DISTRIBUTED CONVEX OPTIMIZATION ALGORITHMS
AND THEIR APPLICATION TO DISTRIBUTED CONTROL
IN PEER-TO-PEER DATA STORAGE SYSTEM
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ABSTRACT. This paper introduces two incentive schemes to control peer-
to-peer (P2P) data storage systems. One is a symmetric scheme that
imposes a rule in which the contribution level of each peer (storage space
offered by each peer) is equal to its use of the service (storage space used
for storing its own data). The other is a profit-oriented pricing scheme
that allows an operator, who manages the whole system, to buy and
sell storage space from and to peers so as to maximize its profit. We
show that the storage allocation problems entailed by these schemes
can be formulated as convex minimization problems. We propose two
optimization algorithms, based on distributed convex optimization tech-
niques, for solving these problems. One algorithm works when all peers
act on the basis of the symmetric scheme and finds an optimal storage
allocation that maximizes a performance measure, called social welfare,
in the whole system. The other algorithm works when the operator and
all peers act on the basis of the profit-oriented pricing scheme and finds
an optimal allocation that maximizes the weighted mean of the social
welfare and the operator’s profit. We give numerical results proving
that the algorithms converge to the solutions to the storage allocation
problems.

1. INTRODUCTION

Peer-to-Peer (P2P) network models have attracted a great deal of atten-
tion. The concept of the P2P network model is completely different from
that of a conventional client-server network model. While a conventional
server-client network model explicitly distinguishes hosts providing services
(servers) from hosts receiving services (clients), a P2P network model does
not assign fixed roles to hosts. Hosts composing P2P networks, referred to
as peers, can be both servers and clients, and as a result, P2P networks
function as autonomous, distributed systems.

In a P2P data storage system, each peer offers some of its memory ca-
pacity as a service to others and benefits from storing its own data on the
system. An online storage service is valuable only if it gives users reliable
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access to their data. Hence, the system needs to cope with disk failures and
with peers disconnecting their disk from the system. This implies that data
replicates must be spread over several, reliable peers. Accordingly, the sys-
tem requires peers to offer a sufficient part of their disk space to the system
and remain online often enough. However, both of these requirements are
costly to peers. Therefore, the system is at risk of collapse when peers do
not offer enough storage capacity, i.e., when peers behave selfishly.

In this paper, we focus on incentives [21] to make peers contribute to P2P
data storage systems. There are many incentive schemes that are applicable
to the economics of P2P file sharing networks (e.g., wireless local area net-
works (WLANSs) [13]), and they can be generally categorized as symmetric
or payment-based scheme (see, e.g., [1, 13] and references therein). However,
these schemes cannot be applied to P2P data storage systems because their
economic implications are essentially incompatible.

To resolve this issue, reference [21] presented two incentive schemes to con-
trol P2P data storage systems. One is a symmetric scheme [21, subsection
I1.C 1)] based on the idea that every peer should contribute to the system
in terms of service at least as much as it benefits from others. The other is
a profit-oriented pricing scheme [21, subsection II.C 2)] based on monetary
exchanges where peers can buy storage space and sell some of their disk
capacity. Reference [21] analyzed whether it is socially better to impose the
symmetric scheme or the profit-oriented pricing scheme. The performance
measure is social welfare, defined by the sum of the utility functions of all
peers and an operator, who manages the P2P data storage system.

The main objective of storage allocation in P2P systems is to find optimal
storage capacities of all peers which maximize the social welfare as much as
possible. The analyses in [21] assumed the existence of central authority to
supervise the peers’ behavior; i.e., the central authority knows the private
information of all peers, such as the explicit forms of all peers’ utility func-
tions and strategies. In contrast to such a centralized system control, this
paper discusses distributed system control for P2P systems. Our distributed
mechanisms can be applied to any P2P network without a central authority
(e.g., a pure P2P network such as Winny and Gnutella), and they enable
each peer to find a maximizer of the social welfare without using the private
information of other peers, such as their utility functions and strategy sets.

In this paper, we first show that the storage allocation problems (prob-
lems of maximizing the social welfare) caused by the two incentive schemes
can be formulated as convex minimization problems over the fixed point sets
of monexpansive mappings. We then propose two distributed convex op-
timization algorithms, based on fized point theory (2], [3, Chapter 4], [14,
Chapter 3], [15, Chapter 1], for solving them.

A number of distributed convex optimization algorithms have been pre-
sented (see [7, Subchapter 8.2], [8, 9, 11, 12, 16, 18, 19, 20, 22, 23, 24, 25, 27,
30] and reference therein). However, the literature does not seem to have
any algorithm for solving convex minimization problems over the fixed point
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sets. While the previously reported results in [21] presented useful mathe-
matical models of P2P data storage systems, to our knowledge, there are no
references on distributed control algorithms for controlling these systems.

Our main contribution is to devise distributed convex optimization tech-
niques to solve storage allocation problems of P2P data storage systems
through incentive schemes. We believe that our distributed approach is good
for optimal control problems [10, 17, 26], network flow problems [5, 6, 20, 29],
and resource allocation problems [28, Chapters 4 and 5]. This is because
it can be applied to the more general problem of minimizing the sum of
strongly convex objective functions over the intersection of fixed point sets
of nonexpansive mappings. Therefore, we believe that the results in this pa-
per will provide a glimpse into the inherent connection between distributed
algorithms and control problems in networked systems.

This paper is organized as follows. Section 2 gives the mathematical pre-
liminaries. Section 3 shows that the storage allocation problems entailed
by the two incentive schemes (symmetric scheme and profit-oriented pric-
ing scheme) can be formulated as convex minimization problems over the
fixed point sets of certain nonexpansive mappings. Section 4 discusses the
distributed control under the symmetric scheme. Section 5 discusses the
distributed control under the profit-oriented pricing scheme. We show that
the algorithms presented in sections 4 and 5 converge to the solutions to the
storage allocation problems under realistic assumptions. Section 6 applies
the algorithms to concrete storage allocation problems and provides numer-
ical results showing they converge to the solutions. Section 7 concludes the

paper.

2. PRELIMINARIES

This section describes the basic model of a P2P data storage system
studied in [21], which was the first study to propose incentive schemes for
controlling P2P data storage systems.

Consider a P2P data storage system network in which peer i (i € Z :=
{1,2,...,K}) offers a storage capacity ¢ that is to be shared with other
peers and demands a storage capacity cgz) that is to be used for storing its
own data.

The supply and demand functions of peer i are defined as follows: there

exist a®, b(i),pgfgx (> 0), and p(z) (> 0) such that, for all p > 0,

@1 5O =a® [p-p] T d9) =80 [ —p]

where 1 := max{0,z} (x € R). Peer i is entirely described by four param-
eters, a(i),b(i),pr(é)ax, and pr(fl)in. The two price parameters, pffl)in and pl(fl)ax,
respectively represent the minimum value of the unit price p, that peer ¢
will sell some of its own disk space and the maximum value of the unit price

ps that it will pay for storage space, and a(? and b correspond to the
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(4)

increase in sold capacity with the unit price p, (> p,;,) and the decrease in

bought storage space with the unit price ps (< p](ffl)ax). For a given p (> 0),
5@ (p) (resp. d¥(p)) is the amount of storage capacity that peer i would
choose to sell (resp. buy) if peer i were paid (resp. charged) a unit price p
for it.

When the supply and demand functions are defined as in (2.1), the utility
function U® of peer i is of the following form (see [21, Section II] for the
details),

i @) \?
e (cgi)> _ % - <c§) /\b;)pr(n)ax) +b(i)pggx (cgi) Ab(")pggx) 7

where Ay := min{z,y} (z,y € R), V) (cgi)) is peer 4’s valuation obtained
when it uses cgl) (i.e., the price that it is willing to pay to store an amount

of data c(i) ) O(i)(cgi)) is the opportunity cost of offering c((,) for other peers

without using cg) for itself, pin)mcg) is the data transfer cost, P(Z)(cg )) stands

for the overall non-monetary cost of peer ¢ for offering c((;), and ¢ is the
monetary price paid by peer 1.

On the other hand, the operator (denoted by peer 0), which manages the
P2P data storage system, tries to maximize its revenue, which is the total
amount that the peers are charged. Since the monetary price paid by peer ¢
is e = p, c(l) poc((f), cgi) = d®(p,), and c(()i) = 5 (p,), the utility function
of the operator can be represented by

23)  UOps,po) =) e =p, Y d(ps) —po )57 (po)
€T €T 1€

We define a performance measure, called social welfare, as the sum of
the utility functions of all peers and the operator. From (2.2) and (2.3),

social welfare can be expressed as, for all ¢; := (cg ), cg), ... ,ch))T, Co =
(cgl) D (K)) € RX,

W (es, ¢o) : Z vt (C (Z) 5( )) T v (ps, Do)
(2'4) €L

=y [Vm (c@) _ p) (C((p)} ,

1€T
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where 27 denotes the transpose of the vector . It is desirable to maximize
W defined by (2.4) because it makes the whole system stable and reliable.

We call W®: R x R — R defined for all (cgi), cgi)) € R xR by
W@ (Cgi)vcg)) — @ (ng‘>) _ p® (C(Oz‘))
the welfare of peer i.

3. MAIN PROBLEMS

Here, we describe the two incentive schemes [21, Sections II and III}, a
symmetric scheme and a profit-oriented pricing scheme, for controlling the
P2P data storage system and point out their storage allocation problems.

3.1. Symmetric scheme. The symmetric management scheme is based on
the idea that every peer should contribute to the system in terms of service
at least as much as it benefits from others. It imposes a rule that the
contribution of each peer (the storage space offered by each peer) should
be equal to its use of the system (the storage space it uses to store its own
data). This scheme can work without an operator, and hence, does not
use monetary transactions. Here, peer ¢ tries to choose cgi) and c((f) SO as
to maximize its welfare W) subject to c((f) > cg) (> 0). Therefore, the
constrained set, denoted by C'?) (C RE x R¥), and the objective function,

denoted by f(i): RE x RE — R, of peer i (i € 7) can be expressed as,
31) O :=REXxREN {(cs, co) € RE x RE: () > Cgi)} ,

(3.2)  f9 (e, e) :i= =W <Cgi>,cg)> - _ [Vu) (Cgi)> _ pli) (c((f)”

for all ¢; := (cgl),ch), e ,ch))T,co = (cQ),ch), . ,cS,K))T € RE, where
V@ and PO are defined as in (2.2) and RE := {(2M) 2@ ..  2UNT ¢
RE: 200 >0 (i =1,2,...,K)}. fO (i € T) defined by (3.2) satisfies the
strong convezity condition! because V" and P have quadratic forms.

Let T(): RE x RE — RK x RX (i € Z) be a mapping defined for all
Cs,Co € RE by

, 1
(33) T(Z) (657 CO) = 5 (Cs’ CO) + PREXR_'I_( {Pé(” (087 CO)}:| 5

where C() := {(cs, ¢,) € RE xRE: ) > cgi)} and Pp stands for the metric
projection onto a closed convex set D (C R¥ x RF).2 PRfXRf and Pg;) can
be easily computed within a finite number of arithmetic operations because

1 f:R™ — R is called a strongly convex function with « (a-strongly convex function)
if @ > 0 exists such that, for all &,y € R™ and for all A € [0,1], f(Axz + (1 — Ny) <
A () + (1 =N f(y) — (1/2)ar(l — N)||x — y||?, where || - || stands for the norm of R™.

2The metric projection onto a closed convex set D (C R™) is defined as follows:
Pp(x) € D and ||z — Pp(x)|| = infyep ||z —y|| (& € R™). Pp satisfies the nonexpansivity
condition [2, Proposition 2.10]; i.e., ||[Pp(z) — Pp(y)|| < ||z — y|| for all &,y € R™.
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REXRE and C@ are half-spaces of REX xRX [2, p. 406], [3, Subchapter 28.3].
TGO (i € T) defined by (3.3) satisfies the firm nonexpansivity condition?
because PRffof and Pg ;) are nonexpansive.* Moreover, C() (i € T) defined

by (3.1) can be represented as the fized point set of T() defined by (3.3);
i.e.,

Fix( ()> {(cs,co) ceREXRE: T ()(cs,co):(cs,co)} =W,

This is because Fix(T®) = FiX(PfoRfPé@) =RE xRENCO = 00,
The constrained set and objective function of the operator (peer 0) can
be expressed as,

C® .= RE x R¥ = Fix (Id) =: Fix (T<0>) L FO(e,, e0) =0

for all (cg, c,) € RE x R because the operator does not directly control the
system. This means that control algorithms of the symmetric scheme must
be implemented without the operator so as to maximize the social welfare.

Therefore, we can describe the storage allocation problem of the symmet-
ric scheme as follows.

Problem 3.1 (storage allocation problem under symmetric scheme).

Mazimize W (¢s,¢c0) = — Zf(i) (€sy o)
1€T

subject to (cs,¢o) € ﬂ {(cs,co) € RE x RE: > e } m le( )
1€ 1€

where f: RE x RK - R and TW: RX x RK - RE x RK (i € T) are
defined as in (3.2) and (3.3), respectively.

Problem 3.1 is one of maximizing the social welfare W defined in (2.4)
under the condition that each peer offers a storage capacity larger than the
capacity used for storing its own data.

Under the symmetric scheme, each peer can communicate with a neigh-
bor peer via the network. Hence, Problem 3.1 can be solved by incremental
optimization algorithms (see, e.g., [7, Subchapter 8.2], [8, 18, 19, 22]) that
allow each peer to use only its own private information® and the transmit-
ted information from the neighbor peer. Moreover, peer i (i € Z) tries to
minimize only f() (ie., maximize only its own welfare W) over its own

3T: R™ — R™ is called a firmly nonexpansive mapping if, for all =,y € R™, ||T(z) —
T(v)|? < (z—y,T(x) —T(y)), where (-,-) stands for the inner product of R™. Fix(T) :=
{x € R™: T'(x) = x} is closed and convex when T is nonexpansive [15, Proposition 5.3].

AT .= (1/2)(1d + S) satisfies the firm nonexpansivity condition when S is nonexpansive
[3, Definition 4.1, Proposition 4.2], where Id stands for the identity mapping.

5Peer i in Problem 3.1 has 1ts own private £ defined by (3.2) because the four pa-

rameters, a?, b pﬁnax and pmm, are its own private information.
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constraint Fix(T®W) = C®. Accordingly, each peer never uses informa-
tion including other peers’ objective functions and constrained sets. There-
fore, none of the peers can use the metric projection Pz onto the polytope
C = Nz FiX(T(i)). In this paper, we present an algorithm for solving
Problem 3.1 that is different from the conventional incremental optimiza-
tion algorithms which use Po. We will show that the algorithm converges
to the solution to Problem 3.1 under certain assumptions (Section 4).

3.2. Profit-oriented pricing scheme. A payment-based management scheme
is based on monetary exchanges where peers can buy storage space in the
system for a unit price ps; and sell some of their disk capacity for a unit price

Po. Assuming that the operator knows that peer i (i € Z) will sell s()(p,)
and buy d®(p,), it tries to choose ps and p, so as to maximize its profit
U (ps, po). Accordingly, the constrained set and objective function of the
operator (peer 0) are defined as follows.

(34) C© =R, xR, N {(ps,po) ERxR: > s (py) =D d? (Ps)} :

i€L 1€T

(3.5) fO (ps,po) = —U (ps, po) = [pszd“ ps) —po s (po)]
i€l i€T
for all (ps,po) € R x R.
C©) defined in (3.4) is an absolute set in which conditions are needed
to control the system. This is because ) ;s cé” = Y ez d® (ps), which
is used for storing data, must not exceed the sum offered by peers, i.e.,

DieT CE)Z) =2 ier s (Po)-
Here, let us define a mapping 7 : R x R — R x R for all (ps, p,) € RxR
by

1
(36) T(O) (psapo) = 2 [(p57p0) + PR+XR+ { (0) psva)}] Y

where C(© := {(ps,po) € R x R: Sier 89 (po) > 3,c7dD(ps)}. Since s
and d® defined as in (2.1) are affine, CO ig a half-space, which means
that Pp) can be easily computed within a finite number of arithmetic

operations. T defined in (3.6) satisfies the firm nonexpansivity condition
(see Footnotes 3 and 4), and

Fix (TO) := {(ps, po) € R x R: TO(p, o) = (ps,p0) } = C©

because Fix(T(")) = Fix(Pr, xr, Pao) = Ry x R+ ﬂ CO) =: ¢ (see also
the discussion in (3.3)). Moreover, since s) and d® in (2.1) are affine, f(©)
in (3.5) satisfies the strong convexity condition.

Meanwhile, peer i (i € Z) selfishly chooses strategies that maximize its
welfare W® . Accordingly, the constrained set and objective function of peer
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i (i € ) can be expressed as

(37)  CW = [ P X [Pl Pl | = Fix (P = Fix (T,
(38)  fD (pepe) = = [V (9 (1)) = PO (s (p))]

for all (ps,p,) € R x R. Since s and d® in (2.1) are affine, and V) and
P® have quadratic forms, f(*) (i € Z) in (3.8) satisfies the strong convexity
condition. T := P (i € Z) in (3.7) is firmly nonexpansive [2, Facts 1.5].

The main objective of the profit-oriented pricing scheme is to determine
optimal prices ps and p, so as to maximize the operator’s profit U(®). Mean-
while, it is desirable to maximize the social welfare W to make the whole
system stable and reliable. As such, we can pose the storage allocation
problem under the profit-oriented pricing scheme as one of maximizing the
weighted mean of the operator’s profit and social welfare, AU (®) + (1-MW,
for some weight parameter A (€ (0,1)).

Problem 3.2 (storage allocation problem under profit-oriented pricing scheme).

Mazimize \U© (ps, po) + (1 = MW (ps, po) = — [/\f(o) +(1-=X) Z f(i)] (ps, Po)
1€l

subject to (ps,po) € {(ps,po) eRy xRy Z s (p) > Zd(i) (ps)}

i€l i€l
N ﬂ [pmm?pmax] {pr(mmpmax] - ﬂ Fix (T l)>
€T ie{0}uT

where X € (0,1) is a parameter chosen in advance, and f@: R xR — R and
TO:RxR =R xR (i€ {0}UT) are defined as in (3.5), (3.6), (3.7), and
(3.8).

Problem 3.2 can be solved if one assumes the operator can communicate
with all peers and has access to a point computed by f@ and T® of peer
i (¢ € 7). This implies that the operator can use broadcast optimization
algorithms (see, e.g., [11, 12]). In this paper, we will present a broadcast
optimization algorithm for solving Problem 3.2 that is different from the
conventional broadcast optimization algorithms [11, 12] which use the prox-
imity operator of (), and show that the proposed algorithm converges to
the solution to Problem 3.2 under certain assumptions (Section 5).

The following propositions will be used to prove the main theorems.

Proposition 3.1. [31, Lemma 3.1] Suppose that f: R™ — R is a-strongly
convex and differentiable, Vf: R™ — R™ is L-Lipschitz continuous,® p €

6A: R™ — R™ is said to be L-Lipschitz continuous if |A(z) — A(y)| < L|z — y||
(z,y € R™).
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0,20/ L?), and S :=1d — pAV f, where X € [0,1]. Then, for all x,y € R™,
1S(z)—=S(y)|| < (1—7A)||z—y|, where 7 := 1—/1 — pu(2a — pL?) € (0,1].
Proposition 3.2. [4, Lemma 1.2] Assume that (an)neny C Ry satisfies

ant1 < (1—ap)an +anfy (n € N), where (ap)nen C (0,1] and (Bp)neny C R
with 22021 ay = 00 and limsup,, . Bn < 0. Then, lim,_, an = 0.

Suppose that T': R™ — R™ is firmly nonexpansive; i.e., ||T(z)—T(y)|? <
(x—y,T(x)-T(y)) (x,y € R™). From (x,y) = (1/2){||z|* + [ly[* — ||z -
y||*}, we have ||T(z) — T(y)||* < (x —y,T(x) — T(y)) = (1/2){l|z — y||* +
IT(x) = T(Y)II” = |(x — y) — (T(x) — T(y))|I’} (z,y € R™). This leads us
to the following.

Proposition 3.3. Suppose that T: R™ — R™ is firmly nonexpansive. Then,
for allz,y € R™, |T(x) - T(y)|* < lz—yl*— l(z —y) — (T(z) - T(y)[I*

4. DISTRIBUTED CONTROL UNDER THE SYMMETRIC SCHEME

This section considers the following problem.

(4.1) Minimize Z £ (e) subject to ¢ € ﬂ Fix (T(i)) ,
i€Z i€
where fO: R™ - R (i € Z7:={1,2,...,K}) is a(V-strongly convex and dif-
ferentiable, V f () : R™ — R™ is L()-Lipschitz continuous, and 7" : R™ —
R™ (i € T) is firmly nonexpansive with ;o7 Fix(T(®) # (). Subsection 3.1
tells us that Problem 3.1 coincides with problem (4.1) when m := 2K and
f@ and T® are defined by (3.2) and (3.3). Moreover, since Sier f@ is
strongly convex and Lipschitz continuous, and ;.7 Fix(T?) is closed and
convex, problem (4.1) has a unique solution [31, Proposition 2.7].
Here, we assume the following.

Assumption 4.1. Peer i (i € T) uses p € (0, minjez 20 /LD?) and the
sequence (A\y)nen C (0,1) satisfying”

oo
: . 1 1 1
(C1) lim X, =0, (C2) ;An =0, (C3) lim wed rweinbw b 0.
The following algorithm can be used to solve problem (4.1).
Algorithm 4.1 (incremental gradient algorithm).
Step 0. Peer K sets cg € R™ arbitrarily and transmits céo) := ¢ to peer

1.
Step 1. Given ¢, := 07(10) € R™, peer i computes ch) € R™ cyclically by

¢ .= 7@ (cgﬁ*l) W0 (aﬁf*))) (i=1,2,...,K).
Step 2. Peer K sets cpy1 € R™ by cpy1 = c%K)
Cny1 to peer 1. Put n:=n-+1, and go to Step 1.

and transmits cfg)rl =

"Example of (An)nen satisfying (C1)-(C3) is A, := 1/(n+ 1) (a € (0,1/2)).
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We are in the position to perform the convergence analysis on Algorithm
4.1.

Theorem 4.1. Under Assumption 4.1, the sequence (cg))neN (i € T) gen-
erated by Algorithm 4.1 converges to the solution to problem (4.1).

Theorem 4.1 means that each peer that uses Algorithm 4.1 with f®(c) :=
f9(es,e,) and TW(c) := T (cq, ¢,) defined by (3.2) and (3.3) can solve
the storage allocation problem 3.1 under the symmetric scheme. It would
be difficult for all peers to set p € (0, minjer 20 /L®*) in advance be-
cause p depends on all a®s and L®s. Even if p > min;ez 2a® /L0 (C1)
guarantees that ng € N exists such that p), < minez 209 /L(i)2 for all
n > ng. Hence, Theorem 4.1 ensures that (cg))nZnO (1 € 7) in Algorithm
4.1 converges to the unique solution to problem (4.1). This implies that
Algorithm 4.1 can solve problem (4.1) without depending on the choice of
1. See Section 6 for the behaviors of Algorithm 4.1 with different values of

.

Proof. We first show that (c,(f))neN and (Vf(i)(cgfl)))neN (i € T) are bounded.
Choose ¢ € ;e Fix(T®) arbitrarily, and put 7 := 1—/1 — (2@ — uLO?),
7 1= min;ez 7, and M; := max;e7 |[VF(c)||. The nonexpansivity of T()
guarantees that, for all ¢ € Z and for all n € N,

n

o) e = [T () = s (1)) =70 (o)

IN
//~
0
:<o

=
|
=
>~
3 3
<
=
/N
0
:s
=

which from p < 2L(i)/a(i)2, T < T(i), and Proposition 3.1 implies that, for
all i € Z and for all n € N,

cgf) - cH < <1 — T(i))\n>

|

c,(f_l) — CH + uMiA,.

c,(f_l) — cH + pMi,

(4.2) ‘
<(1—=7A)
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Therefore, for all n € N,

-

[ent1 — el =

<(1—7X\,

c — c” + puMi,

<(1—Thn {(1—m )

(K >—4LﬂMﬁM}+uMnn

)

)
<(1- T)\n)2 ‘ C(K 2) H + 2uMi A,
< 1=K e® - cH + KuM,

KubM
§(1—T)\n)ch—c||+< H 1)mn.
T

Induction shows that, for all n € N,

KuMy
len — el < maax oo = ], 21}

This means (¢, )nen (= (c%o))neN) is bounded. Hence, from (4.2) when i = 1,
(cg)) is also bounded. Accordingly, induction shows that (c (')) (1 € 7)
is bounded. Moreover, from HVf(i)(cg_l)) — V(e < LW ch 2 —
(¢ € Z,n € N) and the boundedness of (c,(f)) (i € 1), (Vf® ( cn )))neN
(i € T) is bounded.

The nonexpansivity of T guarantees that, for all ¢ € Z and for all n € N,

CS—)&—I - c,(f)

0 e - a0 () 0 (e - 0 ()
G Cd) ) B Cra R A (055‘”» H
(49 s (7)) - (s ()

+uMn—AmﬂHVf®(CZI>H

IN

IN

which from Proposition 3.1 means that, for all ¢ € Z and for all n € N,

cgj)q - Cg)

< (1 — T>\n+1) HC,EZ_,:II) — Cg_l)H + M2 ‘)\n — )\n—&—l‘ 3
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where My = max;ez(sup,en pIVFO()) < co. Therefore, we find
that, for all n € N,

[ent1 —enll = Hcgz ) — c51—1H
< (1= 20) [0 = e+ M A = A
S( & _1H+KM2’)\7L_/\77,—1’
< (1 - T)\n) ch - Cn—l” + KMo ’)\n - )\n—1| )

which from Ms :=sup,ey||cn — cn—1|| < 00 and 1 < 1/X,—1 implies

lens1 — el len — enl| [An — An1]
—_— < (1l=-7\) ———— + KMy———
N ST T R
len — el len — en1ll len — enl|
=(1-7\) —— 1—7)\, -
( T ) )\n—l +( ’ ) )\n )\n—l
+ KM2 ‘)\n - )\n71|
An
llen — en—1| 1 1 [An = An—1]
<1-7A\) ————— -+ KMy———
_( ! ) )\n—l ’ An )\n—l * 2 /\n
len — el 1 1 |An — An—1]
<(1-7\, —— |+ KMy——m———
< ) I At An o1
llen — en—1|| 1 1
=(1—-7)\, M3+ KMsy) | — —
( T ) >\n71 + ( 3 2) >\n )\an
||Cn*(,‘n,1|| Ms + KM, 1|1 1
=(1—-7\, A— |— — .
( ’ ) An—1 * T T An | An An—1
Hence, from (C2), (C3), and Proposition 3.2, we have
. ”Cn+1 - Cn” _
(4.3) nh_>ngo T =0.

Accordingly, (C1) guarantees that
(4.4) lim |lcp1 —cnl| =0.
n—oo

Choose ¢ € (e Fix(T™) arbitrarily; ie., ¢ = T®W(c) (i € I). From
) = T(i)(cgf_l) - M)\an(i)(c,(f_l))) and the firm nonexpansivity of 7(),
Proposition 3.3 ensures that, for all ¢ € Z and for all n € N,

- of
(e s () o

<
(- () ) - (-0
<

=) s () =) s ()

IN
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which from [l — y|* = [z — 2(z,y) + ||y|* (z,y € R™) implies
‘2 — 20\, <c§f*1) — e, V9 (cgffl)>> — Hcgfl) - c,(f)
+ 2puX, <c$f_1) — D v (cg_l))>

0 ef)

oo < - |

1 2 2
<[ el e M

where My 1= max;ez(sup,cy 24/ (c— e, Vf(i)(c,(f_l))ﬂ) < 00. Accordingly,
we find that, for all n € N,

2
lenst = el” = [ — |
e e
2 , 12
< ’ 0 — cH - Z Hcgfl) — W+ KMy,
ieT
. 12
= |len, —¢|* - Z Hc%’*l) — |+ KMy,

€T
which means

-

1€L

2
< llen = ell* = llents — el® + KMah,

= (len — ell + llensr — el (len — el = lenss — el)) + KM,
< Ms ||len — enyi|| + KMy,

where M5 = sup,en(|lcn — || + ||en+1 —¢f|) < oo. Equation (4.4) and

(C1) lead us to that limy, o0 D ;7 Hcﬁffl) - cg)|]2 = 0; ie., limy, o0 Hcg) —

eh VI =0 (i € D). Since [len — ek = fle” eVl < iz eV -

cglj)H (1t € Z,n € N), we have

(4.5) lim

n—oo

cn — c(ifl)H =0 (Gel).

n

Moreover, since ||e,, — CS)H < e, — cg_l)H + ||c,(f_1) - cg)H (i € Z,n € N),
we also find that lim, . |c, — cg)H = 0 (¢ € Z). The nonexpansivity
of T ensures that, for all i € Z and for all n € N, Hch) —TW(e,)| =
17Ol —pur VO (™) = TD(en)] < [[(ef ™ = AV FO (el ™)) -
el < Hcg_l) — ¢l + u)\nHVf(i)(c,(f_l))H. Equation (4.5), the boundedness
of (V£@ (7)) nen, and (C1) guarantee that limy, o [lci’ — T@ (c,)]| = 0
(i € T). From ||, —TO(en)|| < llen— ) +]|e =T (e,)| (i € T,n € N),

and limy e [len — € || = limp_o0 || — T (en)|| = 0 (i € T), we get
(4.6) lim ch 1@ ()| =0 eT).
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The boundedness of (¢,)nen guarantees the existence of an accumula-
tion point of (¢,)nen. Let ¢* € R™ be an arbitrary accumulation point of
(cn)nen. Accordingly, a subsequence (cp, )ken of (¢n)nen exists such that
(€n, )ren converges to ¢*. Hence, the continuity of T and (4.6) imply that

= lim ||cn, — T9 (¢n,) ¢ —TW (") (ieT);
k—o0

i.e., ¢ € Neg Fix(TW).
The nonexpansivity of () guarantees that, for all i € Z and for all n € N,

. 2
M —¢

n

— |7 (cﬁj—l) pARV ( - U)) -7 (C)H2
< <c(i—1) _ c) — AV f (c“‘”) H2

el s e () i o ()
Since the gradient of ) (i € T) at & € R™ satisfies f ( ) > fU (sc)
(w — 2 V1O (@)) (y € R"), we have (e — e, V/O(ex™)) < f0(e) -

FO (™) (i € I,n € N). Thus, for all i € Z and for all n € N,

e — ]| < e — e+ 2mr [£0 () — £ (eli)] + vz,
Hence, for all n € N,
lenr — el < [0 — el +2uhn [£59) (€) — 70 ()] + Mg

< llew — el +2u0 3 [ (e) = £ (eli7V)] + K132
i€

— Jlen — el + 2ur, lz IRICE Y <cn>]

1€L 1€L

+ 20 Y [ £ (cn) — £ <c£:'—1))} F M2,
€L
Therefore, for all n € N,
(4.7)

2 _ 2
w10 e~ 5 0] <l A,'Jc 2=l warpa,
_’_QMZ[JC('L f(z ( i— 1)]

€T

Since (1/An)(len — €l* = [lent1 — €l|*) < (Ms/An)]len — epsa|| (n € N) and
(4.3), we have llmsupnﬁoo(l/)\n)(ch —c|]? = |lent1 — ¢||?) < 0. Moreover,
from f@(e,) — fO(ep (- 1)) (cn—cgfl),Vf(i)(cn» (1 € Z,n € N), we have
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FOen) = FDE™) < Jlen — S VIVFD(en)|| (i € T, € N), which from
(4.5) means that lim sup,,_, ., Ziez[f(i)(cn) - f("')(cgf?))] < 0. Accordingly,
(4.7) and (C1) guarantee that, for all ¢ € ;o Fix(7T?),

limsup | Y fD (en) =Y fD(e)| <05 e, limsup Y fD(c,) <D D (e).

noeo et ieT OO er ieT

Therefore, the convergence of (¢, )ken to ¢* € ;o7 Fix(T¥) and the con-
tinuity of >°,.7 f(!) ensure that, for all ¢ € .7 Fix(T™),

2 f0(e) = lim > f (en) =limsupy_ fO (en) < 3V (0).
€L €T €L €T

This implies that ¢* € ;o7 Fix(T®) is the solution to problem (4.1). Since
problem (4.1) has a unique solution, denoted by ¢*, (cp, )ren converges to
the unique solution ¢*. Let ¢, € R™ be an accumulation point of (¢, )nen-
Then, there exists (cp,)ien (C (€n)nen) converging to c.. A discussion
similar to the one above leads us to conclude that c¢, is the solution to

problem (4.1). Accordingly, since any subsequence of (¢, )nen converges to
c*, we can conclude that (¢, )neny = (cfff)l)neN converges to ¢*. This implies
from (4.5) that (cgfl))neN (¢ € T) also converges to c¢*. Therefore, (cg))neN
(i € 7) generated by Algorithm 4.1 converges to the solution to problem

(4.1). O O

5. DISTRIBUTED CONTROL UNDER THE PROFIT-ORIENTED PRICING
SCHEME

This section presents a broadcast optimization algorithm for solving the
following problem that includes Problem 3.2.

(5.1)  Minimize Y f@(p) subject tope [ Fix (T@),
1€{0}uZ 1€{0}UT

where f): R™ — R (i € {0}UZ,T := {1,2,...,K}) is aD-strongly con-
vex and differentiable, V£ : R™ — R™ is L()-Lipschitz continuous, and
7@ : R™ — R™ (i € {0}UZ) is firmly nonexpansive with Niegouz Fix(T®) #
0.

Algorithm 5.1 (broadcast optimization algorithm).
Step 0. The operator (peer 0) sets p, € R™ arbitrarily and transmits p,
to all peers.

Step 1. Given p,, € R™, peeri (i € {0} UZ) computes pgll € R™ by

p\)y =10 (pn — A VD (pn))

and transmits pSJ)rl to the operator.
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Step 2. The operator computes p,, 1 € R™ by
1 (i)
Ppy1 = K+1 Z P
1e{0}uT
and transmits p, ., to all peers. Put n:=mn+1, and go to Step 1.
Now let us conduct a convergence analysis on Algorithm 5.1.

Theorem 5.1. Under Assumption 4.1, the sequence (p,,)nen generated by
Algorithm 5.1 converges to the solution to problem (5.1).

From Theorem 5.1, Algorithm 5.1 enables the operator to solve Problem
3.2, i.e., problem (5.1) when f© = —AU© O .= —(1 - WO (i €
Z,) € (0,1)), T is defined as in (3.6), and T® (i € Z) is defined as in
(3.7). Hence, all peers can get the pair of optimal prices (p%, ps) in the sense
of maximizing the weighted mean of the operator’s profit and the social
welfare by way of the operator. As a result, peer i (i € Z) can find the pair

of optimal storage capacities (cgi)*,c(z)*) (dD (pr), s (p¥)) by using its
own supply and demand functions.

Proof. We shall prove that (p,,)nen is bounded. Choose p € (\;cqo1uz Fix(T®)

arbitrarily. The nonexpansivity of 7 and Proposition 3.1 ensure that, for
all i € {0} UZ and for all n € N,

’ P~ pH = HT‘“ (pn — AV O (pn)> — 7% (p)H
< H (pn — pA V) (pn)) — pH
< H (pn — AV O (pn)) — (p — A, VO (p)> H .

< (1 - T“)An) 1pn — Pl + e ||V O (p)H
< (I =7X\) Py, — Pl + N1 A,

1 —/1—p2a® — uL®?) (i € {0} UZ) and Ny :=
)||- The definition of p,, means that, for all n € N,

()

where 7 < 7@ =
max;e(oyur | VD (p
(5.2)

1 4 1
P —pll = |77 2 (pfﬁrl_p> SRl 2 ’

1€{0}uZ 1e{0}UZ

)

Hence, for all n € N,
|Prs1 — 2| <A =7A) lIp, — Pl + 1N AR

A similar argument as in the proof of the boundedness of (¢, )nen in Algo-
rithm 4.1 leads us to conclude that, for all n € N,

uNL
\mfmmmwwm pll. }
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and hence, (p,,)nen is bounded. Moreover, (psf))neN (1 € {0} UZ) is also
bounded from the definition of p,,. The Lipschitz continuity of V f (@) implies
that [V (p,) — VO (p)| < LO|p, — p| (i € {0} UZ,n € N), which,
from the boundedness of (p,, )nen, implies that (V.f®(p,))nen (i € {0}UT)
is bounded.

The nonexpansivity of 7 (i € {0} UZ) and Proposition 3.1 guarantee
that, for all i € {0} UZ and for all n € N,

=79 (= 12V ) = T (pocs =2 1V5 (2] )|
= H (pn — pA VO (pn)) - (p”—l = i VY (p”—1)> H
<||(Pa = 120970 02)) = (Pao1 =120 VI (20))|

vf(Z) (pn—l) ‘
<(1—=7A\p) Hpn — pn,lﬂ + uN2 [ Ay — A1l

[

+u |An—1 - >\n|

where No := max;c(0yuz(SUP,en V£ (p,)|]) < co. Summing up the above
inequality over all i and going through a similar argument as in (5.2) we
find that, for all n € N,

Hpn—i—l _an <(1=7A) Hpn _pn—1H + N2 [Ap — An—1] .

Therefore, in the same manner as in the proof of lim,,_,~ [|€n+1—¢n || /A =0
(see (4.3)), we find that

(5.3) lim [lPn 1 = pull _

i o=l o i -l <0

Choose p € (Nicqoyuz Fix(T®) arbitrarily; i.e., p = T (p) (i € {0} UT).
From PSL =T (p, — A,V £9(p,)), the firm nonexpansivity of (), and
Proposition 3.3, we have that, for all i € {0} UZ and for all n € N,

o]
< H (pn — A, VO (pn)> - pH2 - H ((pn — 1A, VO (pn)> —p> - (pffll - p) H2
= H(pn —p) — pA VY (pn)H2 — H (pn - p,(fll) — A, VO (zon)H2 :

From |lz —y|* = [[]* - 2(z, y) + [ly[|* (=,y € R™), we find that
(5.4)

e~ 2||” < o — pl* ~ 2070 (py — 2.5 (0)) - |

+ 20\ <pn —p, VIO (Pn)>

. 2

p —p(i) HQ—&—N)\
n n+1 3\n,

2
< lp, — 2l - |
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where N3 := max;coyuz(Supnen 20/(p — pff_)H, V@ (p,))|) < co. Since the

convexity of || - || ensures that, for all n € N,

(5.5)
2

1 i 1
I =2l = | g > (Ph-p)| <5 g 2|
1€{0}UZ 1e{0}uT

) 2
pf;+1 - p’

summing up (5.4) over all 7 implies that, for all n € N,

@ ?
b, — pn+1 + N3)‘n

1
P =2l < o=l - oy >
1€{0}UT

Hence, for all n € N,

1
71 2 |

ie{0}uT

. 2
Py =P < 1P =l = [P — p[* + Nohe

= (Ilpn = pll + [|Pnsr = pl]) (IlPn = Pl = [P
+ N3,

< Nal[py = P || + Nadn,
where Ny := sup,en(|lpy — pH + [Pyt — Pl|) < co. From (C1) and (5.3),
we find that lim,,_,~ ||p,, — pnJrl | =0 (ie{0}UZ). The nonexpansivity of
T(i (i € {0} UZ) implies that, for all i € {0} UZ and for all n € N, Han
TOp)ll < 1T (py, = pAaV O (p,)) = TO(po)|| < pAal VIO (p,)l| <
N2 A,. Accordingly, (C1) means that lim, Han)rl — 70 ( )|| =0(:€

{0} UT). Hence, from ||p, — T (p,)|| < [P, — P\l + DS, — T (p,,)|
(i € {0} UZ,n € N), we have

(5.6) lim

n—o0

P, — T<i>(pn)H —0 (ie{0}UT).

The boundedness of (p,,)nen guarantees the existence of an accumulation
point of (p,,)nen. Let p* € R™ be an arbitrary accumulation point of
(Pp)nen. Accordingly, a subsequence (p,,, Jken of (P,,)nen exists such that
(Pn, )Jken converges to p*. In the same manner as in the proof of c* €

Niezr Fix(T®) in Section 4, the continuity of 7") (i € {0} UZ) and (5.6)
guarantee that p* € (;cro1u7 FiX(T(i))

From the nonexpansivity of 7() (i € {0} UZ), we find that, for all i €
{0} UZ and for all n € N,

)pffil - pH2 = HTm (pn — pA, VO (pn)> —7® (p)H

< H(pn — ) — VD (I

2

= llp, — PII* — 2u\n <pn —p, Vf¥ (pn)> +pPA% HVf(“ w.)||

)

-p|)
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which from the differentiability of f® (i € {0} UZ) implies that
. 2 A .
[P = | < llpw = I + 2000 [0 (0) = 1O (p,)] + 2NN,

Summing up the above inequality over all ¢ and (5.5) lead to

2pAy, i i
[P = pl* < e =PI+ 7555 D0 [F0 @) = 70 )] + 12NN
ie{0}UT
for all n € N, which means
2
2 @ o\ P = pI* = [Poss —pII” | 5,
i 2 [ - w) < . + HENIA,

1€{0}UT
< Nu||Ppi1 — P
< X,
for all n € N. Therefore, (C1) and (5.3) guarantee that, for all p €
ﬂiE{O}UZ Fix(T(l))7
(5.7) timsup - [19 (p,) - £ (p)] < 0.

"0 efoyuT

+ 12NIN,

In the same manner as in the proof of Theorem 4.1 and (5.7), we find that
(Py)nen generated by Algorithm 5.1 converges to the solution to problem
(5.1). ] O

6. NUMERICAL EXAMPLES

We conducted numerical experiments comparing the capabilities of the
proposed algorithms with different parameters for solving Problem 3.1 and
3.2 when K = 100. We used g = 10711073 and A, := 1/(n + 1)%4.

We randomly chose a5 € (0, 5], pgl)in € [0, 10], pﬁﬁLX € [90,100] (i =
1,2,...,100). The computer used in the experiment had an Intel Boxed
Core i7 i7-870 2.93 GHz 8M CPU and 8 GB of memory. The language was
MATLAB 7.13.

In the experiment, we set ¢ := cg = ¢ (i € Z) in Algorithm 4.1, selected
one hundred random points ¢ = ¢(k) (kK = 1,2,...,100), and executed
the algorithm on these points. Let ¢(k) (€ R x R!%) be one of the
randomly selected points and let (¢, (k))nen (C R0 x R190) be the sequence
generated by c(k) and Algorithm 4.1. We employed D, (k) = ||cn(k) —
70T .7 (e, (k)| (k = 1,2,...,100,n € N) and their mean value,
D, = (1/100) 3% Dy, (k) (n € N), where T® (i € T) is defined as in
(3.3). If (Dy)nen converges to 0, Algorithm 4.1 converges to a point in
MNiez Fix(T1?).

Figure 1 describes the behaviors of D,, for Algorithm 4.1 when p = 107!
and 1073, Here, (D,)nen converges to 0; i.e., Algorithm 4.1 converges to
a point in the constraint set in Problem 3.1. In particular, it converges
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quickly when g = 1073, This is because A, € (0, min;er 2L(i)/a(i)2), which
is the convergence condition of the algorithm, is satisfied in the early stages
(see Assumption 4.1). Let us define ch)s = (1/100) 3,2 cgi)s(k) and 07(12,)0 =
(1/100) 1% (k) (i € T,n € N), where ¢,(k) = (cns(k), cno(k)) €
RI00 5 R ¢, (k) := (cA(k), ch(k), ..., i (k)T € RO, ¢, (k) :=
k), B k), . 0 ()T e RIO (5 =1,2,...,100,n € N). Figures 2-
4 show the behaviors of cgf,)s and c,(f)o (i = 20,40, 60) generated by Algorithm
4.1 with g = 1073, We can see from these figures that the convergent point
c* = (¢, c}) satisfies cg)* = cgl)* (1 = 20,40,60); i.e., in the symmetric
scheme, peer i offers cgi)* equivalent to its own used amount cgi)*.

Next, we solved Problem 3.2 with A := 1/2 by using Algorithm 5.1. We
selected one hundred random points p, = p(k) (k = 1,2,...,100) and
executed the algorithm on these points. Let p(k) (¢ R x R) be one of
the randomly selected points, and let (p,,(k))nen = (Pn,s(k), Pno(k)) (C
R x R) be the sequence generated by p(k) and Algorithm 5.1. We employed
dp(k) := ||p,, (k) — TAOTO) ... (p (k)| (k=1,2,...,100,n € N) and
dy, = (1/100) 32,2 dp (k) (n € N), where T and T® (i € T) are defined
as in (3.6) and (3.7). We also employed p,, s := (1/100) 21190:01 Pn,s(k) and
Pro = (1/100) 1% poo(k) (n € N),

Figure 5 indicates the behavior of d,, for Algorithm 5.1 when = 10~! and
1073. Since (dp)nen converges to 0, we find that Algorithm 5.1 converges
to a point in the constrained set in Problem 3.2. As we pointed out in
the above paragraph (Figure 1), Algorithm 5.1 with u = 1073 converges
faster than it does with u = 107!. Figure 6 shows the behavior of p, g
and py,, for Algorithm 5.1 when p = 1073, and the (Pn,s)nen and (Pn,o)neN
converge to the same point. This implies that the optimal prices, p} and
py, for maximizing the mean of the operator’s profit and social welfare are
approximately the same.

7. CONCLUSION

We discussed the storage allocation problems caused by incentive schemes
(the symmetric scheme and the profit-oriented pricing scheme) for control-
ling P2P data storage systems. We presented two distributed optimization
algorithms, called the incremental gradient algorithm and the broadcast op-
timization algorithm, for solving them and performed convergence analyses.
The incremental gradient algorithm can be applied to the symmetric scheme,
while the broadcast optimization algorithm is for the profit-oriented pricing
scheme. We gave numerical results showing that the algorithms converge to
solutions to the storage allocation problems.
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