness and
existence of the solution, we can prove that the algorithms converge to the solution; i.e., the algorithms can
solve Problem 1.1 when f is strongly convex (see [18, 20] for algorithms for solving Problem 1.1 when f is
strictly convex that has a unique solution).

Meanwhile, it is not always true that Problem 1.1 has a unique solution because f in Problem 1.1 and fp
defined by (1.2) do not satisfy the strong convexity condition. The main objective of this paper is to devise
an iterative algorithm for solving Problem 1.1 with a convex objective function in contrast with the previous
algorithms [9, 17, 18, 20, 21, 22, 29, 30]. The new result presented here is that the proposed algorithm
(Algorithm 2.1) can solve problem (1.3), that is, find a compromise solution of IMSFP, which cannot be
solved with the previous algorithms.

It is particularly worth noting that the algorithm, with three-term conjugate gradient directions [8,
17, 21, 24, 32, 33, 34], converges to a solution to Problem 1.1 faster than the conventional algorithms
[4, 6, 28, 31, 35, 36] using the steepest descent direction of the objective function. Let us consider the
following iterative algorithm for solving the problem of minimizing f over RY (i.e., Problem 1.1 when T is
the identity mapping, denoted by Id).

Tng1:=an +andf (nEN), (1.4)

where x,, (€ RY) is the nth approximation, ay, (> 0) is the step size, and d,{ (€ RYN) is the search direction.
The three-term conjugate gradient direction (TCGD) of f at xn41 is

==V (@) + s af — 53 2, (1.5)

where (555)),“51\; (C [0,00)) (i =1,2) and 2z, (€ RY) is an arbitrary point.

Algorithm (1.4) with a direction (1.5) when 57@ =0 (i =1,2,n € N), ie,, Tpt1 = Tn — anVf(zn),
is the steepest descent method. It satisfies (dn,Vf(zn)) < 0 (n € N), called the descent condition. Since
the methods satisfying the descent condition strictly decrease f at each iteration, they are powerfully useful
to solve the problem of minimizing f over R™V. However, the steepest descent method has a slow rate of
convergence. Its acceleration has been of great interest. Much research in this direction covers, for example,

the conjugate gradient methods and the three-term conjugate gradient method. Direction (1.5) when 57(12) =

0 (n € N); i.e., d£+1 ==V [ (Znt+1) +67(11>d£, is called the conjugate gradient direction [25, Chapter 5], and

algorithm (1.4) with this direction is called the conjugate gradient method. Well-known formulas for 6,(11)
have been proposed, including the Fletcher—Reeves, Polak—Ribiére-Polyak, Hestenes—Stiefel, and Dai—Yuan

formulas (see [25, Chapter 5] for the definitions of their formulas). The conjugate gradient methods do not
)

always satisfy the descent condition, and 5511 must be set appropriately so as to satisfy the descent condition.

55: RN — RYV is said to be Lipschitz continuous with L > 0 (L-Lipschitz continuous) if ||S(z) — S(y)|| <
Lllz =yl (z,y € RN).

6f: RY — R is said to be strongly convex with a > 0 (a-strongly convex) if f(Az 4+ (1 — N)y) <
A(@)+ (1= Nf() — (1/2)ax(1 = Nz -yl (A € [0,1], 2,y € RY).



Meanwhile, the three-term conjugate gradient method (TCGM) satisfies the descent condition [24, Sub-

section 2.1] without depending on the choice of 5&1). This is because the third term, 6&2);:”, in direction
(1.5) plays an important role in satisfying the descent condition. Therefore, we can conclude that TCGM
is a good way to solve the problem of minimizing f over RY. Hence, in this paper, we will present the
algorithm with direction (1.5), which is used to minimize f quickly, for solving Problem 1.1.

Next, let us define TCGD for finding a fixed point of T'. Consider the problem of minimizing a convex,
differentiable functional g, with the I-Lipschitz gradient, over RY. Here, we define Ty :=1d — rVg, where
r € (0,2/1]. The mapping T, satisfies the nonexpansivity condition and Fix(Ty) = {z € RN: g(z) =
min, cgn g(y)} [16, Proposition 2.3]. Accordingly, we can regard the problem of minimizing g over RY as
the fixed point problem for a nonexpansive mapping. The well-known algorithm for solving the fixed point
problem is as follows [15, 27]: given zg € RV,

Tnt1 = B0+ (1= fa) Ty (@n) (0 €N), (1.6)
where (Bn)nen C [0, 1] with limp— oo Bn = 0 and > 02, Bn = co. Algorithm (1.6) converges to a fixed point

n=0

of Ty. Algorithm (1.6) with Ty :=Id — rVg can be represented as
Tn+l = /B’I’LIO + (1 - Bn) [an - TVg (':Bn)]

= Bnzo + (1 — Bn) [xn-i-r{w” :

which implies that algorithm (1.6) has the steepest descent direction of g at zn, i.e.,

T
d% = —Vg(zn) = .

Therefore, we can define TCGD for finding a fixed point of T" by

Ty (zn) —xn

T n)— 4Ln
dpsy = 2 (xr) 4 B + B w, (1.7)

where (57(11))neN (C [0,00)) (i =1,2) and wy, (€ RY) is an arbitrary point.

From the above discussion, we can devise an algorithm with TCGDs (1.5) and (1.7) for solving Problem
1.1 that not only minimizes the objective function quickly but also converges in the fixed point set quickly.
Section 2 describes the proposed algorithm and presents its convergence analyses. Section 3 gives numerical
examples for the inconsistent split feasibility problems and demonstrates the effectiveness and convergence
of the algorithm. Section 4 concludes the paper.

2 Algorithm with TCGDs and Its Convergence Analy-
ses
Let us describe the algorithm for solving Problem 1.1.

Algorithm 2.1.

Step 0. Take a closed conver set K (C RN), (an)nen, (fn)nen C [0,1], ( T(Li))neN, (67(12'))”61\; c [0,1]
(i=1,2), p € (0,1], and choose g € RN arbitrarily. Let dg = —Vf(z0), yo := onraodg, d¥ == T(yo)—vo,
and n := 0.

Step 1. Compute yn, (€ RY) as

Yn = Pk (xn + Oéndfl)
and update dT | (€ RN) by
di =T (yn) = yn + B ] + B wn,
where wy, (€ RY) is an arbitrary point.
Step 2. Compute xnt+1 (€ RV) as
Tnt1 = P (yn + Ndzﬂ) )
Tpt1 = Pr (Ynzo + (1 — Yn)Zn+1)
and update d£+1 (ERN) by
Al =V (@ns1) + 8] — 6z,
where zn, (€ RN) is an arbitrary point. Put n:=n+ 1, and go to Step 1.



2.1 Convergence analysis of Algorithm 2.1 when Fix(7") is bounded

This subsection assumes the following.

Assumption 2.1.
(A1) K (D Fix(T)) is bounded.
(A2) (wn)nen and (zn)nen are bounded.

(A3) (an)nen C (0,2/L), (3n)nen C (0,1], (B )nen, (65 )nen C 10,1] (i = 1,2) satisfy

oo
(C1) Zo'yn = o0, (C2) nhi'éo an = nh%moo Yn =0,
n—=

1 1
(C3) lim ——|=0, (C4) lim 1—- I | =y,
N0 Yp4l |Qntl Qn nTrO0 Q1 Yn+1
(C5) lim o 0, (C6) ain, m < o for some o < o0,
N0 Qp AUn+41 Yn+1

(C7) B <2 (i=1,2), (C8) &) <42, (i=1,2).

Consider problem (1.3) when i € T exists such that C(0) is bounded. Then, we can set a bounded
K (O Fix(T(’U)) = C(m)) onto which the metric projection is easily computed (e.g., K is a closed ball
with a large enough radius). In this case, we have K O Fix(T(%0)) > MNiez Fix(T®) =: Fix(T), where
T:=3%cr v T) (see also section 1 for the definition of 7' and the details of problem (1.3)). This implies

that Assumption (A1) holds when at least one of the C(*) is bounded.

We can define wy, := T'(yn) —yn and zn := Vf(zn+1) (n € N) by referring to [17, 21, 33]. As a result, the
boundedness of K (Assumption (Al)) guarantees that (wn)pen and (zn)nen are bounded (see the proofs of
Lemmas 2.1 and 2.2 for the details). Accordingly, Assumption (A2) holds when K is bounded, and (wn)nen
and (zn)nen are defined by wn := T(yn) — yn and zn := Vf(zn41) (n € N).

Examples of (an)nen, (Yn)neN, (B’SLZ))’REN7 and (57(:))7161\! (i = 1,2) satisfying Assumption (A3) are
an = (2/L)(1/(n + 1)9), v = 1/(n + 1)°, B := 1/(n + 1), and 65 := 1/(n + 2)?* (i = 1,2), where
a€(0,1/2) and b € (a,1 — a).

The following is a convergence analysis of Algorithm 2.1.

Theorem 2.1. Under Assumption 2.1, the sequence (xn)nen generated by Algorithm 2.1 satisfies
lim d(zn,X*) =0,
n—o0

where X* is the solution set of Problem 1.1 and d(xn, X*) := infyxcx+ ||xn — 2*| (n € N).

2.2 Proof of Theorem 2.1

We first prove the following lemmas.
Lemma 2.1. (yn)nen, (T(¥n))nen, and (dL)nen are bounded.

Proof. Since K is bounded, (yn)nen (C K) is bounded. The nonexpansivity of T implies that ||T(yn) —
T(z)|| < |lyn — z|| (z € RY), and hence, (T(yn))nen is also bounded.

From (C2) and (C7), we have that limy, oo B,(f) =0 (¢ = 1,2). Accordingly, there exists ng € N such
that B,(Ll) <1/3 and 67(12) <1 for all n > ng. Assumption (A2) and the boundedness of (T'(yn))nen ensure
that M; := max{sup{||T(yn) — ynl||: n € N},sup{||wn||: n € N}} < co and M2 := max{Mj, ||d£0||} < o0.
Hence, we have that ||d3;0H < 3Ms. Suppose that ||dL || < 3Ms for some m > ng. Then, ||d3;1+1|| =
1T (wm) = ym + B T, 852 wn| < |17 () =yl +B8a 1|+ 852w ]| < Mo+ (1/3)38Mp + Mo = 3.
Therefore, induction shows that ||dZL || < 3Ma (n > no); i.e., (dX)nen is bounded. O

Lemma 2.2. (Zn)nen, (@n)nen, (Vf(Zn))nen, and (d'fz)nEN are bounded.

Proof. The boundedness of K guarantees that (Zn)nen and (zn)nen are bounded. From the Lipschitz
continuity of V f, we have that ||V f(zn) — Vf(z)|| < L|jzn —z|| (z € RY). Hence, (Vf(zn))nen is bounded.
Moreover, (C2) and (C8) imply that limp—seo 67(12) =0 (¢ = 1,2). Accordingly, a discussion similar to the
proof of the boundedness of (dX),cn leads us to conclude that (d'fz)neN is bounded. |



Next, we prove the following.
Lemma 2.3. limp—oo [|[Tnt1 — zn||/an = 0.
Proof. The definition of z,, (n € N) and the nonexpansivity of Px mean that, for all n € N,
[Znt+1 — @nll = |Px (Ym0 + (1 = ¥n)@nt1) — Px (fn—120 + (1 — Yn—1)n) ||
< N(mzo + (1 = ) Znt1) — (Yn—120 + (1 = ¥—1)Tn)||
= (1 =) @nt+1 — Zn) + (30 — Tn-1) (w0 — Zn)l,
which from the triangle inequality and M3 := sup{||zo — Zn||: » € N} < oo implies that
lZns1 = znll < (1 =) 1Tnt1 — Zall + M3 |y — -1l (2.1)
Meanwhile, Zn41 (n € N) can be represented as
Tn+1 = Pk (yn + MdZH)
= Pic (yn + 1 (T wn) —yn + 8% + 5 wn))
=Pg ((1 = 1) yn + puT (yn) + (653)0& + Bﬁz)wn»
=: Pg (T (yn) + Mtn) ;

where T := (1—p)Id+uT and t,, = B;l)d;rl +B§L2)wn (n € N). Accordingly, we have from the nonexpansivity
of P and the triangle inequality that, for all n € N,

|Zrnt1 — ZTnll = HPK (T (yn) + ,utn> — Pg (T (Yn—1) + th—1> H
< H(T (yn) + pit) = (T (1) +l"tn71>H
= H (T (yn) -T (yn71)> + e (tn — tnfl)H
< |7 ) = T o) | + mlitn = taall-
Since T is nonexpansive, 1" := (1 — p)Id + pT is also nonexpansive. Hence, for all n € N,
1Znt1 — Znll < llyn — yn—1ll + plltn —tn—1|l. (2.2)
The definitions of y, and dfl (n € N) and the nonexpansivity of Pk ensure that, for all n € N,
lyn — yn—1ll = HPK (xn + andw - Pk (rnfl + anfldflﬂ) H
o [ I R
= H [a:n + an <7Vf (zn) + 67(11_)1d£_1 - 5;2_)1,2”_1)]
N [:cn,l +an_1 (—Vf (zn_1) + 601 df _, — 55?)2271,2)] H
= || @n = an Vs @n)) = @1 = @V @n-1)) + (@n-1 = @n) VS (2n-1)
+an (&Bldiq - 5;27)1'2"*1) —Qn-1 (5;17)2%72 - 5227)2%*2) H
Hence, the triangle inequality guarantees that

lyn = yn-1ll < l[(@n — anVf (2n)) = (Tn—1 — anVf (@n-1))|| + Ma lon—1 — an|

+ an Héfll_)ldf — 5512_)1zn_1 H + an—1 H(Sfll_)Qdf — 6512_)2271_2“ ,

n—1 n—2

where My := sup{||Vf(zn)||: n € N} < co. Since the mapping, Id — oV f, where a € (0,2/L], satisfies the
nonexpansivity condition [18, Proposition 2.3], we have, for all n € N,

I@n = anVf @n)) = @n-1 = anVf @n-1)I < lln — 1]l
Moreover, the triangle inequality and (C8) imply that, for all n € N,

o820ty = 62z | < 882 ||+ 02 Hznrl < M,
|5522df s = 82 pzns]| < 02, [|af || + 852 llzn—2ll < Msn2 s,



where Ms := max{sup{||d% ||: n € N}, sup{||zn||: n € N}} < 0o. Therefore, we find that, for all n € N,

”yn - yn—IH < ||Ccn - xn—l” + My ‘Oén—l - an‘ + M5 (an'Y»,QL + Oén—l’Y’,Qlfl) .
Since we have from (C7), for all n € N,
ltall = [|BSVdE + 85 wn | < BV [[dZ]| + 8 lhwnll < Men2,
where Mg := max{sup{||dL]|: n € N},sup{||wn|: n € N}} < oo, we find that
lltn = tn—1ll < lltnll + lta—1ll < Mo (v2 +75-1) -
Therefore, (2.1), (2.2), (2.3), and (2.4) guarantee that, for all n € N,

lZn1 = znll < (1 = vn) |Znt1 — Zull + M3 |yn — -1l
<A =) {llyn — yn—1ll + plltn — tn-1ll} + M3 [vn — -1l
S (1 - '}/n) ”xn - xn—l” + MJ "Y'n - ’Yn—l‘ + My ‘Oln—l - an‘
2 2 2 2
+ Ms (o) + an—17v5_1) + Me (v +v5_1) -

Accordingly, for all n € N,

IZn+1 = 2nll (1= ) ln = @nall |y bm =1l ) lone1 —an
Qan Qn Qn Qn
on—1 Yo V21
n— -
+ Ms (%214— 7371) + Mg ——"—
Qn n
:(1_’Yn) ”zn_xn—lH + Ms I'Yn_'Yn—ll +M4|an—l — Qn

Qn—1 Qn Qn

2 2
Oy — Yn + Vn—
+ Ms <73+ - 1v2,1)+M6”7"1
n

Qn

# 1= { B0t el

Qn Qn—1

|an71 - an|

< (1_"/n) ||=’Bn*ffn71H + Ms |7n*'¥n71| M,
n—1 Qn Qn
2 An—1 o ’Y’%L +'Y721,1 1 1
My (24 Qa2 ) o T |
Qn Qn Qn Qp—1

where M7 := sup{||zn4+1 — znl||: n € N} < co. On the other hand, we have

— Yn— 1 — Yn— 1 _
Mg Yn =l :M:wn—‘% Yn—1] = My |1 = 2ot
Qn Qn Tn Qn Tn
1 1 1 1
Mz |— — = Mryn— |— —
(e 7% Op—1 Tn | On Qn—1
We also have from ap—1 < 2/L that
11— 2 1 1 - 2 1 1 -
pglonizonl 2y, Llenoizonl o 2y, 1 lono - an]
Qn L Yn I 0n L Tn On—10Qn
2 1 1 1
< 2 My — | — -
L In | On Qp—1

Condition (C6) implies that

Qn—1 Tn—1
Ms (vﬁ +— 7271> < Ms (v +o0va_1) = Msym (vn +o : %—1)

n n

< Msvn (yn + 0%9m-1) ,

Tn Tn

+92_ n ~1 n—
JVARCIRRITES Y Y (Z"Jr% 1) = Mgvn (Z—"ﬂ” LOn=d
n

(23)

(2.4)



Therefore, we find that, for all n € N,

241 = zall (1= 9m) lzn = zn-1l

+’YnFn’
(e 7% Qn—1
where
—1 2 1 1 1 2
Iy = Mz— |1 — —My— | — — + M5 ('Yn"l‘o' 'Yn—l)
Qn Yn L Tn | On An—1
1 1 1
+M6(7—”+027—”)+M7——— ’
Qn (e 7% Yn | On Qn—1

Conditions (C2), (C3), (C4), and (C5) guarantee that lim,—co I'n, = 0. Hence, (C1) and [3, Lemma 1.2]7
lead us to

e

lim =0.
n—o0 an
This proves Lemma 2.3. O
Lemma 2.3 leads us to the following.
Lemma 2.4. limy o0 ||[Zn — Tnti1||/an =0 and limy— oo ||2n — Tnt1]] = 0.

Proof. The nonexpansivity of Pk and (Zn)neny C K = Fix(Pg) ensure that, for alln € N, ||zp41 —Zn+1]| =
|l Pr (vn@0 + (L = yn)Zn+1) — P (ZFn+ 1)l < [[(vnzo + (1= vn)Tnt1) — Tnt1ll = ynllwo — Tn1l|. Accordingly,
the triangle inequality implies that, for all n € N, [[xn — Znt1|| < ||#n — Tng1ll + [[Tnr1 — Tt <
lzn — zn+1ll + YnllTo — Zrn+1]], which means that

Ipn — T Ip — X
fon = @il _ Jlon = omenll | 30 o
(e79) OQn Qn
The boundedness of (Zn )nen, Lemma 2.3, and (C5) guarantee that limp— oo ||€n —Zn+1]|/an = 0. Moreover,
from (C2), we find that lim, oo ||n — Zn+1|| = 0. O
Lemma 2.5. limy— 0 ||[2n — T(2n)]| = 0.

Proof. From the triangle inequality, we have, for all n € N, ||zn, — Pr(T(xn))|| < [|#n — Zna1| + Zns1 —
P (T(x0))|. Meanwhile, Zry1 = Pr(T(yn) + ,u,tn) (n € N) and the - nonexpansivity of Px and T imply

that, for all n € N, |Znt1 — Px (T(@n))|| = | Pk (T(yn) + ptn) = Pr(T(@n) | < T (yn) = T(an) + ptnll <
llyn — @nl| + wl|tn]|. Moreover,

lyn — znl| = HPK ($n + ozndfl) — Py (:cn)H < H(:cn +and£) — $nH < Mson,
ltall = |8V dE + B wn | < B [[dE]| + B lwnll < Mor2,

where Ms := max{sup{||d% ||: n € N}, sup{||zn||: n € N}} < 0o and Mg := max{sup{||dZ||: n € N},sup{||wn|: n €
N}} < oo. Hence, for all n € N,

Hmn - Pg (T (ln)) H < l@n — Fng1ll + Msan + Mgv2.

Lemma 2.4 and (C2) ensure that lim,_ e [|[&n — Pr(T(zn))|| = 0. Since Fix(T) = Fix(T) C K, we
find that limy, oo Hzn — T'(xn)|| = 0 [1, Theorems 3.7 and 3.9].8 From T' = (1 — u)Id + uT, we have
0 = limp—s oo |2 — T(zn)|| = plimp— oo [|n — T(zn)]; ie., limp—oo |n — T(zn)| = 0. O

We can also prove the following.

Lemma 2.6. 0 < Ni||Znt1 — @n|l/an +2(x — n, Vf(xn)) + Noan + N3yn/an (x € Fix(T),n € N), where
(-,-) stands for the inner product of RN, and N; (i = 1,2,3) are positive constants.

"Lemma 1.2 in [3] is as follows: Let (zn)nen be a sequence of nonnegative real numbers defined by
Znt1 < (1 —an)Tn + anbn (n € N), where (an)pnen (C [0,1]) with 3°>° jan = o0 and (bn)nen with by, >0
and limy,— o0 by, = 0. Then, limy, 00 zn, = 0.

8Theorems 3.7 and 3.9 in [1] lead us to the following: Suppose that Pg is the metric projection onto
a closed convex K, T: RY — RN is nonexpansive with K N Fix(T) # 0, and (25 )nen is bounded. Then,
limp—oo ||zn — P (T(zn))|| = 0 if and only if limy o0 ||z — Px (zn)]| = 0 and limy 0 ||2n — T'(zn)|| = 0.



Proof. Choose x € Fix(T) arbitrarily. Then, we have from Fix(T) = Fix(T) ¢ K = Fix(Pg ) that z = Pk (z)
and = T(x). The nonexpansivity of Px and Zn11 = Pg(T(yn) + ptn) (n € N) mean that, for all
n €N, |Zpt1 — z||?2 = ||Pr(T(yn) + ptn) — Pr(2)]|2 < (T'(yn) — T(z)) + ptn||?. Hence, the inequality,
Iz + y||2 < ||=]|% + 2{y, =z + y) (z,y € RV), guarantees that, for all n € N,
~ ~ 2 N N
Nont1 = all® < |[T(yn) = T@)|| + 20 (b, T (wn) = T (@) + it
which implies that
1 = ol < llyn = 2ll® + 20 ltall |7 (9) = T (@) + sta|
< llyn = ol + 2uMer2 | T (yn) = T () + it
< llyn — ll” + Ms~;..

The first inequality comes from the nonexpansivity of T and the Cauchy-Schwarz inequality, the second
inequality from ||t,|| < Mey2 (n € N), and the third inequality from Mg := sup{2uMg||T(yn) — T'(z) +
utnll: n € N} < co. Moreover, we find from the equation, ||z + y||2 = ||z||% + 2(z,y) + ||yl|? (z,y € RY),
that, for all n € N,

2
lyn = all? = || P (wn +andf) = Pic (@)
2
B
2
= |lzn — z||® + 2an, <xn -z, dfl> +a? delH
< ”mn - xHQ + 2an <xn - 7df> + M5an:
which implies that
llyn — z|? < ||@n — @||® + 20 <xn —z,—Vf(zn)+ 5<1> dfl - 55127)12n,1> + M2a2
= [lzn — $||2 + 2an (zn —z, =V [ (zn)) + M5 O‘n
+ 20, <x — w00 df 57(127)12"*1>

< ||zn 7:1:||2 + 2ap (x — Tn, Vf (zn)) +M2 2

+ 20 ||zn — 2| Ha Voal s

n—1 1%n— 1H

< lon — 55” + 20m (z — an, Vf (2n)) + M3 0‘?1 + 20m ||zn — 2] MS,Y’?L'
The first inequality comes from the definition of df (n € N), the second inequality from the Cauchy-Schwarz
inequality, and the third inequality from H6£Ll_)1df 5(2) 12n—1]| < M572 (n € N). Therefore, for all n € N,
|1 = ol2 < lln — ol2 + 2an (@ — 2n, VS (20)) + M2a2 + Moa2,
where Mg := sup{2ay ||zn — z|| M5 + Mg: n € N} < co. Accordingly, we have
0 < llan — o2 = |Fnt1 — o2 + 2an (@ — 20, VS (20)) + MEa2 + Mon2
= (len — |l + 1241 = 2ll) (lzn — zl| = [Zns1 — ])) + ME a7, + Moy,
+ 20, <x — Tn, Vf (xn)>
< (len = zll + 1Znt1 = 2l)) l2n — Znaa |l + Mo, + Moy,
+ 20 <x — Tn, Vf (xn)> )

which implies that, for all n € N,

0< M1ow + MZan + My —+2(zfzn,Vf(a:n)),
Qi Qn
where M1 := sup{||zn, — 2| + ||Zn+1 — z|| : » € N} < co. This proves Lemma 2.6. (]

‘We can prove Theorem 2.1 by using the above lemmas.
Proof of Theorem 2.1 We prove the claim by contradiction. Suppose on the contrary that there exists a
subsequence (Zn,, )ken such that d(zn,, X*) > e for some € > 0. Since (zn, )ken is bounded, it has a limit



point z*. Hence, the continuity of T" ensures that (T(xn, ))ken converges to T(z*). Lemma 2.5 guarantees
that

0= lim flzn, =T (on,)l| = " =T @")]l3

ie., z* € Fix(T). Lemmas 2.4 and 2.6, (C2), (C5), and the continuity of V f lead us to
0<(xz—z",Vf(z")) (z€Fix(T)).

The convexity of f and the closedness and convexity of Fix(T') imply that z* (€ Fix(T)) satisfies the above
inequality if and only if z* (€ Fix(T)) is a solution to Problem 1.1; i.e., z* € X* [13, Proposition 2.1 in
Chapter II]. Therefore, we conclude that (zn, )gen converges to z* € X*. We also have from z* € X* that
d(xn,,, X*) = infyrc x ||Tn, —2*|| < ||zn, —2*|. Since (xn,, )ken converges to z*, we find

0 < e <limsupd(zn,,X*) < limsup ||zn, —z*|| = lim ||zn, —z*|| =0,
k—oco k—oo k— o0

which is a contradiction. Therefore, we can conclude that (zy),en satisfies limp—soo d (zn, X*) = 0. O

2.3 Convergence analysis of Algorithm 2.1 when Fix(7") is unbounded

Subsection 2.1 gave the convergence analysis of Algorithm 2.1 when Fix(7T) is bounded (see Assumption
(Al)). In this subsection, let us consider Algorithm 2.1 when Fix(T) is unbounded. We need to replace

Assumption (A1) with the following so as to prove that (dL), ¢, (d'fl)nENv and (Zn)nen are bounded.
(A1) K =RY, and (yn)nen and (Vf(2n))nen are bounded.

Suppose that Assumptions (A1)’, (A2), and (A3) are satisfied. Since (yn)nen is bounded, and T is
nonexpansive, (T(yn) — Yn)nen is bounded. Hence, we have from the proof of Lemma 2.1 that (d),en
is bounded. Moreover, the boundedness of (V f(2n))nen and the proofs of Lemmas 2.1 and 2.2 lead us to
conclude that (de)nEN is bounded. The boundedness of (d%),cn and (yn)nen means that (Zn)neny and
(zn)nen are bounded. This implies that we can prove Lemmas 2.1 and 2.2 under Assumptions (A1)’, (A2),
and (A3). Therefore, we can also prove Lemmas 2.3, 2.4, 2.5, and 2.6 under Assumptions (A1)’, (A2), and
(A3) because the proofs of Lemmas 2.3, 2.4, 2.5, and 2.6 in subsection 2.2 use the boundedness of (d1), e,
(de‘L)TLGN) (Zn)nen, and (zn)nen, not the boundedness of Fix(T').

We can perform a convergence analysis of Algorithm 2.1 when Fix(7T') is unbounded by referring to the
proof of Theorem 2.1.

Theorem 2.2. Under Assumptions (A1)’, (A2), and (A3), the sequence (Tn)nen generated by Algorithm
2.1 satisfies

lim d(zn,X*)=0.

n— o0

3 Numerical Examples

Let us see how Algorithm 2.1 works in solving a concrete IMSFP. We set A (€ R500x1000) apnq zq (€ R1000)
given randomly by MATLAB, and closed balls c® (C R0 (i € T := {1,2,3,4,5}) and QU (c R®0)
(J € J = {1,2,3}) with (;c7 Cc® = ¢ and Nicz c®n Njes DU) =, where DU) := {z € Rwoo: Az €
QW} (j € J). We used T := (1/5) 3;c7 Pocy and K := C) with K D Fix(T) = N,z C® # 0. We
also used Vf(x) :="AAz — (1/3) 32 ;¢ 7 "AlPg ) (Az)] (z € R000) "4y, :=T'(yn) — yn, and 2n = V f(zny1)
(n € N) (see subsection 2.1 for the setting of wy, and z,). The step-size sequences in the experiment were
an = 1/(n+ 1%, 7, == 1/(n + 1)°5, 8% == 1/(n+ 1), and 65 := 1/(n+2) (i = 1,2,n € N). Since
Assumption 2.1 holds, Algorithm 2.1 can find a minimizer of f over Fix(T), i.e., the compromise solution
of IMSFP defined by C() (i € T), QU9 (j € J), and A (€ R1000%500) (see section 1 and Theorem 2.1).
The computer used in the experiment had an Intel Boxed Core i7 i7-870 2.93 GHz 8 M CPU and 8 GB of
memory. The language was MATLAB 7.13.

We compared Algorithm 2.1 with the following algorithms: dl = -V f(zo),
103
— f
Yn = PK (xn + (TL+ 1)04 dn) s
P, ( ! +(1 ! )P (T ( ))) (n €N)
x = ——2 - n ,
n+1 K (n+1)05 0 (n+1)05 K Yn
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Figure 1: Behavior of D,, := ||x,,—T(z,,)|| Figure 2:  Behavior of f(z,) :=

for HSDM, HCGM, HTCGM, and Algo- (1/2) Zjej(l/B)HPQ(j)(Axn)—AanQ for

rithm 2.1 (Proposed) HSDM, HCGM, HTCGM, and Algorithm
2.1 (Proposed)

where d£+1 is defined by one of

d{H—l = -Vf ($n+1) P (3'1)
1

d£+1 ==V (@nt1) + Y 2d£7 (3.2)
1 1

df = —Vf(xn ——df — ——Vf(nt1)- 3.3

1 f(= +1)+n+2n s f(@nt1) (33)

The algorithms with directions (3.1), (3.2), and (3.3) are referred to the hybrid steepest descent method
(HSDM) [30], the hybrid conjugate gradient method (HCGM) [22], and the hybrid three-term conjugate
gradient method (HTCGM) [17], respectively. We note that HTCGM coincides with Algorithm 2.1 when

p:=1, and ,8%) =0 (¢ =1,2,n € N). We executed Algorithm 2.1 (Proposed) generated by

—Pp 10-° daf
Yn = P | zn + m n |
T 1 7 1
doy1 =T (yn) —yn + mdn + w1l (T (yn) —yn),
in+1 = PK (yn + dZ_i'_l) s

1 1
n =P . N0 R 11— ——— Tn )
Tt im oK ((n+ 1>0~5”’°+( <n+1>0-5)‘”“ “)

1 1
Al = =Vf (@) + ——dl — ——Vf(nt1).

n -+ 2 n+2
Note that Algorithm 2.1 has TCGD, which is used to find a fixed point of T' quickly,
1 1
dsz+1 =T (yn) — Yn + mdz + T (T (yn) —yn) (n€N), (3.4)

while HTCGM has the steepest descent direction for finding a fixed point of T' (see section 1 for the details),
dl i1 =T (yn) —yn (nEN). (3.5)

Accordingly, we can expect that Algorithm 2.1 converges to a fixed point of 7" faster than HTCGM.

We define Dy, := || — T(xn)|| (n € N). If (Dn)nen converges to 0, (zn)nen converges to a fixed point
of T'. Figure 1 describes the behavior of D,, generated by HSDM, HCGM, HTCGM, and Algorithm 2.1.
(Dn)n>500 generated by HSDM, HCGM, and HTCGM converge to 0, and their behaviors are the same.
This is because their search directions for finding a fixed point of T' are generated by (3.5). Moreover, we
can see from Figure 1 that they slowly converge to a fixed point of 7. This is because direction (3.5) is
expressed as the steepest descent direction of a certain convex function (see also section 1). Meanwhile,
(Dn)nen generated by Algorithm 2.1 converges to 0 faster than (Dn),en generated by HSDM, HCGM, and

11



HTCGM. This implies that Algorithm 2.1 with TCGD (3.4) can find a fixed point of T faster than the
algorithms with the steepest descent direction (3.5).
Finally, let us see the behavior of the objective function defined by f(z) := (1/2) 32;¢ 7(1/3) ||PQ(]‘) (Az)—

Az||? (z € R1000). Figure 2 shows that (f(xn))nen generated by HSDM, HCGM, HTCGM, and Algorithm
2.1 converge. Since Figure 1 describes that Algorithm 2.1 decreases D, faster than HSDM, HCGM, and
HTCGM, we can conclude that Algorithm 2.1 is effective for solving Problem 1.1.

4 Conclusion

This paper discussed the inconsistent multiple-set split feasibility problem and proved that the compromise
solution of the problem can be expressed as a minimizer of a convex objective function over the fixed
point set of a nonexpansive mapping. We presented the algorithm, with the three-term conjugate gradient
directions, for solving the convex minimization problem and provided its convergence analyses. The analyses
guarantee that the algorithm, with slowly diminishing step-size sequences, converges to a solution to the
convex minimization problem. Finally, we gave numerical results to support the convergence analyses on the
algorithm. The numerical results showed that the proposed algorithm performs better than the algorithms
with the steepest descent directions.
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