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Abstract This paper considers a stochastic optimization problem over the
fixed point sets of quasinonexpansive mappings on Riemannian manifolds. The
problem enables us to consider Riemannian hierarchical optimization problems
over complicated sets, such as the intersection of many closed convex sets, the
set of all minimizers of a nonsmooth convex function, and the intersection of
sublevel sets of nonsmooth convex functions. We focus on adaptive learning
rate optimization algorithms, which adapt step-sizes (referred to as learning
rates in the machine learning field) to find optimal solutions quickly. We then
propose a Riemannian stochastic fixed point optimization algorithm, which
combines fixed point approximation methods on Riemannian manifolds with
the adaptive learning rate optimization algorithms. We also give convergence
analyses of the proposed algorithm for nonsmooth convex and smooth non-
convex optimization. The analysis results indicate that, with small constant
step-sizes, the proposed algorithm approximates a solution to the problem.
Consideration of the case in which step-size sequences are diminishing demon-
strates that the proposed algorithm solves the problem with a guaranteed
convergence rate. This paper also provides numerical comparisons that demon-
strate the effectiveness of the proposed algorithms with formulas based on the
adaptive learning rate optimization algorithms, such as Adam and AMSGrad.
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1 Introduction

In light of developments in machine learning and image/signal processing (see,
e.g., [5,15,26,29] and references therein), Riemannian optimization has at-
tracted a great deal of attention. Useful iterative algorithms thus have been
presented for Riemannian optimization. For example, nonlinear Riemannian
conjugate gradient methods have been widely studied in [15,28,31,32] for un-
constrained optimization. First-order methods [6,36] and proximal point algo-
rithms [11,22] have been reported for unconstrained/constrained Riemannian
optimization. Riemannian stochastic gradient methods were proposed in [7,
17,33] for Riemannian stochastic optimization.

For training deep neural networks, adaptive learning rate optimization al-
gorithms based on using stochastic subgradients and exponential moving av-
erages have a strong presence since they have fast convergence for stochastic
optimization in Euclidean space. For example, AdaGrad [10] and RMSProp
[34] take advantage of efficient learning rates (referred to as step-sizes in the
field of optimization) derived from element-wise squared stochastic gradients.
Adam [18] and AMSGrad [27] are also useful algorithms using exponential
moving averages of stochastic gradients and of element-wise squared stochas-
tic gradients.

Recently, Riemannian AMSGrad (RAMSGrad) was studied in [5], which is
a modification of AMSGrad for Euclidean space to be applicable to a product
of Riemannian manifolds. RAMSGrad uses the metric projection onto a con-
straint convex set so as to satisfy that the sequence generated by RAMSGrad
belongs to the constraint set. Accordingly, RAMSGrad can be applied to only
Riemannian convex optimization with simple constraints in the sense that the
metric projection can be easily computed.

In contrast to [5], this paper tries to consider a Riemannian optimization
problem with complicated constraints, such as the intersection of many convex
sets [1,6,36], the set of minimizers of a convex function [11,22], and the inter-
section of sublevel sets of convex functions [36]. The problem is a hierarchical
constrained optimization problem with three stages, as follows. The first stage
is to find points in Riemannian manifolds (e.g., to find points in nonconvex
constraints in Euclidean space). The second stage is to find fixed points of
quasinonexpansive mappings on Riemannian manifolds. Complicated convex
sets, such as those mentioned above, can be expressed as the fixed point set
of a quasinonexpansive mapping on a Riemannian manifold (Proposition 2.2).
The third stage is to optimize an objective function over the second stage.
For example, the third stage includes the case of trying to find a stationary
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point of a smooth nonconvex function over the set of minimizers of a convex
function over a Riemannian manifold.

The reason why the above problem should be considered is to enable us
to resolve unsolved optimization problems on Riemannian manifolds. For ex-
ample, in the natural language processing for hierarchical representations of
symbolic data, embeddings into a Poincaré ball perform better than embed-
dings into a Euclidean space [26]. This implies that a Riemannian optimization
problem should be considered for natural language processing. As seen above,
we expect to gain new insights from re-considering several problems with com-
plicated constraints in the Hilbert/Euclidean space setting as Riemannian op-
timization. In addition, a classifier ensemble problem with sparsity leaning can
be expressed as a Euclidean convex optimization problem over the sublevel set
of a convex function [16]. Since the results in this paper enable us to consider a
Riemannian optimization problem over the sublevel set of a convex function,
there is a possibility that the results will lead to new Riemannian learning
methods which can outperform the existing methods in [16] by a wide margin.

We first define quasinonezpansive mappings of which fized point sets are
equal to complicated constraint sets. Thanks to the previously reported results
in [11,21,22], we can define quasinonexpansive mappings for the cases where
the constraint sets are those mentioned above: the intersection of many closed
convex sets, the set of all minimizers of a nonsmooth convex function, and the
intersection of sublevel sets of convex functions (Proposition 2.3). Accordingly,
the Riemannian optimization problem with such complicated constraints can
be expressed as a Riemannian optimization problem over the fixed point sets
of quasinonexpansive mappings (Problem 1). Next, we combine the ideas of
adaptive learning rate optimization algorithms (see the second and third para-
graphs of this section) with the fixed point methods [21]. We then propose a
Riemannian stochastic fized point optimization algorithm (Algorithm 1) for
solving the problem.

The intellectual contribution of this paper is that the proposed methodol-
ogy enables one to deal with Riemannian optimization over the fixed point sets
of quasinonexpansive mappings, especially in contrast to recent papers [5,29]
that discussed Riemannian convex optimization over simple constraints. To
clarify this contribution, let us consider the case where a constraint set is the
intersection of many closed convex sets on a Riemannian manifold (Proposi-
tion 2.3(ii), Example 1). Even if the metric projection onto each closed convex
set can be easily computed within a finite number of arithmetic operations,
the metric projection onto the intersection of many closed convex sets would
not be implemented in practice. This is because, for each iteration, we must
solve a subproblem of minimizing the distance function over the intersection to
find the nearest point to the intersection. Meanwhile, we can use a computable
mapping which consists of the product of the metric projections (see Example
1 for the details), since the metric projection onto each closed convex set can
be easily implemented. This computable mapping satisfies the quasinonexpan-
sivity condition and that the fixed point set of this mapping coincides with the
intersection of many closed convex sets. Therefore, the proposed algorithm (Al-
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gorithm 1) using this computable quasinonexpansive mapping can be applied
to Riemannian optimization over the intersection of many closed convex sets,
in contrast to [5,29], which discussed Riemannian convex optimization over
simple constraints. This paper also gives other examples of Problem 1, namely,
Riemannian optimization over the set of minimizers of a convex function (Ex-
ample 2) and Riemannian optimization over the intersection of sublevel sets
of convex functions (Example 3).

The theoretical contribution of this paper is its analysis of the proposed
algorithm (Algorithm 1) for solving the Riemannian optimization problem
over the fixed point sets of quasinonexpansive mappings (Problem 1). The
analysis indicates that the proposed algorithm with small constant step-sizes
can approximate a solution to the main problem (Theorems 1 and 3). The
analysis also shows that the proposed algorithm with diminishing step-sizes
can solve the main problem with a guaranteed convergence rate (Theorems 2
and 4, and Corollary 1).

The practical contribution of this paper is a presentation of numerical re-
sults demonstrating that the proposed algorithm can be applied to Riemannian
optimization over fixed point constraints. In this paper, we consider two cases
for the constraint conditions. The first case is a consistent case such that the
intersection of finite closed balls on the Poincaré disk is nonempty (Subsec-
tion 6.2). The second case is an inconsistent case such that the intersection is
empty (Subsection 6.3). For the second case, we define a generalized convex
feasible set as a subset of the absolute constrained set with the elements clos-
est to the subsidiary constraint set. Numerical results show that the proposed
algorithms with formulas based on Adam and AMSGrad perform well.

2 Mathematical Preliminaries

Let N be the set of all positive integers including zero, R’ be an I-dimensional
Euclidean space, R} := {(z;){_; e R": 2; >0 (i = 1,2,...,1)}, and R, | :=
{(z)L, e Rl:2; > 03 = 1,2,...,1)}. Let E[X] denote the expectation
of random variable X. Unless stated otherwise, all relations between random
variables are supported to hold almost surely.

2.1 Riemannian manifold and Hadamard manifold

Let M be a connected m-dimensional smooth manifold. Let T, M be the tan-
gent space of M at x € M and TM = |J,,; To M be the tangent bundle of
M. A Riemannian metric at * € M is denoted by (-, )z : T M xT, M — R and
its induced norm is defined for all uw € T, M by ||u||, := v/ {u, u),. Manifold M
endowed with Riemannian metric (-, ) := ((-, ")z )zen is called a Riemannian
manifold.

Given a piecewise smooth curve ~: [a,b] — M joining p to ¢ (i.e., v(a) = p
and v(b) = q), the length L(y) of v is defined by L(y) := [ [4(t)]ldt,
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where 4 denotes the derivative of 7. The distance function d: M x M — R
is defined for all p,q € M by the minimal length over the set of all such curves
joining p to q.

A complete, simply connected Riemannian manifold of nonpositive sec-
tional curvature is called an Hadamard manifold. An m-dimensional Hadamard
manifold M is diffeomorphic to the Euclidean space R™ [30, Chapter V, Corol-
lary 3.5]. An exponential mapping at a point z in an Hadamard manifold M
is denoted by exp,: T,M — M. The mapping exp, is well-defined on 7, M,
which is guaranteed by the Hopf-Rinow theorem [30, Chapter III, Theorem
1.1). The mapping exp, maps u € T,M to y := exp,(u) € M such that
there exists a geodesic v: [a,b] — M satisfying v(a) = z, v(b) = y, and
4(a) = u. The Hadamard-Cartan theorem [30, Chapter V, Theorem 4.1] guar-
antees that exp, is diffeomorphic, that is, there exists an inverse mapping
exp,': M — T, M. For all z,y € M, Pz—sy denotes an isometry from T, M to
TyM.

Let M* be an m’-dimensional Hadamard space and M be the Cartesian
product of the M's, i.e., M := M' x M? x---x M'. The tangent space of M at
x=(zt,2%,...,27) € M is defined by T, M := T, M* @ T, M?>@---® T, M,
where @ stands for the direct sum of vector spaces. For all z = (x;)!_; € M,
we define ¢ € T, M by ¢ = (¥*)_, = (1,92, ..., 9T, where ¢ € T, M*. An
exponential mapping at a point 2 € M is denoted by exp’;, and an isometry
from T, M* to T,,; M" is denoted by ¢"

2
i

iyt

2.2 Convexity, monotonicity, and related mappings

Let M be an Hadamard manifold. A set C C M is referred to as a convex
set (see, e.g., [11, Subsection 3.1] and references therein) if, for any pair of
points in C, the geodesic joining those two points is contained in C'. Suppose
that C' C M is nonempty, closed, and convex, and x € M. Then there exists
a unique point [11, Corollary 3.1], denoted by Pe(z), such that

Po(z) € C and d(z, Po(z)) = ylggd(x,y) =:d(z,C).

We call Po the metric projection onto C.

A function f: M — R is said to be convex (see, e.g., [11, Subsection 3.2]
and references therein) if, for any geodesic v of M, fo~: R — R is convex.
Accordingly, any convex function on M is continuous. Suppose that f: M — R
is convex. Theorem 3.3 in [11] guarantees that, for all x € M, there exists
uy € T, M such that, for all y € M,

fy) = (@) + (ue, exp;  (y))a-

The tangent vector u, is called a subgradient of f at x. When f is smooth,
the vector u, is called the Riemannian gradient of f at z and is denoted by
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grad f(z). The subdifferential vector field Of: M = TM of a convex function
f: M — R is defined by the set of all subgradients of f, i.e., for all x € M,

Of (x) = {u € TuM: f(y) > f(z) + (u,exp; ' (¥)x (y € M)} # 0.

The subgradient projection Py relative to a convex function f: M — R and
A > 0 is defined for all z € M by

b x (x €leveo(f) :={z e M: f(z) <0}),
PO e (L) g vt

where u, is any tangent vector in df(z). The results in [2, Lemma 3.1], [3,
Proposition 2.3], and [35, Subchapter 4.3] provide the definition and properties
of the subgradient projection under the Hilbert space setting.

Let A: M = TM be a set-valued vector field such that, for all z € D(A) :=
{r € M: A(z) # 0}, A(z) C T, M. A is said to be monotone (see, e.g., [22,
Definition 2] and references therein) if, for all z,y € D(A), all u € A(x), and all
v e Ay), (u,exp; ! (y))e < (v, —exp, ' (x))y. Ais said to be mazimal (see, e.g.,
[22, Definition 2] and references therein) if A is monotone and the following
holds: for all z € M and all u € T, M, (u,exp;'(y)). < (v, —exp,'(z)),
(y € D(A),v € A(y)) implies that v € A(x). The subdifferential vector field
df of a convex function f: M — R with D(f) :={z € M: f(z) < +oo} =M
is maximal monotone [20, Theorem 5.1]. We call the set of zeros of a set-valued
vector field A: M = TM the zero point set, which is defined by zer(A) :=
{r € D(A): 0 € A(z)}.

Let A > 0. The resolvent Jx: M = M [22, Definition 6] of a set-valued
vector field A: M = T'M is defined for all z € M by

In(z):={z€ M: z €exp, (MNA(2))}.

J is single-valued when A is monotone [22, Theorem 4]. The Moreau-Yosida
regularization Rﬁ: M = M [11, (20)], [22, (60)] of a convex function f: M —
R is defined for all z € M by

) i= avguin { 10) + 5o}

yeM 2\

R{ is single-valued and D(Rﬁ) = M [11, Lemma 4.2].

2.3 Nonexpansivity and fixed point set

Let C be a nonempty subset of a Riemannian manifold M with the distance
function d and let T': C' — M be a mapping. The fized point set of T is defined
by

Fix(T) :={z € C: T(z) =z} .
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T is said to be firmly nonexpansive [22, Definition 1], [12, Subchapter 1.11] if,
for all z,y € C, the function @: [0,1] — R, defined by

®(t) := d (exp,[texp, ' (T'(z))], exp, [t exp?;l(T(y))]) is decreasing. (1)

T is said to be nonexpansive if

d(T(z),T(y)) <d(z,y) (z,y €O). (2)
T is said to be quasinonexpansive if
d(T'(z),y) <d(z,y) (z€Cy e Fix(T)). (3)

T is said to be strictly quasinonexpansive if
d(T(z),y) <d(z,y) (xe€ C\Fix(T),y € Fix(T)). (4)
Finally, T is said to be firmly quasinonexpansive if
d(T(z),y)* + d(T(x),2)* <d(z,y)* (x € C,y € Fix(T)). (5)
The following proposition is true.

Proposition 2.1 Suppose that C is a nonempty, closed convex set of an
Hadamard manifold M and T: C — C is quasinonexrpansive.

(i) [8, Theorem 1.3] If Fix(T') is nonempty, then Fix(T') is closed and convez;
(ii) [19, Theorem 13] If C is bounded and T is nonexpansive, then Fix(T) is
nonempiy.

The relationships between the above mappings are given in the following
proposition (the proof is given in Supplementary Material).

Proposition 2.2 Let C' be a nonempty subset of an m-dimensional Hadamard
manifold M with the distance function d and let T: C — M be a mapping.
Then,

(i) (1) implies (2), and (2) implies (3);
(ii) (1) implies (5), (5) implies (4), and (4) implies (3).

Let T: C — M be quasinonexpansive and a € (0,1). Here, we define
Sa: C — M as follows: for all x € M,

Sa(w) = exp,[(1 — o) exp;  (T(@))].

Then, the condition Fix(T) = Fix(S,) holds from the facts that exp, is bijec-
tive and exp, (0,) = x, where 0, denotes the zero element of T,, M. Moreover,
the discussion in [21, p.553] guarantees that, for all x € C\Fix(T) and all
y € Fix(T),

d(Sa(),y)* < d(z,y)* — a(l = a)d(T(2),2)* < d(z,y)*, (6)

that is, S, is strictly quasinonexpansive.
The following proposition suggests some examples of quasinonexpansive
mappings (the proof is given in Supplementary Material).
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Proposition 2.3 Let M be an m-dimensional Hadamard manifold, C; (j =
1,...,J) be a nonempty, closed convex subset of M, and A > 0. Suppose
that P; := Pc; is the metric projection onto Cj, A: M = TM is monotone,
g: M — R is convex, and P,y is the subgradient projection. Then, the follow-
ing hold:
(1) The metric projection P; is firmly nonexpansive with Fix(P;) = C;;
(ii) Under ﬂ}]=1 C; # 0, the mapping T := P1P,--- Py is nonexpansive with
Fix(T) = N, Ci;
(i) The resolvent Jx of A is firmly nonexpansive with Fix(Jy) = zer(A);
(iv) The Moreau-Yosida regularization RS of g is firmly nonexpansive with
Fix(RY) = argmin, 5y 9(2);
(v) The subgradient projection Py x satisfies that Fix(Py x) = lev<o(g).

Moreover, suppose that M has its sectional curvature lower-bounded by k < 0,
that C has a diameter bounded by D, and that hj: C =R (j=1,2,...,J)is
convez with D(h;) = C. Then, the following also hold:

(vi) The subgradient projection Pp; x with X € (0,2/¢) is strictly quasinonez-
pansive with Fix(Pp; x) = lev<o(h;), where  is a positive number depend-
ing on Kk and D;

(vil) Under ﬂjzl leveg(hj) # 0, the mapping T := Pp, APy -+ Pn, x with

A €(0,2/C) is strictly quasinonexpansive with Fix(T) = ﬂ}]:1 lev<q(h;).

3 Stochastic Optimization over Fixed Point Set on Riemannian
Manifold

This paper considers the following problem.

Problem 1 Let M* (i € Z :={1,2,...,I}) be an m'-dimensional Hadamard
manifold with sectional curvature lower-bounded by k' < 0 and distance func-
tion d* and M be the Cartesian product of the M’s, i.e., M := M! x M? x
- x M!. Assume that

(A1) T*: M* — M? (i € Z) is quasinonexpansive with Fix(T*) # 0 (i € Z), and
X = Fix(T") x Fix(T?) x - - x Fix(T);

(A2) A function f: M — R is defined for all z € M by f(z) := E[F(x,&)], where
F(-,§): M — R and ¢ is a random vector whose probability distribution
P is supported on a set = C RM.

Then, we would like to find a point z, in X, defined by
X, = {o € X: (e 1), 8(e2),, 20 (r€ X)),

where g(z) = (g°(2))iez denotes the (sub)gradient of f.

The relationship between Problem 1 and the problem of minimizing f over
X is expressed by the following proposition.
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Proposition 3.1 Suppose that Assumptions (A1) and (A2) hold.
(i) If f+ M — R is smooth, then

X, D argmin f(x) := {x* € X: f(zy) = fo := inf f(:v)},

zeX zeX
(ii) If f: M — R is convez, then

X, = argmin f(z).
zeX

Proposition 2.1(i) and Proposition 3.1 in [23] imply Proposition 3.1(i),
which in turn implies that Problem 1 when f is smooth and nonconvex is a
stationary point problem associated with the nonconvex optimization problem
to minimize f over X. Meanwhile, when f is nonsmooth and convex, from
the definition of the subdifferential vector field 0f, we can prove Proposition
3.1(ii), i.e., that Problem 1 coincides with the nonconvex optimization problem
to minimize f over X.

Proposition 2.3(i) and (ii) suggest the following example of Problem 1.

Ezample 1 (Optimization over the intersection of conver sets) Let C’; (1 €
Z,j € J":=1{1,2,...,J%) be a nonempty, closed convex subset of M* with
Njesi C]’: # () and P]? (j € J% be the metric projection onto C’; Then,
Problem 1 with a mapping 7% := P{Pj--- P}, (i € Z) is to find a point z, in
X, with

X = ﬂC}x ﬂC’fx-~->< ﬂCJI

JET? jeT? jeIJ!

Let us compare the convex optimization problem considered in [5, Section
4] with Example 1. Example 1 when J* =1 (i € Z) and f is a convex function
coincides with the problem in [5, Section 4] that is to

minimize f(z) subject to x € C* x C% x --- x C', (7)

where C? := Ci (i € I) is simple in the sense that P’ := P} can be easily
computed. Meanwhile, Example 1 has three stages as follows: The first stage
is to find points of M. The second stage is to find points of complicated sets
Njeri C? (i € T), which are each the intersection of many convex sets. The
problem in the second stage is called a convex feasibility problem [1], [4, p.99],
[6,36]. The third stage is to minimize a function over the second stage. Hence,
Problem 1 includes optimization problems with complicated constraints, as
seen in Example 1.
From Proposition 2.3(iii) and (iv), we also have the following.

Ezample 2 (Optimization over the zero point sets) Let At MY =3 TMZ: (i€I)
be a monotone set-valued vector field with zer(A*) # @ and J!,: M* — M"*
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(i € I) be the resolvent of A? with X' > 0. Then, Problem 1 with a mapping
T :=J}; (i € Z) is to find a point z, in X, with

X = zer (Al) X zer (AQ) X -« X Zer (AI).

In the case where A’ := dg* (i € T), where g*: M — R is convex, the problem
is to find a point in X, with

X = argmin g*(z!) x argmin g?(2?) x - -- x argmin g’ (z1).
zleM? z2eM? zleM!

References [11] and [22] presented proximal point algorithms which use the
resolvents of a monotone vector field A for finding a zero of A,

x* € zer(A).

Thanks to the results in [11] and [22] for the resolvents and Moreau-Yosida
regularizations, Problem 1 includes Example 2 that is to minimize not only
convex functions g° (using the resolvents of dg*) but also a function f over the
sets of minimizers of the g's.

Proposition 2.3 (v)—(vii) suggest the following example:

Example 3 (Optimization over the sublevel sets of convex functions) Let C!
be a nonempty, closed convex subset of M? which has a diameter bounded by
D' and gi: C* - R (i € Z,j € J') be a convex function with D(g}) = C"
(j € J% and Njes: lev<o(gs) # 0. Then, Problem 1 with a mapping 7" :=
Pyi xiPyi xi- Pgéi)\i (1 € Z) is to find a point z, in X, with

X = ﬂ leV<0 gj ﬂ lev<g g] S X ﬂ lev<g (gj{),
jeJ?t JjET? jeJg!

where X € (0,2/¢%) and ¢ := /|x?|D?/tanh(;/|x{|D?) (i € T).

References [6] and [36] proposed Riemannian subgradient algorithms for
finding a point 2* in the intersection of sublevel sets of convex functions g;
(j =1,2,...,J) defined on a Riemannian manifold, i.e.,

J

¥ e ﬂ lev<o (9;) -
j=1

Algorithm 3.1 in [36] converges linearly to =* without assuming that the do-
main of g; has a bounded diameter. Meanwhile, under the assumption that
the domain of g; has a bounded diameter, Example 3 enables us to consider
the three-stage Riemannian optimization problem such that the first stage is
to find points in M, the second stage is to find points in sublevel sets of convex
functions, and the third stage is to minimize a function over the second stage.

This section ends with a statement of the conditions for being able to solve
Problem 1 (see, e.g., [25, (A1), (A2), (2.5)]).
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(C1) There is an independent and identically distributed sample &, &1, ... of
realizations of the random vector &;

(C2) There is an oracle which, for a given input point (z,£) € M x = returns
a stochastic (sub)gradient G(z,¢) = (G'(z,€));ez such that

g(z) = (g (2))icr = E[G(z, &) {6 Of(x) (f is nonsmooth and convex),

= gradf(z) (f is smooth and nonconvex);

(C3) For all i € Z, there exists a positive number B? such that, for all z € M,
E[||Gi(z,€)[2] < B™.

4 Riemannian Stochastic Fixed Point Optimization Algorithm

Let i € Z. Given a quasinonexpansive mapping 7*: M* — M" in Problem 1
and o' € (0,1), we define S?,: M* — M"* for all * € M* by

Sta(a®) = expls [ (1 - o) (expls) ™ (T(2))] (8)

The discussion in Subsection 2.3 (see (6)) ensures that S’, is strictly quasi-
nonexpansive with Fix(T*) = Fix(S!,). Moreover, we define
o= PISE ©

where P? is the metric projection onto a nonempty, closed convex set C? sat-
isfying

C' D Fix (8:) = Fix (T7). (10)

Algorithm 1 is the proposed algorithm for solving Problem 1. The tangent
vectors m,, and 7, generated by steps 3 and 4 in Algorithm 1 are based on
so-called momentum terms [13, Subchapter 8.3.2]. Step 8 in Algorithm 1 is

expressed as
. . . Oy o
Ty = Qi [exp;,- (—Amﬁl)] ,
s\ a=pron;

which implies that Algorithm 1 adapts the step-size ay,/((1 — A7F1)hi) for
each i € 7 and each n € N. Hence, we can see that Algorithm 1 is based on
so-called adaptive learning rate optimization algorithms, such as AdaGrad [10],
Adam [18], and AMSGrad [27] defined on Euclidean space and RAMSGrad [5]
defined on a Riemannian manifold. Examples of h!, are included in Examples
4 and 5.

The following conditions are assumed to analyze Algorithm 1.

Assumption 4.1 The sequence (Hp)nen := ((h)iez)nen and a nonempty,
closed convex set C* D Fix(T") in Algorithm 1 satisfy the following conditions:
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Algorithm 1 Riemannian stochastic fixed point optimization algorithm
ReqUire: (O‘TL)HGN - (07 1)7 (ai)iEI C (07 1)_7 (ﬁn)neN C [07 1)7 B € [07 1)
Ln«0,meM, 7 1=m1€TpM, (h))sezx CRL,

2: loop

3: Mmn = ﬁnTn—l + (1 - ﬁn)G(xnagn)

R -1

4: My 1= (1 — 6"‘H) Mn
5. (hh)iez CRE,
6: fori=1,2,...,1do
7: di, = fm.%

h7,
8: Ty = Qs [exp;zL (andﬁl)]
0 Tl . (m)
10: n<n+1
11:  end for
12: end loop

A3) For alli € Z, C* has a diameter bounded by D*;
A4) For alln € N and all i € Z, almost surely hi,; > hi;
Ab) For all i € I, there exists a positive number B such that, for all n € N,

Efhi] < B'.

Assumption (A3) will be needed to analyze Algorithm 1 since the previ-
ously reported results were analyzed under Assumption (A3) (see, e.g., [25,
p.1574] and [27, p.2] for convex stochastic optimization on Euclidean space,
and see, e.g., [5, Section 4], [24, Subsection 3.2], and [38, Subsection 3.2] for
convex stochastic optimization on a Riemannian manifold). For example, let
us consider the Poincaré model of a hyperbolic space defined by a mani-
fold D™ := {2 € R™: ||2!|| < 1} equipped with the Riemannian metric
pei = (1/(1 — ||2%]|?)?)pE, where || - || is the Euclidean norm, z* € D™,
and pfi is the Euclidean metric tensor (the Poincaré embedding has been
used for natural language processing [5, Section 5], [29, Section 4]). In [29,
Section 4], C* := {2 € D™": ||z°| < 1 — 107"}, which has a bounded di-
ameter, was used to evaluate the performance of RAMSGrad for natural lan-
guage processing. In the case of Example 1, Assumption (A3) is satisfied when
at least one of C; (j € J%) has a bounded diameter. In Example 3, since
Fix(T?) = Njesilev<o (95) € C" and C* has a bounded diameter, Assumption
(A3) is satisfied. Assumption (A3) implies that, for all i € Z,

D :=sup {di (xi, yi) : (xi)iez, (yi)iez € X} < 400, (11)

where d*: M* x M? — R, is the distance function of M?.

Under Assumption (A3), we provide some examples of (H,,),en satisfying
Assumptions (A4) and (A5). The following examples are based on adaptive
learning rate optimization algorithms, such as Adam [18] and AMSGrad [27],
defined on Euclidean space.
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Ezample 4 (H,, based on Adam [18]) Let us define h, and v¢, for all i € Z and
all n € N by

vl =pul  +(1-p HGl xn,fn)“ﬂ7
ol = %, 0% := max {@;7176;} , (12)

h; = \/@7

where v' |, 9%, € Ry and 8 € [0,1). From (12) H,, satisfies Assumption (A4).
Moreover, (8), (9), and (10) mean that (x%),eny C C? which, together with
Assumption (A3), implies that (|[G*(xn,&n)|lsi Jnen is almost surely bounded
[14, Lemma 3.3]. For all i € Z, we define

U’ := max {vil,sup{HGi(xn,gnﬂ i:} in € N}} < +00.

Induction, together with the definitions of v, o, and 3 € [0,1), implies that,
for all n € N, v}, < U® and v}, < U'/(1 — B). Accordingly, induction ensures

that
) U:
Bl < %“{ L)

which implies that Assumption (A5) holds.

Ezample 5 (H,, based on AMSGrad [5,27]) Let us define hi, and v} for all
i €7 and all n € N by

Ufz _an 1+ 1_ ||G ﬂfn,§n)|$, ,
oL fmax{vn 1,0 n} (13)
h; = /UL,

where v* 1,9, € Ry and 8 € [0,1). The same discussion as in Example 4
ensures that hi defined by (13) satisfies Assumptions (A4) and (A5), i.e

E [h}] < y/max {0 ,,U’}.

5 Convergence analyses of Algorithm 1
5.1 Nonsmooth convex optimization
This subsection considers Problem 1 when f is nonsmooth and convex. The

following is a convergence analysis of Algorithm 1 with constant step-sizes (the
proof of the following theorem is given in Supplementary Material).
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Theorem 1 Suppose that Assumptions (A1)-(A5) and Conditions (C1)-(C3)
hold. Then, Algorithm 1 with o, := « and B, := B satisfies that, for alli € T,

...A2
L .2 B
limsupE |d® (v}, 2!)" | < ————a?, 14
o |4 1, ,)°) (1 - B)2(hj) "
~L .~ .2
S ’ 1 2B*D* ‘B
hminfE[d' (Tl(y;),y;)ﬂ < = —a + ¢ —a” 5, (15)
oo at ((I=phy (1 =p)*(hp)?
and
<2 R
o7 (!B (hi) ™! 7 B'D"
HminfE [f(z,) — f*] < Licz$ ( O)A o+ 2icz N (16)
e 2(1-p8)(1-5) (1-58)1-5)
where &; := a'(1—a') and Bi’ = max{||7_1 ii,Biz}. Moreover, for alli € T
0
and alln > 1,
1<~ . . . .2 D1 2BD ¢iBiT
E* dsz z,z SA**‘F A_Oé‘i’ —a“, 17
w24 (T, 03) ] an ey (17)

where Hf) =(1- B)hé. Let us define T,, for allm > 1 by

1
Ty 1= expz, (n exp;jl(ﬂcn)> s (18)

where Tg := xg. Then, for alln >1,

Tn) — Mi Zz‘ezfié’a(hé)*l ZieIBiDi
R e T A1 -A1-4) | 1P

(19)
If (A1) T*: M* — M* (i € T) is nonexzpansive with Fix(T%) # 0, then

. L ~ 2 )

1 p . N2 2D 1 4B*D? 2B ¢t 4 9

E |- d* (T*(x3,), x5 < — 4+ a+ — -— 4+ —— > a”.
S (1(ed). ) (& 5]

"= &t nadhy (h)?

(20)

The following is a convergence analysis of Algorithm 1 with diminishing
step-sizes (the proof of the theorem is given in Supplementary Material).

Theorem 2 Suppose that Assumptions (A1)-(A5) and Conditions (C1)-(C3)
hold and assume that (cu, )nen is monotone decreasing and (apn)nen and (Bn)nen
satisfy that

+oo +oo +oo
Z an = 400, Z o? < 400, and Zanﬁn < 4o00. (21)
n=0

n=0 n=0
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Then, Algorithm 1 satisfies that, for alli € T,

lim E [dl (i, 2h) } =0, liminfE [di (Tl(y;),y;)z} =0, (22)

n—-+oo n—-+4oo

and

Hminf E [f(x,) — f+] <0

n—-+o0o

Suppose that Assumptions (A1)-(A5) and Conditions (C1)-(C3) hold and as-
sume that (a, (1 — Bpn))nen and (Bn)nen are monotone decreasing and satisfy
the following:

n—-+oo nan n—+oco n n—+oco n

1 1<
lim — lim Z ap =0, and lim — Z Br = 0. (23)
1

Then, Algorithm 1 satisfies that

ngxfooﬂ«:l ZZdl (T*(ys), yi) 1 0 (24)

k=11

and

lim Sup]E [f(jn) - f*] < 0 (25)

n——+oo

with the rate of convergence expressed as follows:
: 1 | D" 2B'D
[ Zdz Tz z z ] < = { + —
a’ n h%
1 Y B 1
E|=Y d(y =) ] <——— oz,
[@ (RS

and

S|
[
Ea
|
0> .
== @
N N
S|
[
TN
N—_——

i 7yi2 2
Yier B'DT 1 +Zz€I<B 112 a

B = 1) S5y van T 20 BT )

Yier BD1$
+ E )
1-5 g

where Ty, is defined by (18). Under Assumption (A1)’, we have

E %Zdi (Tz(xﬁc),az:}c)2
k=1

2 D' 4B%DZ Z 2Bz‘ ¢ 4 1 ol
< ~ - - ~_ _ - .
A o { +(15)2}” o

oﬂhz
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Theorem 2 yields the following corollary.

Corollary 1 Suppose that Assumptions (A1)-(A5) and Conditions (C1)-(C3)
hold. Then, Algorithm 1 with o, = 1/n" (n € (1/2,1],n > 1) and (Bn)nen
such that 312 a8, < 400! satisfies that, for all i € T, E[d*(y},z%)?] =
O(n=21),

liminf E [di (Tl(yﬁl),y;)ﬂ =0, and liminf E [f(z,) — f.] <O0. (26)

n—-+oo n—-+oo

Moreover, Algorithm 1 with oy, := 1/n" (€ [1/2,1)) and (Bn)nen such that

:2 , < +oo? satisfies that, for alln > 1,

E [:l izdi (Ti(y?;),y;i)zl =0 <nln>

k=1i€l

and

Bl - £1<0 (). (27)

where T, is defined by (18). Under Assumption (A1)’, we have

LSS (] —o (%),

k=11i€l

E

5.2 Smooth nonconvex optimization

This subsection considers Problem 1 when f is smooth and nonconvex. The
following is a convergence analysis of Algorithm 1 with constant step-sizes (the
proof of the theorem is given in Supplementary Material).

Theorem 3 Suppose that Assumptions (A1)-(A5) and Conditions (C1)-(C3)
hold. Then, Algorithm 1 with o, := « and B, := B satisfies that, for alli € T,
(14) and (15) hold, and

.~ .2 ~ . .
iz $'B! o Yicz B'D"

; B,
2vhg gl

(28)

limsup E [<exp;n1 (z), gradf(xn)>$n} >

n—-+4oo

1 The step-sizes Bp, := A™ and a, = 1/n" (n > 1,\ € (0,1),n € (1/2,1]) satisfy
S an = +oo, 5 a2 < +oo, and T2 anfn < +oo.

2 The step-sizes Bn := 1/2" and an, := 1/n" (n > 1,1 € [1/2,1)) are used to implement
adaptive learning rate optimization algorithms, such as Adam [18], AMSGrad [27], and
RAMSGrad [5]. These step-sizes satisfy 3> 8n = 1 and (an(l — Bn))nen is monotone
decreasing.
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where v :== (1 — B)(1 — B). Moreover, for all i € T and all n. > 1, (17) holds
and
1 n
E L3 (exps) (o), amad (o),
A )
> ez B'D” 1 Yier B (hp)” a— Dier BlDzﬁ
T 20-p51) an 201 -B)(1-p) 1—p

Under Assumption (A1)’, (20) holds.

The following is a convergence analysis of Algorithm 1 with diminishing
step-sizes (the proof of the theorem is given in Supplementary Material).

Theorem 4 Suppose that Assumptions (A1)-(A5) and Conditions (C1)-(C3)
hold and assume that (c, )nen 18 monotone decreasing and (o, )nen and (Bpn)nen
satisfy (21). Then, Algorithm 1 satisfies that, for all i € T, (22) holds and

limsup E [<exp;:(x),gradf(xn)>m ] > 0.
n——+oo "

Suppose that Assumptions (A1)-(A5) and Conditions (C1)—(C3) hold and as-

sume that (a, (1 — Bn))nen and (Bn)nen are monotone decreasing and satisfy

(23). Then, Algorithm 1 satisfies that (24) holds and

liminf E

n——+oo

1 n

,Z expwlc x), gradf(xk» ] >0
n

with

Z expxk gradf(xk)>
k:

i i ) n ey n
dier B'D? 1 > ez ¢'BY(hg) ! 1 Z ZlGIB D
~D - Z K

> — =
T 200=51) now 2(1-B)(1-py) 7

and the same convergence rate of d*(T*(y.),yi) and d*(T*(z%), x%) (under As-
sumption (A1)’) as in Theorem 2.

A discussion similar to the one for obtaining Corollary 1 implies that Algo-
rithm 1 with a,, := 1/n" (n € [1/2,1)) and (B,)nen such that 327° 8, < +oo
satisfies that, under Assumption (A1),

LSS e ]~ 0 (L)

k=14i€l

and

S|

[ kZ:l expmk gradf(xk» >0 (nll—n) .
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6 Numerical Comparisons
6.1 Preliminaries

The m-dimensional Poincaré disk model of hyperbolic space is defined by
D" :={z e R™: |z|]| < 1},

where || - || denotes the Euclidean norm of R™. Let us also define M :=

D" x D" x - x D™ Let j € J' = {1,2,...,J'} (i € T :={1,2,...,1}).

I
We define a closed ball with center c; € D™ and radius ré > 0in D™ by

Bl =[x e D™ d(ca) <ri}, (30)

where d: D™ x D™ — R denotes the distance function of D™. Then, the metric
projection onto the closed convex set B;- can be expressed as follows:

e '(exp%)’l(x)

ct
J

if z ¢ BY,

T ifxe B;
We used the nonexpansive mapping T%: D™ — D™ (i € Z) defined by
T":= PjP;--- P, (31)

and the smooth, nonconvex function f: M — R defined for all x € M by

I
1 T , ,
_ 4 ()T 29 T .
f(z) = Ii; {e” 4 (2" xj}, where j := (i mod I) + 1.

=F(x,i)
We implemented the following algorithms, all with o/ := 0.5:

— Algorithm 1 with constant step-sizes

CSD: Algorithm 1 with h? defined by Stochastic Gradient Descent [7]
(ie., hi :=1), ay, := 1072, and B, = :=0

CAG: Algorithm 1 with h% defined by AdaGrad [10], o, := 1072, and
Bn=p8:=0

CAM1: Algorithm 1 with h defined by AMSGrad (13), o, = 1072,
B, =0.9, 3:=0, and 3 := 0.999

CAM2: Algorithm 1 with h? defined by AMSGrad (13), a,
B, =10"3, 3:=0, and 3 := 0.999

CAD1: Algorithm 1 with hi defined by Adam (12), v, := 1072, 3,, = 0.9,
B:=0.9, and B :=0.999 (3 := 0.9 and 3 := 0.999 were used in [18,27])

CAD2: Algorithm 1 with h? defined by Adam (12), o, := 1072, B, =
1073, 3:= 0.9, and 3 := 0.999

1072,
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— Algorithm 1 with diminishing step-sizes
DSD: Algorithm 1 with h?, defined by Stochastic Gradient Descent [7]

(ie., hi :==1), a, :=1071/y/n, and B, = 3 :=0

DAG: Algorithm 1 with h?, defined by AdaGrad [10], o, := 1071/\/n,
and 3, = B =0

DAMI1: Algorithm 1 with hi defined by AMSGrad (13), o, := 1071/y/n,
B, =0.5", 3:=0, and 3 := 0.999

DAM2: Algorithm 1 with hi defined by AMSGrad (13), a,, := 1071/y/n,
B, =0.9", :=0, and 3 := 0.999

DAD1: Algorithm 1 with h? defined by Adam (12), oy, := 1071 /\/n,
B, = 0.5", 3:=0.9, and 3 := 0.999

DAD2: Algorithm 1 with h? defined by Adam (12), oy, := 1071/\/n,
By =0.9", f:=0.9, and § := 0.999

The difference between CAM1 (resp. CAD1) and CAM2 (resp. CAD2) is the
setting of f,. The step-size 5, = 0.9 in CAM1 (resp. CADI) is based on
previously reported results (see, e.g., [5, Section 5]), while the step-size 3, =
10~3 is based on Theorem 3 indicating that a small step-size approximates
a solution to Problem 1. The algorithms with diminishing step-sizes all used
a, := 107!/y/n, which is based on previously reported results (see, e.g., [5,
Theorems 1 and 2]).

Ten samplings, each starting from a different randomly chosen initial point
xo(s) € M (s =1,2,...,10), were performed, and the results were averaged.
The following two performance measures were used: for each n € N,

|20 JaRL
Dyi= 353 |3 d (@), Ti(ai () and Fy = 15> f(a(s),

s=1 €T

where (2?(s))nen denotes the sequence generated by Algorithm 1 with an
initial point zo(s). If (D, )nen converges to 0, then Algorithm 1 converges to
a fixed point of T%.

The experiments were conducted on a MacBook Air (2017) with a 1.8 GHz
Intel Core i5 CPU, 8 GB 1600 MHz DDR3 memory, and the macOS Mojave
version 10.14.5 operating system. The algorithms were written in Python 3.7.6
with the NumPy 1.19.2 package and the Matplotlib 3.1.2 package.

6.2 Consistent case

We first consider the consistent case such that ﬂjeji B;'- # 0 (m =2,10,100; I =
5;Ji = 5), where ¢} € M and r} > 0 in B} defined by (30) were randomly cho-
sen. A nonexpansive mapping T%: D™ — D™ (i € T) defined by (31) satisfies
Fix(T?) = Njesi B! (see also Proposition 2.3(ii) and Example 1).

Tables 1 and 2 show the average elapsed time (s) for the algorithms used
in the experiment for n = 500 when m = 2, n = 1000 when m = 10, and
n = 1500 when m = 100. The results in these tables indicate that the elapsed
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times of the algorithms with constant step-sizes varied little from the elapsed
times of the algorithms with diminishing step-sizes and that, for a fixed m, all
of the algorithms ran at about the same speed.

Table 1 Average time for the algorithms with constant step-sizes applied to consistent case

CSD CAG CAM1 CAM?2 CAD1 CAD2
m =2 7.728 7.782 8.128 8.115 7.892 7.878
m = 10 16.219  16.381 16.974 16.534 16.546 17.077
m = 100 23.683  23.788 23.907 24.347  24.536  24.187

Table 2 Average time for the algorithms with diminishing step-sizes applied to consistent
case

DSD DAG DAM1 DAM?2 DAD1 DAD2
m =2 7.862 7.906 8.382 8.155 7.989 8.364
m = 10 16.216 16.635 16.706 16.440 16.373 16.962
m = 100 23.085  23.799 23.545 23.781 23.761 23.435

Figures 1 and 2 show the behaviors of D,, and F,, for the algorithms with
constant step-sizes, and Figures 3 and 4 show the behaviors of D,, and F;, for
the algorithms with diminishing step-sizes. The results in these figures indicate
that all algorithms except for CSD, DSD, CAG, and DAG performed well.
Although CAG and DAG converged to fixed points of T¢ faster than the other
algorithms, CAG and DAG did not minimize f. This is because CAG and DAG
used B, = 0 (i.e., my, = G(z,&,)), which means that CAG and DAG attached
more weight to converging to a point in X = Fix(T") x Fix(7T?) x - - - x Fix(T¥)
than minimizing f. To verify why CSD and DSD did not converge to a fixed
point of T?, we checked the behaviors of CSD and DSD for ten samplings.
CSD and DSD were sometimes good and sometimes not within ten samplings.
As a result, the mean value D, of />, 7 d(« (s), T?(a7,(s)))? for CSD and
DSD was not minimized.

(aym=2,1=5,J;,=5 (b) m=10,1=5,J;=5 (c) m=100,1=5,J;=5

Fig. 1 D, vs. iteration for Algorithm 1 with constant step-sizes (consistent case)
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Fig. 4 F, vs. iteration for Algorithm 1 with diminishing step-sizes (consistent case)

6.3 Inconsistent case

We next consider the inconsistent case such that [ e B;'- = (), where cz- eM
and 7% > 0 in B} (m = 2,10,100;1 = 5;J" = {1,2}) defined by (30) were
randomly chosen so that [ jeTi Bj- = () was satisfied. Here, we define a gener-
alized convex feasible set (see [9, Section I, Framework 2] and [37, Definition
4.1] for the definition under the Hilbert space setting) as follows:

Clh = {x €Bi:d(z,B3)" = inf d (y,Bé)z} . (32)

yeB]
The generalized convex feasible set plays an important role when the constraint
set composed of the absolute set and the subsidiary set is not feasible. Let Bi
be the absolute constrained set and Bj be the subsidiary constrained set. Then,
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i is feasible (i.e., CY # 0) even when B N B} = (). Moreover, C'! is a subset
of the absolute constrained set B¢ with the elements closest to the subsidiary
constrained set B} in terms of the distance function. Accordingly, it would be
reasonable to replace an inconsistent set with the generalized convex feasible
set. The set C defined by (32) can be expressed as follows:

C = Fix (PlZ (exp [—grad %d hBé)ﬂ)) = Fix (PfPQZ) = Fix (Tl) )

where the first equation comes from [23, Proposition 3.1, Corollaries 3.1 and
3.2, Theorem 3.3] (see also Proposition 3.1), the second equation comes from
grad(1/2)d(z,y)? = —exp; !(y) [11, Proposition 3.3], and the third equation
comes from (31).

Tables 3 and 4 show that the elapsed times of the algorithms with constant
step-sizes differed little from the elapsed times of the algorithms with dimin-
ishing step-sizes and that, for a fixed m, all of the algorithms ran at about the
same speed.

Table 3 Average time for the algorithms with constant step-sizes applied to inconsistent
case

CSD CAG CAM1 CAM2 CAD1 CAD2
m =2 3.906 3.878 4.010 4.014 3.940 3.933
m = 10 8.649 8.675 8.822 9.066 8.727 8.691
m = 100 13.727  13.831 14.303 14.021 14.003 14.061

Table 4 Average time for the algorithms with diminishing step-sizes applied to inconsistent
case

DSD DAG DAM1 DAM2 DAD1 DAD2
m =2 3.883 3.880 4.013 4.075 4.010 3.946
m = 10 8.783 8.739 9.043 9.105 8.912 8.910
m = 100 13.571 13.908 13.971 13.983 13.956  13.970

Figures 5 and 6 show the behaviors of D,, and F,, for the algorithms with
constant step-sizes, and Figures 7 and 8 show the behaviors of D,, and F,, for
the algorithms with diminishing step-sizes. The results shown in these figures
indicate that all algorithms except for CSD, DSD, CAG, and DAG performed
well, the same as in the consistent case (previous subsection).We checked the
behaviors of CSD, DSD, CAG, and DAG and found that the reason they did
not perform well was the same as in that case.

7 Conclusion

This paper proposed the Riemannian stochastic fixed point optimization algo-
rithm for stochastic optimization with fixed point constraints of quasinonex-
pansive mappings defined on Riemannian manifolds. It also gave convergence
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i

(a) m=2,I=5,J;=2 (b) m=10,I=5, J; =2 (¢) m=100,1=5,J;=2

Fig. 7 D, vs. iteration for Algorithm 1 with diminishing step-sizes (inconsistent case)

i BN Py o i B 0 n o 100 R T TR T MR T

(a) m=2,I=5,J;=2 (b) m=10,1=5,J;=2 (¢) m=100, =5, J;, =2

Fig. 8 F), vs. iteration for Algorithm 1 with diminishing step-sizes (inconsistent case)
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analyses of the algorithm for both constant and diminishing step-sizes and
both nonsmooth convex and smooth nonconvex optimization. For small con-
stant step-sizes, the analyses showed that the algorithm can approximate a
solution to the problem. For diminishing step-sizes, the analyses suggested
the general rate of convergence of the algorithm. Finally, the optimality and
convergence of the algorithm with each of the formulas based on the adaptive
learning rate optimization algorithms were demonstrated through numerical
comparisons. In the process, the algorithms with formulas based on Adam and
AMSGrad were found to be superior for performing stochastic Riemannian op-
timization with fixed point constraints.
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Supplementary Material
Proofs of Propositions 2.2 and 2.3

Proof (Proof of Proposition 2.2)

(i) This follows from the definitions of firmly nonexpansive, nonexpansive,
and quasinonexpansive mappings.

(ii) We prove that (1) implies (5). The comparison theorem for triangles
(see, e.g., [21, Proposition 2.2]), together with [22, Proposition 5], ensures that,
for all x € C and all y € Fix(T),

d(z, T(2))* + d(T(2),9)* - 2

T~

exp;(lz) (.T), eXp;(lx) (y) >T(:E) S d(l’, y)za

IN

<exp}(1w)(:v),exp}(lz)(y)>T(w) 0,
which implies (5). From (3), (4), and (5), we have that (5) implies (4), and (4)

implies (3). O

Proof (Proof of Proposition 2.3)

(i) This follows from [22, Corollary 1].

(ii) Proposition 2.2(i) and Proposition 2.3(i) imply that P; is nonexpansive.
Accordingly, T := P P5 - - - P; is nonexpansive. Proposition 2.2(ii) also ensures
that P; is strictly quasinonexpansive. Hence, the proofs of [4, Proposition 4.9,
Corollary 4.50] lead to Proposition 2.3(ii).

(iii) This follows from [22, Theorem 4(i)].

(iv) The resolvent of dg coincides with the Moreau-Yosida regularization
of g. Accordingly, Proposition 2.3(iii) implies Proposition 2.3(iv).

(v) From the definition of P, x, we have that lev<(g) C Fix(Py,x). To show
that lev<o(g) D Fix(Py,\), we assume that x € Fix(P, ) and x ¢ lev<o(g).
Then, the definition of u, € dg(z) and the condition = ¢ lev<((g) guarantee
that, for all y € lev<o(g),

(ug,exp, ' (y)), < gly) — g(z) < —g(x) <0,

which implies that u, is not equal to the zero element 0, of T, M. Accordingly,
the definition of P, ) and the condition = € Fix(Py x) mean that

exp, (—)\ 9(@) ) =P, \(z) ==,

T

which implies that

0=d (expm (—/\ 9() ul> ,x) =A 9(z) .
From A > 0 and u, # 0., we have that g(z) = 0, which is a contradiction from
x ¢ lev<o(g). Hence, lev<o(g) D Fix(Py.»).
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(vi) Lemma 5 in [38] and the definition of P x ensure that there exists
¢ = ((x, D) = /|k|D/ tanh(y/|x|D) € Ry such that, for all x € C\lev<o(h;)
and all y € lev<o(h;) = Fix(Py,,») (by Proposition 2.3(v)),
d(Po; A (2),y)? < CA(Poya(2), @) 4+ d(z,y)? + 2 (expy (P, A (2)) >eXp;1(Z/)>m
hj(x)
(7
where (0, #) u;. € Oh;(x), which, together with the definitions of Py, x and
Ujz € Ohj(x), implies that, for A € (0,2/(),

= Cd(Phj,A(x>7 33)2 + d(]}, y)2 + 2\ <uj,m7 eXpw_l(y)>I y

n@)? by’
2 2
||uj793||x HuJﬂ?Hac
hy(x)*
[,
From hj(x) >0, d(Py; A(2),y) < d(z,y), i.e., Py, x is strictly quasinonexpan-
sive.

(vii) Proposition 2.3(vi) and the proofs of [4, Proposition 4.9, Corollary
4.50] lead to Proposition 2.3(vii). O

d(Phj,A(x)ay)2 < d(ac,y)2 + C)‘2

= d(.y)” + MCA - 2)

Proofs of Theorems 1, 2, 3, and 4

The history of the process &g, {1, . .. up to time n is denoted by &, = (0, &1, -+, &n)-
Let E[X || denote the conditional expectation of X given &,,) = (§0,&1,--+,6n)-
Unless stated otherwise, all relations between random variables are supported
to hold almost surely.

We prove the following lemma.

Lemma 1 Suppose that Assumptions (A1)-(A3) and Conditions (C1)-(C2)
hold and consider the sequences (zp)nen, (Mn)nen, and (dp)nen defined by
Algorithm 1. Define vt for all i € T and alln € N by

. . 4 , mt
Yy, = exp;::-l (and;) = exp;% (—an hin> .
n
Then, for alli € T, there exists a positive number (' such that, for all 2* € X'
and alln € N, almost surely

. ) . . 200 . ) -1
di(zl q,2")? < (2, 2") + —————— <m;, (exp;i ) (x’)>
1=, D),

(33)

2
¢'an Hm;" Th i N TR AY
(1-— Bn+1)2 (hi)2 —a'(l1—a')d (T (yn)vyn) .

~ 2
Moreover, under (C3), for all i € I, there exists a positive number B? =

, , ~ 2
ii,B’Q} such that, for alln € N, E[||m} |2, ] < B'".
0 n

max{||7_1
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Proof Lemma 5 in [38], together with Assumption (A3) (see also (11)), guar-
antees that, for all i € Z, there exists ¢* = ((x*, D*) € Ry such that, for all
z* € X* and all n € N,

d'(yh2')? < C'd’ (g 2h)” + d' () 2)? + 20, <m", (expt, ) <x1>> :

7
hi, o

where £’ denotes the lower bound of curvature of M* and ((k?, ¢) := /|x%|c/ tanh(y/|x%|c)
for ¢ € R. From the definitions of y and !, we have that

A 7 . 2

Q0 )2 i _11‘272‘%%;, a Hm%x%

d' (yp,23,)" = ’ (expmi) (Yn) . = e = T (P
(34)

Accordingly, for all i € 7 and all 2 € X?,

d'(y,, =)?

P12

o in2 My, || i 2 _ N1

<oty s oIl o, .<mz,(er<p;i) <z2>>
(1= ey (h)* (1= preh, '

Meanwhile, from Q' := P'S’, (see (9)) and z%,, = Q" ,(y.), Proposition
2.3(i) ensures that

i
a:’!L

d'(ay,11,2")7 < "S5 () )%,

which, together with (6) and (8), implies that
(@l 2')? < Ay, a')? — o (1= o) (T7(yh), )

Therefore, (33) holds.
The definitions of m,, and 7,,, together with the convexity of || -
antee that, for all i € Z and all n € N|

2
7i» guar-

2]

2

J<as]

n

E [,

: . 2 _
T <m2_1>\ m} +(1-B,)E [HGZ(xn,gn)
2

i
x'ﬂ.f

< BuEE [||mi,

J+a-p0B®

Induction thus ensures that, for all € Z and all n € N,

. ~ 2 .
E {Hm; il} < B = max{HT,l ig’, 7312} < +o0. (35)
This completes the proof. a

Lemma 1 also leads to the following lemma, which is used to show the main
theorems.
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Lemma 2 Suppose that Assumptions (A1)-(A5) and Conditions (C1)-(C3)
hold and X, (x) is defined for all x € X and allm € N by

X,(z):=F [Z hi (2, %)

i€

Then, for all x € X and alln € N,

n 2an(1A— ﬂn)]E
]_ _ 6n+1

> D' (W —hy)

i€l

Xoi1(@) < Xo(2) [(exp (). g(a),, |

C~ 2
200, Bn L o? ¢*B?
4 ! BzD1+ nA - ,
PN P

+E

where ' and B are defined as in Lemma 1.

Proof Condition (C1) and z,, = 2y (§[;,—1]) mean that, for all i € Z, all xt e X,
and all n € N,

E

<Gi(aﬂn,§n)> (expi:;)_l (xi)>1i ]

n

~E _]E l<Gi(xn,§n), (eXp;;)_l (Ii)>$i f[n—l]H

AN S
f[nq]} ; (eXpi;;) (332)> ]
i i i\
—& | (g (i) @) .
Since Condition (C2) implies that, for all z € X and all n € N,

(alon)oxpz @), = 3 (g (oty) @)

ieT x,

—E <E [Gi(xn,gn)

we have that, for all z € X and all n € N,

5 (6 ). () <xi>>%] - 60)

i€l

E |(g(xn) exp; (), | =E

n

The Cauchy-Schwarz inequality ensures that, for all x € X and all n € N,

5 (ot o), | <3 [T ]
€T Ty

.,l
€L "

E (expiz)il (ajl)

i
ZTL
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which, together with (11) and Lemma 1, implies that

> (i <exp;;>—1<xi>>x;] <2 B (37

i€l i€L

E

Moreover, from Lemma 1, § € [0,1), and 1/h%, < 1/h} (by Assumption (A4)),

2
caz  mils g%Bv
E Z (1- Bn+1)2 hz, Z (38)

€L €T

Accordingly, Lemma 1, together with (36), (37), and (38), leads to the assertion
in Lemma 2. O

The following is a convergence analysis of Algorithm 1.

Theorem 5 Suppose that Assumptions (A1)-(A5) and Conditions (C1)-(C3)
hold. Then, Algorithm 1 satisfies that, for alli € T and alln > 1,

T, 1 | D 2B%Dl = 411321”
[ Zd T ‘|_0}z{ *Z ap + hl)QnZai},

k=1

E lizdl (ylk,xz)ﬂ < (1— A Zaka
= (39)

where & := o/ (1 — &) and hi := (1 — B)hi. Moreover, if (an(1— By))nen and
(Bn)nen are monotone decreasing, then, for allm > 1,

[Tll > (expy (x )>wk]
k=1

~ . . .~ .2 .
Yier BD? 1 OB T I Y BD1
SS0A) e ARG =t g Z -

(40)

If (A1)’ T': M* — M* (i € T) is nonexpansive with Fix(T*) # (), then, for all
n>1,

E

S (1
k=1

2 DI AB'DI 1 & 2E}i ¢t 4 1 )
<747 - - ~_ _ - .
T A& n nZa {Oﬂ—i_(lﬂ)?}nzak

11
ah 1

Sl
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Proof The Cauchy-Schwarz inequality, together with Lemma 1 and Assump-
tion (A3) (see (11)), ensures that, for all i € Z, all 2° € X?, and all n € N,

e [(mi oy ) | < [

(expl )" (")

Ty

} < B'D’.

i
:L‘TL

Lemma 1, together with 3 € [0,1) and Assumption (A4), guarantees that, for
alli€Z,all 2 € X! and all k > 1,

o (1= a)E [d' (T*(y}), i)

CiBi o? 2B D! N
(1= B)2(hi)2 " (1= Byhi
(42)

E [dl(xz,xl)Q] —F [di(mfﬁ_l,xi)ﬂ +

Accordingly, we have that, for all i € Z and all n > 1,

n

=1

Okl

&'E

where &' := a’(1 — ') and (11) implies that E [dz(xll, z?) ] < D*. From (34),
forallieZ and all n > 1,

n ~.2 n
. . . Bz
E E d* yz,xzz SAi,E ozz,
ot i ’“>] (1-Dehy2 = "

which implies that (39) holds. Lemma 1, together with the definition of m?
implies that, for all i € Z, all ' € X?, and all n € N,

~G' (20, £n), (expl, - ()
(-t (o) >

(1 _ Bn-&-l) -
< n d’L Z d’L i 7,
H (z7)
Bn /. N Cian I 17,
¥ o (ely) @) b N,
1= By < ool ) ) s 20=prthH(1—-B,)  hy
Bj, (x%) A (@)

which, together with (36), implies that, for all z, € X, and all n > 1,

n

% > (expyl (), 8(x1)),

k=1

=5 [z S Hi ()

k=11i€T

E

Le |3 S B

k=1i€T

1g SN A};(mi)] .
k=11

(43)
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The definition of H{ (z%) (i € Z,n € N) and (11) guarantee that, for all i € Z,
all z, € X,,and alln > 1,

> Hi(a))
=

% i2 (1— B 1)h; (1 6h;_, Qo0 02
< 2041(1 - /61 D Z{ 2ak 1— Ek) 26%—1(1 _ /Bk—l) d (.’Ek,x*) .

Since 3 € [0,1) and Assumption (A4) hold and (ay, (1 — B8,))nen is monotone
decreasing, we have that, for all k£ > 2,

(L= pMhg (= B9h
200(1 = Bk)  200-1(1 = Br—1) —
Accordingly, for all ¢ € Z and all z, € X,,

B [zﬂaxw]
e
(1=FHhi o[- BMDRE (1= 8k, 2
<El2&1(1—51 b Z{ 200,(1 — Br) 2ak—1(1—/3k—1)}D ]

(1= Bk,
20, (1 = ) D

BiD?
S
2(]. — ﬂl)an

;2

(44)

where the second inequality comes from 3 € [0,1), Assumption (A5), and
Bn < B1 (n > 1). The Cauchy-Schwarz inequality ensures that, for all z, € X,
and all n > 1,

E [zn:ZB;;(a:’

k=11i€Zl

ﬁk ; N1
B\ Ll et )] |-
Ty,
i€ k=1 k

which, together with (11), Lemma 1, and 8, < 81 (n > 1), implies that

E En: S Bl < 16:’ G Enj B (45)
k=11i€Z

Moreover, from Lemma 1, 3 € [0,1), Assumption (A4), and 8, < 5 (n > 1),

2
- - C Qy ) xt

E Al (] -
;lezl_ k(x*) ZZ ﬂk+1 ﬂk) h;c

k= 1z€I

(46)

n

S
=30 T Za"

zeI
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Hence, (43), (44), (45), and (46) lead to (40).
Suppose that Assumption (A1)’ holds. Since the triangle inequality implies
that, for all i € Z and all n € N,

A" (T"(a7,), 2,) < ' (T (), T (y)) + A" (T () ) + " (v, 27)
Assumption (A1)’ ensures that
A" (T"(a7,), 27,) < d' (T () y) +2d° (g2
which implies that, for all ¢ € 7 and all n € N,
i (i )2 i (i, iy i) i(yi 0\
d" (T (), 2,) " < 2d" (T (y,) ) + 84"y, 27,) " (47)
(39) and (47) thus lead to (41), which completes the proof. O

Proof (Proof of Theorem 1) Let i € T be fixed arbitrarily. From (34) and
Lemma 1, together with Assumption (A4) and «,, := a (n € N), (14) holds.
If (15) does not hold, then there exists § > 0 such that

_ <2
2B'D? 'B?
—a+ CA — o
(1=p5)hy (1 =5)%(ho)?
The definition of the limit inferior of (E[d*(T*(y%),¥’,)?])nen ensures that there
exists ng € N such that, for all n > ny,

ai(1— ') liminf E {di (T"(y7,), y%ﬂ >

n—-+oo

ai(1 - a')liminf E [di (Ti(y;),y;)z} - %5 <ai(l—a))E {di (Ti(y%),yib)ﬂ ,

n—-+o0o
which implies that, for all n > ng,
i i i (i, )2 2B D" ('Bi
o'(1 - a)E [d (T'(h),0s)°] > 5 —a+ ——
(1=p5)hy (1 —=p)*(hg)
From (42) with oy, := a and B, := 0 (n € N),

E[d'(z}1,2')?] < E[d'(a},2)?] - a'(1 - a))E [d (T(s}), )]

~ 2

2B'D' (‘B )
+ —Q+ = —aQ”,
(1=p)hy (1 —=5)%(h)?
which implies that, for all n > ng,
L -2
. ) . . . . 2BZDZ ’LBZ 1
E [d' (2} 1,2")%] < E[d'(z},2")?] — —a + CA —a?+ =6
(1=p5hy  (1=75)%(hg)? 2

2R3 Dl CiéiQ )
+ —Q + = —Q
(I-p)hy  (1—p5)2(hp)?
=E [d'(z},2")%] — %5

<E[d"(2},,2")%] - %5(71 +1—no).

no’
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Since the right-hand side of the above inequality approaches minus infinity
when n diverges, we have a contradiction. Hence, (15) holds.

Assumptions (A4) and (A5) and the conditions, lim, ;. 3"T' = 0 and
Xhi= Xo(2e) < Xier B'D' < 400 (2, € X,) (by Assumptions (A3) and
(A5)), guarantee that, for all e > 0, there exists n; € N such that, for all
n € N, n > ny implies that

E + A (X — XE) < a(l - e (48)

> D' (W, —hi)

i€l

Let us show that, for all € > 0,

L~ 2 . ~ . .
L. ZiezczBi (hi)~! ZieI‘BlDZ 3
liminf E n) — [+ < = + —B+ —e. (49
R e = M s S T sy as panp” T2 W

If (49) does not hold, then there exists ¢y > 0 such that

. ~.2 . ~ . .
. Y ier ¢'BY (hg) ™! > iz B'D' 3
liminf E n) — [« - + — B+ —€p.
M) = L S s T s p) T2

From the definition of the limit inferior of (E[f(x,) — fi])nen, there exists
ns € N such that, for all n > no,

liminf B [f(z,) — fi] — 1eo SE[f(zn) — fi]-

n—-4o0o 2

Hence, we have that, for all n > ns,

Tp) — Ziezgiéﬁ(hé)_la Yier B'D’ €
B T T R TR TR K

The convexity of f implies that, for all n € N,

E [ (expr (e.),8(@a)),, | < fo = f(n). (50)

Since Lemma 2, together with a,, := «, 8, := 8 (n € N), (48), and (50),
ensures that, for all n > nq,

Xr 1 < Xh+a(l—pB)e—20(1 = BE[f(xn) — ful + 20‘@ Z BiDi
T Miez

.~ 2
(B
+ > o

052
1-p i€l
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we find that, for all n > ng := max{ny, na},

.~ 2
2 . X 2 zBi
X;+1<X;+a(1—ﬁ)eo+LﬂAZBlDz+ G
= = hj
.~ .2 . ~ . .
) zBi hz —1 ) BzDz
7204(1 76) ZZEZC ( O)A o+ Z’LEI _ ﬂ+60

2(1-p)(1-7) (1=p01-5)
=X} —a(l - Be
<X, —a(l—pBle(n+1-n3),
which is a contradiction. Hence, (49) holds for all € > 0. This implies that (16)
holds. Obviously, (17) holds from (39) with a, := a and 8, :== 8 (n € N).

The conditions «, := «a and S, := 8 (n € N) satisfy that (a,(1 — 8n))nen
and (B, )nen are monotone decreasing. Since f is convex, induction shows that

NS S
F@n) < =3 faw). (51)

k=1
Therefore, (40) in Theorem 5 leads to (19). If Assumption (A1)’ holds, then
Theorem 5 leads to (20). O

Proof (Proof of Theorem 2) From (34) and Lemma 1, together with As-

sumption (A4) and lim,_, 4. a, = 0 (by :i% a? < +00), we have that

lim,, s oo E[d* (5, 2%)?] = 0. Define Y,! for all z € X, all i € Z, and all n € N
by
Yi(z) == a,BE [d(z},2)?] .

n

Inequality (42) then ensures that, for all z € X, all i € Z, and all k € N,

o' (1= a')oxEE [d (T (4}), )|
Czéz 3 ZBiDi )
(1= B)2(hj)?

which, together with a,11 < a;, (n € N), implies that
i i i (i )2
o (1= a')oxE [d (T (5}), )]
GBS, 2BD
=~ - Oék = - Oék.
(1= p5)*(hg)? (1= B)hy

Summing the above inequality from k& = 0 to k = n means that, for all z € X,
alli € Z, and all n € N,

< Ykl(x) —oylE [di(xiﬂ,xi)ﬂ +

<Yi(z) =Y, (2) +

i N TN AT, i ('Bi : 2B'D'
& ;)OMJE [d (T*(yi)s vk) } SYo(f)erzaierzai,

k=0
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where &' := a'(1 — ). Since (ay)nen C (0, 1) satisfies : a2 < 400, we

have that, for all z € X and all i € 7,

+o0
Sk [d (T (2), )] < +oo. (52)
n=0

We prove that, for all 1 € Z,

lim inf E [dl (T (y?), y%) } <0. (53)

n——+0o
Assume that (53) does not hold. Then, there exist ¢ € Z, v > 0, and mg € N
such that, for all n > my,

E {d" (Ti(yi),yﬁ;)g] >,

which, together with Z:i% ay, = 400 and (52), implies that

+o00 = 7Zan§ Zan [dl T (yl), yn)]<+oo.

n=mao n=mao

This is a contradiction. Hence, we have (53), which implies that, for all i € Z,
lim inf,, 4 oo E[dY(T% (%), y%)?] = 0. Lemma 2 with (50) guarantees that, for
all k € N,

2, * i (pi i
—— —E[f(ze) - f] < X{ - X{ 1 +E ZD (hjs1 — i)
1—phtt i€z
2 ZB’
n akﬁk (Z BzDz + F) Z C
L- ﬂ i€l 1€L
where X := X, (2*) and F := sup{|E[f(z,) — fi]|: n € N} is finite from

Assumptions (A2) and (A3). Summing the above inequality from k& = 0 to
k = n implies that

n

n o Bl
2201 BV IS X5+ D DB ZC 1;02

€L €T

(Z B'D'+ F) > b,

€L

where sup{E[h’,]: n € N} < B’ holds from Assumption (A5). From %% o, 3, <
+00 and Y72 a2 < +oo, we have that

—+o0

S E[f(e) - fi] < +oc.

k
k:Ol_ﬁ i
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We also have that 3% oy /(1 — 7)) > 3212 a) = +oo. Accordingly, a
discussion similar to the one for proving (53) leads to the finding that

lminf E [f(xr) — fi] < 0.

n—+o00 -

Theorem 5, together with (51) and (23), leads to (24) and (25) with rate
of convergence (39), (40), and (41). This completes the proof. O

Proof (Proofs of Theorems 3 and 4) A discussion similar to the one for showing
Theorem 1 (resp. Theorem 2) with g := gradf leads to Theorem 3 (resp.
Theorem 4). O

Proof of Corollary 1

Proof The step-sizes oy, := 1/n" (n € (1/2,1],n > 1) and (B,)nen such that
2 4B, < +oo satisfy (21). Hence, Theorem 2 leads to (26).
Let a,, := 1/n" (n € [1/2,1),n > 1) and (B,)nen such that 31 8, <
+00. We have that

. 1 . 1
lim — = lim —
n—-+00 NQy, n—-+oo nt—"1

1 & 1 ™ dt 1 (nt=n n
IS My [ra ™
(et n .t nl|ll—-n 1-—n

1
“1—nnn
Hence, lim,, s oo (1/n) S5_y ag = lim,, s oo (1/n) S5_, @2 = 0. From 3729 3, <
+00, limy,400(1/n) ZZ=1 Br = 0. Hence, «,, := 1/n" and (B, )nen such that

:2 < +oo satisfy (23). Accordingly, from Theorem 2 with (51), (54),
and (55), we have the assertions in Corollary 1. O

=0. (54)

Moreover,

S |-
g
Do
A



