SIAM J. OPTIM. (© xxxx Society for Industrial and Applied Mathematics
Vol. 0, No. 0, pp. 000-000

ACCELERATION METHOD COMBINING BROADCAST AND
INCREMENTAL DISTRIBUTED OPTIMIZATION ALGORITHMS*

HIDEAKI IIDUKAT AND KAZUHIRO HISHINUMAT

Abstract. This paper considers a networked system consisting of an operator, which manages
the system, and a finite number of subnetworks with all users, and studies the problem of minimizing
the sum of the operator’s and all users’ objective functions over the intersection of the operator’s and
all users’ constraint sets. When users in each subnetwork can communicate with each other, they
can implement an incremental subgradient method that uses the transmitted information from their
neighbor users. Since the operator can communicate with users in the subnetworks, it can implement
a broadcast distributed algorithm that uses all available information in the subnetworks. We present
an iterative method combining broadcast and incremental distributed optimization algorithms. Our
method has faster convergence and a wider range of application compared with conventional dis-
tributed algorithms. We also prove that under certain assumptions our method converges to the
solution to the problem in the sense of the strong topology of a Hilbert space. Moreover, we numeri-
cally compare our method with the conventional distributed algorithms in the case of a data storage
system. The numerical results demonstrate the effectiveness and fast convergence of our method.
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1. Introduction. In this paper, we consider a networked system consisting of
an operator, which manages the system, and a finite number of participating users.
The main objective of this paper is to develop a novel distributed computing approach
for resolving the following minimization problem (see [6, 8, 9, 11, 12, 13, 14, 16, 18,
19, 23, 24] and references therein for applications of problem (1.1)) on a Hilbert space
H:

(1.1) Minimize Z f@(x) subject to € ﬂ Fix(T(i)),
i€{0}UT i€{0}UT

where the operator has a convex function, f(%): H — R, and a nonexpansive mapping,
TO): H — H;useri (i € Z:={1,2,...,I}) has a convex function, f(): H — R, and
a nonexpansive mapping, 7" : H — H; and Fix(T()) stands for the fixed point set
of T (i.e., Fix(TW) :={x € H: T (z) =z} (i € {0} UT)).

Problem (1.1) enables us to discuss constrained optimization problems in which
the explicit form of the metric projection onto the constraint set is not always known;
i.e., the projection cannot be calculated explicitly. To describe this advantage more
explicitly, let us consider the problem of minimizing a convex function f over the
set of all minimizers of a convex function g with the Lipschitz gradient Vg. We
define T' := Id — aVg, where Id is the identity mapping on H, « € (0,2/L], and L
(> 0) stands for the Lipschitz constant of Vg. Accordingly, T is nonexpansive and
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Fix(T) = {x € H: g(z) = minyem g(y)} [10, Proposition 2.3]. Hence, problem (1.1)
includes the minimization problem over {z € H: g(x) = min,cx ¢(y)} onto which the
projection cannot be calculated explicitly.

Next, let us consider the problem of minimizing a convex function f over the set
of zeros of a set-valued, maximal monotone operator A. Since the resolvent of A,
denoted by J4, is firmly nonexpansive [2, Corollary 23.10] and Fix(J4) coincides with
the set of zeros of A, problem (1.1) includes the minimization problem over this set
onto which the projection cannot be calculated explicitly. Section 4 will show that one
application of problem (1.1) is storage allocation [19] in a peer-to-peer data system.

Distributed optimization methods can be implemented if all participants coop-
erate in the system even if each participant has its own private objective function
and constraint set, and they enable each participant to solve problem (1.1) without
using the private information of the other participants. Here, we describe the two
distributed optimization algorithms that are useful for solving problem (1.1).

(I) Problem (1.1) can be solved under the assumption that the operator can com-
municate with all users because the operator manages the whole system. Accordingly,
the operator can implement broadcast optimization algorithms (see [7, 9, 12, 22, 23]
and references therein) which are given as follows: Suppose that the operator (user 0)

has z,, € H. Then it computes xSP) € H by using x,, and its own private information

7O and fO; ie., %(10) = %(10) (xn,T(O),f(O)). Moreover, user i (i € Z) computes
ng JeH by using the information x,, transmitted from the operator and user i’s pri-
vate information 7 and f@; ie., 2% = () (z,, 7@, f) (i € T), and it transmits
ng) to the operator. The operator computes z,,+; € H by using all ng) (i € {0}UTD);
ie, Tpy1 = xn“(xglo),x%l), . ,xg)). Figure 1 illustrates the concept of broadcast
distributed optimization algorithms when I = 9. It would be natural that user
(i € {0} UT) would try to choose z) so as to minimize £ over Fix(T®) as much as
possible. When the operator uses the transmitted information from all users equally,

a) (i € {0} UZ) and x,+1 are defined as follows:

() . () (1q — (0 : 1 (i)
12) 2@ .=7 (Id AV f )(xn) (i€ {0YUT), znir: IHE%UI%,

where (A, )nen i a step-size sequence.

=)

Fic. 1. Broadcast optimization algorithm.

(IT) When a user communicates with a neighbor user via the network, it uses only
its own private information and the information transmitted from the neighbor user.
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operatoryn+l(y£9)’ T(O), f(o))

Fic. 2. Incremental optimization algorithm.

This enables each user to implement incremental optimization algorithms (see [4, Sub-
chapter 8.2], [5, 12, 15, 17, 20] and references therein): Suppose that the operator has

Yn € H with y,(l0 =y, and user ¢ (i € Z) has the information yff -1 transmitted from

user (i—1), which is one of user i’s neighbors. Then, user ¢ computes yff) € H by using

yff_l) and user 4’s private information 79 and f®); i.e., y,(li) = y,(li) (yff_l), T, 1)
(i € 7). The operator computes yp+1 € H as yp+1 = yn“(yr(f), 7O, ), Figure 2
illustrates the concept of incremental distributed optimization algorithms when I = 9.

The same discussion as in (1.2) leads us to
y) =T (4570 = X919 (4570)) (e ),

yir =T (0 = 2,970 (41},

where one assumes that f(* (i € {0} UZ) is convex and Fréchet differentiable."

Algorithms (1.2) and (1.3) suffer from two problems.

(i) The broadcast optimization algorithm (1.2) updates the next iteration ;41
only after the operator has all the transmitted information ng ) (i e {0}UI).
Hence, there is a possibility that algorithm (1.2) will be time-consuming when
it is applied to large-scale networked systems with many users.

(ii) The incremental optimization algorithm (1.3) needs to go through all users
to update the next iteration y, 1. However, it would be physically difficult
to go through all users in a large-scale complex network.

This paragraph describes a way of resolving issues (i) and (ii). Since useri (i € 7)
can communicate with its neighbor users, we can construct a subnetwork that con-
sists of user 7 and its neighbors. This implies that the network is divided into S
subnetworks (Figure 3 illustrates the network when I = 9 and S = 3). In this setting,
each user in subnetwork s (s € § := {1,2,...,5}) can implement the incremental

optimization algorithm. For each s € S, let ng) be the point generated by z,, = y7(10)

and the incremental optimization algorithm. Then the operator can get all x,(f) and
compute x,11 = a:n+1(x7(10), P, .. ,argls)) =1/(S+ 1)(3:$ZO) +D es xSf)). This means
the broadcast optimization algorithm can be implemented by the operator and sub-
networks. Therefore, we can devise an algorithm combining the ideas of broadcast

and incremental optimization algorithms. To update z,, to x,+1, this algorithm needs

(1.3)

IThe well-known incremental subgradient method [4, egs. (8.9), (8.10), and (8.11)], [20] can be
used when £ (i € {0} UZ) is convex and nondifferentiable.
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Fia. 3. Proposed algorithm.

to use S (< I) transmitted points from the subnetworks, while the broadcast opti-
mization algorithm needs to use I transmitted points from all users. Hence, one
can expect that it would resolve issue (i) (see section 4 for the fast convergence of
the proposed algorithm). Moreover, it can resolve issue (ii) because it does not need
to go through all users. Since the proposed algorithm coincides with the broadcast
optimization algorithm when S = I, it can be considered to be a generalization of
that algorithm. The proposed algorithm when S = 1 is similar to the incremental
optimization algorithm implemented by all users.

The organization of the paper is as follows. Section 2 gives the necessary math-
ematical preliminaries. Section 3 presents an algorithm combining broadcast and
incremental distributed optimization algorithms for solving problem (1.1) and its con-
vergence analysis. Applications of this algorithm to storage allocation are described
in section 4. Section 5 concludes by summarizing the key points of the paper.

2. Mathematical preliminaries.

2.1. Notation. Let H be a real Hilbert space with inner product (-,-) and its
induced norm || - ||. Moreover, let Id be the identity mapping on H, and let N denote
the set of all positive integers including zero. We define R := {z € R: z > 0}.

We denote the fixed point set of a mapping T: H — H by Fix(T); i.e., Fix(T) :=
{z € H: T(x) = z}. The metric projection [2, Subchapter 4.2, Chapter 28] onto a
nonempty, closed convex set C' (C H) is denoted by Pe.

Let Z:={1,2,...,I} be the set of users participating in the system, and let § :=
{1,2,...,S} be the set of subnetworks in the system. Let Z; denote the set of users
in subnetwork s (s € S), and put I := |Zs| (s € S), where |Z,| stands for the number
of elements in Zs. Accordingly, we have that 7 = (J,.gZs and [ = Y _sIs. User
i (1 € {0} UZ) has its own private Fréchet differentiable, convex objective function,
denoted by f): H — R, and closed convex constraint set, denoted by CV (c H),
where user 0 stands for the operator.

2.2. Definitions and propositions. Let f: H — R be Fréchet differentiable.
Moreover, let Vf: H — H denote the gradient of f, and let o, L > 0. V[ is said to
be a-strongly monotone [2, Definition 22.1(iv)] if (x —y, Vf(z) — Vf(y)) > a|lz —y|?
(x,y € H). Suppose that f is a-strongly convex [2, Definition 10.5]; i.e., f(Ax + (1 —
Ny) + (1/2)aM(1 = Nz = ylI? < Af(z) + (1~ \Vf() (e,y € HA € [0,1]). Then,
V[ satisfies the strong monotonicity condition [2, Example 22.3]. Vf is said to be
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L-Lipschitz continuous [2, Definition 1.46] if |V f(z) =V f(y)| < L||lz —y|| (z,y € H).

PROPOSITION 2.1 (see [24, Lemma 3.1]). Suppose that f: H — R is Fréchet
differentiable, Vf: H — H is a-strongly monotone and L-Lipschitz continuous, and
p € (0,2a/L%). Define T := Id — puAV f, where X\ € [0,1]. Then |T(z) — T(y)|| <
(1 =Nz -yl (z,y € H), where 7 :=1— /1 — u(2a — uL2) € (0,1].

PROPOSITION 2.2 (see [24, Proposition 2.7]). Assume that C (C H ) is nonempty,
closed, and convex, f: H — R is Fréchet differentiable, and Vf: H — H is a-strongly
monotone and L-Lipschitz continuous. Then there exists a unique minimizer of f
over C'.

PROPOSITION 2.3 (see [2, Proposition 17.10]). Suppose that f: H — R is Gateaux
differentiable and convex, and x € H. Then f(y) > f(x)+ (y —x,Vf(x)) (y € H).

A mapping, T: H — H, is said to be nonezpansive [2, Definition 4.1(ii)] if || 7' (z) —
T < |z -yl (z,y € H). T is referred to as a firmly nonerpansive mapping [2,
Definition 4.1(1)] i |[T(z) — T (y)||?-+]|(1d—T) (z) - (10— T) (9)|> < |ie—y|]? (z,y € H).
It is obvious that firm nonexpansivity means nonexpansivity.

PROPOSITION 2.4 (see [2, Corollary 4.15, Remark 4.24(iii), Proposition 4.8]).
The following (1)—(iii) hold:

(i) Let T: H — H be nonexpansive. Then Fix(T) is closed and convez.

(ii) (1/2)(Id + T) is firmly nonexpansive when T: H — H is nonexpansive.

(iii) Let C' (C H) be nonempty, closed, and convex. Then Pc is firmly nonexpan-

sive.

The resolvent [2, Definition 23.1] of A: H — 2 is defined by J4 := (Id + A)~L.
A monotone operator A: H — 21 ig referred to as a mazimal monotone operator
[2, Definition 20.20] if there exists no monotone operator B: H — 2 such that
graB := {(x,u) € H x H: u € B(x)} properly contains graA.

PROPOSITION 2.5 (see [2, Proposition 23.38, Corollary 23.8]). The following
(i)—(ii) hold:

(i) Let A: H — 2" be monotone. Then Fix(Ja) = zerA:={x € H: 0 € A(x)}.

(i) T: H — H is firmly nonexpansive if and only if it is the resolvent of a

mazimal monotone operator A: H — 28

The following propositions will be also used to prove the main theorem.

PROPOSITION 2.6 (see [3, Lemma 1.2]). Assume that (an)nen C Ry satisfies
ant1 < (1 — an)an + anfBn (n € N), where (an)nen C (0,1] and (Bn)neny C R with
Yoo o =00 and limsup,, . B < 0. Then lim,_,o a, = 0.

PROPOSITION 2.7 (see [21]). Suppose that (z,)nen (C H) weakly converges to
x € H and y € H with y # x. Then liminf, ., ||z, — 2| < liminf,, o ||z, — ]|

2.3. Main problem. This paper deals with the following problem.
PROBLEM 2.1. Assume that
(A1) TW: H - H (i € {0YUZ) is firmly nonexpansive with Fix(T®) = C®, and
(A2) VfOD: H - H (i € {0}UT) is aD-strongly monotone and L9 -Lipschitz
continuous.
The main objective of this paper is to

minimize Z @ (x) subject to x € ﬂ Fix (T(i)) ,
ie{0}uT ie{0yuz
where one assumes that ﬂie{O}UI FiX(T(i)) £ 0.

Assumption (A2) implies that V(3,c 010z oy (= Yic{opur V@) is strongly
monotone and Lipschitz continuous. Moreover, Proposition 2.4(i) and (A1) mean that
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Niegoyur Fix(T(™) is closed and convex. Hence, we can see from Proposition 2.2 that
Problem 2.1 has a unique solution. Section 4 will show an application of Problem 2.1.

Proposition 2.5 implies that 7() (i € {0} UZ) in (A1) is the resolvent, denoted by
Jaw, of a maximal monotone operator A" : H — 29 (i € {0} UZ) and Fix(T®") =
Fix(J ) = zerA® (i € {0} UZ). Accordingly, Problem 2.1 is equivalent to the
following problem: Given a maximal monotone operator A®: H — 2 (i € {0} UT)
with zerA® = C® and a convex functional f(*) satisfying (A2),

(2.1) minimize Z F9 () subject to z € ﬂ zerA) = ﬂ Fix (J40)) -
i€{0}UT i€{0}UT i€{0}UT

3. Proposed algorithm and its convergence analysis. To begin with, let us
define the sets that are needed to describe our algorithm. Choose s € S arbitrarily, and
define Igj) (j =1,2,..., 1) as follows: First choose igl) € Igl) := Z, randomly and
set I§2) = Igl)\{igl)}. Next, choose ig) S I§2) randomly. For j = 3,4,..., I, define
Is(j ) = Is(j _1)\{igj _1)} and choose igj ) ¢ Igj ) randomly. The following algorithm
combines the incremental and broadcast optimization algorithms. (Figure 3 illustrates
the concept of Algorithm 3.1 when I =9, S =3, I, =3 (s = 1,2,3), and z'gj) =
g, i) =43, =j+6 (j =1,2,3).)

ALGORITHM 3.1.

Step 0. The operator and all users set (A, )nen. The operator chooses g € H
arbitrarily and transmits it to user i (s €S8). User iH (s € S) sets xéigm) = Zo.

Step 1. Given x,,, the operator (user 0) computes e H:

20 .= 7©) (a:n — A Vf© (a:n)) .

/(0) ; )
Given ngs ) — Tp, USeTr i) (seS,j=1,2,...,1) computes ngsj ) e H cycli-

cally:

) ) (<> ) (<>)) G=12. 1),

(Is)
User i{*) (s € S) transmits xp° ) to user i, and user i{" (s € S) defines
ng) = x,(fs )

and transmits x,(f) to the operator.

Step 2. The operator computes z,,41 € H as

1
—_ - (0) E (s)
Tl = T 1 <a:n —|—Sesxn )

(0)
and transmits a:,(fjrl) ‘= Tpy1 to user igl) (s€S8). Put n:=n+1, and go to Step 1.

The convergence of Algorithm 3.1 depends on the following assumption.
ASSUMPTION 3.1. The operator and all users have the common knowledge (A, )nen

(C (0,1)) satisfying

1 1
)\n+1 An

= 1
(C1) lim A, =0, (C2) > A,=o0, (C3) lim
n=0
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before they perform Algorithm 3.1.
An example of (\,)nen satisfying (C1)—(C3) is A, := 1/(n+ 1)® (n € N), where
a € (0,1/2). When the operator sets (A, )nen satisfying (C1)—(C3), the operator can

transmit the (A, )pen to user iM (s € S) because the operator manages the whole

system. Moreover, user i can transmit the (An)nen to user i (3 =2,3,...,15)

because user igj ) (j = 1,2,...,1;) can communicate with users in subnetwork s.
Accordingly, Assumption 3.1 holds when the operator can set (A, )nen satisfying (C1)—
C3).

( )Let us provide the property of Id — X\, Vf® (i € {0} UZ,n € N) by using Propo-
sition 2.1. Let p* := minegoyuz 209 /L” and (A )nen (C (0,1)) satisfy (C1)-(C3),
and choose i € {0} UZ and z,y € H arbitrarily. Proposition 2.1 indicates that, if
(An)nen C (0, p*),

H (Id _ Anw@) (z) — (Id _ Anw@) (y)H < (1 _ Tmn) Iz — g
<

(3.1) (1 =72n) [l —yll

for all n € N, where 7@ := 1 — V1 — p*(2a — p*L®®) (i € {0} UT) and 7 :=
min;e foyuz 7). Since (C1) ensures that ny € N exists such that (A,)n>n, C (0, #*),
(3.1) is always true for all n > ny. Therefore, we may assume without loss of generality
that (3.1) holds for all n € N.

Let us perform a convergence analysis on Algorithm 3.1.

THEOREM 3.1. Under Assumptions (Al), (A2), and 3.1, the sequences (zy,)nen

and (x,(fgﬂ))neN (s€S,j=1,2,...,1;) generated by Algorithm 3.1 converge strongly
to the solution to Problem 2.1.

The discussion in subsection 2.3 and Theorem 3.1 describe that, under the as-
sumptions in Theorem 3.1, (x,,)nen and (x,(f(sj)))neN (se€8,j=1,2,..., 1) generated
by Algorithm 3.1 when T = J 1) (i € {0} UZ) converge strongly to the solution to
problem (2.1).

3.1. Proof of Theorem 3.1. We first prove the following lemma.

i) .
LEMMA 3.1. The sequences (Tp)nen and (xﬁﬁ ))neN (s eS8, j=12,...,1I)
generated by Algorithm 3.1 are bounded.
Proof. Choose z € ﬂie{O}UIFiX(T(i)) and n € N arbitrarily. Put M; :=

max{ ||V (O (z)||, maxses j=12,..1. ||Vf(i§j))(x)||}. We have from the nonexpansivity
of T, the triangle inequality, and (3.1) that

40|~ (-7 s00) - 10|
<[ rc5500) |

< H (xn - /\an(O)(xn)) - (x — A\ VO (x)) H + M,
< (L =7An) [z — 2l + MiAs.

(3.2)

A discussion similar to the one for obtaining (3.2) guarantees that, for all s € S and
forall j =1,2,..., 1,

() G-
(3.3) a:,(f )—x <(1—-7\p) a:,(f )—a: + Mi\,.
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Induction ensures that, for all s € S,

((Is—l))
H S)—xH< (1 —7A) ||z — 2|l + M,
i(o)
(3.4) <(1L—7A)" A | L,

< (1 =7M\) [|xn — || + Is M\,
The definition of 1, the triangle inequality, (3.2), and (3.4) guarantee that

Zn+1 — 2|l

1
o { e = S -
sES

1
) {(1 — 7)) |20 — || + MiAn + S (1 —7A\) ||2n — 2| + Z Ile)\n}

+ seS
(1 +Y I )
seES
Therefore, we find

|Zni1 — 2| < (1 =7 ) |20 — 2| + ——— (S—|—1 <1+ZI>T/\n,

and hence, for all n € N and for all x € ﬂie{O}UI Fix(T®),

o st 10
sES

This means (2, )pen is bounded. Since (3.3) ensures that ||;1c,(1Z )—xH < (1=7 ) ||xn—
. (1) .
zl|[+MiA, (R €N, s € S,2 € Nicroyur Fix(T®)), (x,(f ))neN (s € S) is also bounded.
33 .
Hence, (3.3) and the boundedness of (x;,)n,en guarantee that (xgﬁ ))neN (seS,j=
1,2,...,I) is bounded. This proves Lemma 3.1. O
LEMMA 3.2. Algorithm 3.1 has the following properties:

IN

IN

=(1—=7\) |lzn —

(i) lim, o L2np=rall — g,
(
(ii) limp—oo [|zn — 967(10)” =0 and lim,_, ||zn — o\ )H =0(seS,j=1,2,.
I );
(if1) 1imp—oo |20 — 7O (2)]| = 0 and limp_e0 |20 — T (2,)] =0 (s €S, j =
2,...,1,).

Proof. (i) Put My := sup,cy |Vf@(z,)|| < oo (Ms is bounded by the Lip-
schitz continuity of V£(°) and Lemma 3.1). The nonexpansivity of 7(°), the triangle
inequality, and (3.1) ensure that, for all n € N,

’ gzoJ)rl — 20 H < H(Cfnﬂ - /\n+1Vf(0)(9Cn+1)) - (fn - )\an(O)(xn))H

» v 2 000) o~
+ Ms |\ — Ay
< (1 =7Ag1) [T — an + M, |/\n - /\n+1| .
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Lemma 3.1 and the Lipschitz continuity of Vf(i§j>) (seS8,j=1,2,...,1) guarantee

(7 G- 3 .
that (Vf(z(sj))(a:gﬁ ' )))neN (s €S, =12,...,I) is bounded, and hence, M3 :=

; (G—1)
maxXses,j=1,2,....1, (SUP,en HVf(Zgj))(ngs] ))H) < 00. A discussion similar to the one

L(
for obtaining (3.5) guarantees that, for all n € N, for all s € S, and for all j =
1,2,..., 1,

() _ ()

iG—1) iG—1)
NCRI (90) __(97)

s

Lpt1 Tn

(3.6) ‘

’ S (1 —T)\n+1)

‘ + M3 | A — Mgl

Hence, induction guarantees that, for all n € N and for all s € S,

i(Is—1) i(Is—1)
e

(s)

_ 2
xn—i—l xn

< (1 - 7-)\nJrl)

‘ + M3 |)\n - /\n+1|

(3.7) ‘
< (L =7hg1) [Tn1 — wnl| + Is M3 [An — Anya |-

Therefore, we find from the triangle inequality, (3.5), and (3.7) that, for all n € N,

1

n _ng—
lenss = @all < g7

{ (1 —7X\n) || zn — p—1|| + M2 | Ay, — An—1]

seS
- (1 - T)\n) ||$n - $n71H + M4 |)\n - An71| 5

+ 5 (1= 7A) 2 = Tna |+ LM Ay — An }

where My == (My + M3y s 1s)/(S + 1) < oco. Accordingly, we have that, for all

”anAn onll (1= ) [E2 —A:n—lll N M4|An _/\:\n—1|
= (1—7A\n) Hx";%f’l” +(1—7A) { |z —Afn—lﬂ _ IIan—:rle }
AL _)\;\n—l|
(3.8) <(1—=7\) 7Hx";:f1” + M; A—ln - Anl_l + M4|/\” _A:’H',

where M := sup, (1 —7A,)||[2n — 2n—1]] (M5 < 0o holds from (C1) and the bound-
edness of (z,,)nen). We also have from 1 < 1/\,, (n € N) that, for all n € N,

1 1

)\n /\n—l

|/\n - An71|

n

o1
An An—1
My + Ms; 1

= —FT7 _—
T An

|)\n - An71|
AnAn—l
1 1

)\n /\nfl .

Ms + My < Ms5

+ M,

n
n

(3.9)

Inequalities (3.8) and (3.9) lead one to deduce that, for all n € N,

[Znt+1 =zl
An

n— Tpn_ My + M 1
lwn = znsll | Ma+ 5o, L

/\nfl T )\n

<(1—=7Ay)
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Since (C2) and (C3) imply that >~  7A, = 0o and lim,, o0 (Ma+Ms)/7)(1/An) |1/ —
1/An—1] = 0, Proposition 2.6 leads us to

. ||$n+1 - $n|| o
L
Moreover, from (C1), we have
(3.10) nlLII;O |Znt1 — xn| = 0.

(ii) Choose = € MN;c(oyur Fix(T®) arbitrarily. From the firm nonexpansivity of
T we have that, for all n € N,

= <370 o = 7)o

which, together with ||z — y||? = ||z||* — 2(z,y) + ||y||* (z,y € H), implies that

2
)

2

|

2
= ||lzn — z|” — Hxn - x§?>H +2), <x — {0 Vf(o)(xn)>

‘2 + 2\, <xn — x%o), Vf(o)(xn)>

z, — 0

(3.11)

2 o
<|lzp —z|” — Hxn -z, H + Mg,

where Mg 1= 2sup,, oy [(z — 20 VO (xn))| < co. A calculation similar to (3.11)
guarantees that, for alln € N, for all s € §, and for all j =1,2,..., I,

i 2 i 2 iG=1 N (&
xr(zs)—x < x7(1 )—x x,(l )—x,(ls)‘ + MaAn,
(i) i@y, (D)
where My = 2maxses, j=1,2,...1, SWPpey (& — zn° ), V) (25 ))]) < oo, In-
duction shows that, for all n € N and for all s € S,
2 JIs=1) 2 Jds=1) eIk
ok —a] < ol el N e,
(3.12) s A .
: i1 o)
<am—af? =3 2877 = ol )H S+ LMo,
j=1

Summing up (3.12) over all s means that, for all n € N,

2 Is S FONIE
(313) 3o — || < S hen -l = 30|l al) ’ + 3 LMo,
seS seS j=1 sES
Since the convexity of || - || ensures that, for all n € N,

2

Zn+1 — x||2 =

LIS NN ON () _ }
H T+ T, T
S| (0 -2) + X (0 -2)
1 2 2

s (b e Sl ol

(3.14)
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inequalities (3.11), (3.13), and (3.14) lead us to
s — 2 < g e —al® = [Jan — 2@+ Mo
n+1 >~ S+1 n n n 6\n

Is G- +()
T P LR o Y % S L

2
’ + Z ISM7)\TL}

Tn — Tn
seS j=1 ses
2 1 ol L CRONCD) 2
=len =l g 4 e = [ [ )]
seS j=1
Ms+ >, csIsM7
An.
S+1
Accordingly, we find that, for all n € N,
1 (0) 2 I (igjfl)) (i(sj)) 2
'S 571 wh_%lH+§:Z:$n — 5 ’
seS j=1
Mg + I, M
<l =l ~ Ny — o)+ Lot Zres T,
M6+Zs ISM7
= (lon — 2l + lzns1 — 2))) (lzn — 2]l = 2041 — z]]) + eslsMr
S+1
M6+Zs ISM7
< (o =+ lnss = ) o — naa | + 208 0y

The boundedness of (2, )nen, (3.10), and (C1) mean that the right-hand side of the
above inequality converges to 0. Therefore, we have

(3.15) lim

n—oo

Tp —x;O)H =0

and

L) 69

(3.16) lim

n—oo

‘ =0 (seS8,j=12,...,1).
Moreover, from

()

Ty — Ty

I
N
8

3~

) x,(j'@”)) - <xr(fgl)) - “”’(fgj))> H

) ()

’(neNsE&j:Llnwg)

k=1
and (3.16), we have
()
(3.17) ILm xn—x,(f )‘:0 (se8,j=12,...,1I).

(iii) The nonexpansivity of T(®) guarantees that, for all n € N,

2 = TO()|| < | (20 = AV FO (@) = 20

s



12 HIDEAKI IIDUKA AND KAZUHIRO HISHINUMA

Hence, (C1) and the boundedness of (V£ (x,))nen imply that

(3.18) lim Hx§?> 0 (xn)H ~0.
n—oo
Accordingly, from ||z,, — T (z,)|| < ||z, — 20 || + ||x —TO(z,)| (n € N), (3.15),
and (3.18), we have that
lim [\ — 7)) = 0.
n—oo

The nonexpansivity of TG implies that, for all n € N, for all s € S, and for all

7=12...,1,
< H(%(jgj—n) A Vf( Q)) ( g(j—n))) o

G-
() + M3sA,.

Ty — Ty

<

Hence, (3.17) and (C1) guarantee that

+() (G
(3.19) lim A7) i) @ =0 (ses, j=1.2,....1).
; (i)
Since the triangle inequality ensures that ||z, — TG ))( )l < ||xn—xn )|| || 7

T (z,)| (neN, s €S, j=1,2,...,1), we find from (3.17) and (3.19) that

lim (seS,j=12,...,1).
n—oo

—T( (.7))( )

This proves Lemma 3.2. d

Regarding the processing order within each subnetwork and the proof of Lemma 3.2,
we can make the following remark.

Remark 3.1. Let s € S be fixed arbitrarily. When one user is randomly chosen

from 7V = ZU7\{i¥7 Y} which depends on n, in general, Z) 5 i{), # ZSZLH €

IS( ‘n+1 holds, which implies TG #* T(ZS,"H). We cannot show in this case that
Algorlthm 3.1 strongly converges to the solution to Problem 2.1 because the proof

of Lemma 3.2(i) uses essentially nonexpansive mappings, T6) = G (n € N);

e )
more specifically, (3. 6) is given by using 709 = 7CI) = 7l (n € N) and the
nonexpansivity of TG, Hence, in the future, we should try to devise distributed
optimization methods that can be applied when user Z(J ) does not always coincide

with user ZQJT)LH.

We can prove the following lemma by using Lemmas 3.1 and 3.2. This lemma
leads one to deduce the weak convergence of (x,, )nen in Algorithm 3.1 to the solution
to Problem 2.1.

LEmMA 3.3. Algorithm 3.1 has the following properties:

(i) There exists (xn, )ken (C (Tn)nen) which converges weakly to a point z* €
nie{o}uz FiX(T(l)%

(i) =" € Nicqoyur Fix(T®) coincides with the unique solution to Problem 2.1;

(i) (zn)nen weakly converges to x*.
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Proof. (i) Lemma 3.1 guarantees the existence of a subsequence (zp, )ren of
(Zn)nen such that (x,, )reny weakly converges to a point z* € H. Assume that
r* ¢ Fix(T®). Proposition 2.7, the nonexpansivity of 7(?), and Lemma 3.2(iii) mean
that

Ty, — T7©) (z*)

liminf [|z,, — 2" < hminf‘
k—o00 k—o00

= lim inf H (xnk -7 (ﬂan)) + (T(O) () — T (x*)) H

k—o00

= lim inf HT(O) (2, ) — T (z*)
k—o0

< liminf ||2,, —z*|.
k—o00

This is a contradiction. Therefore, z* € Fix(T(®). We shall prove that z* €
Nicz FIx(TW). Let s € S be fixed arbitrarily, let j € {1,2,...,I;} be chosen ar-

bitrarily, and assume that z* ¢ FiX(T(i(sj))). A discussion similar to the one above
produces a contradiction:

Lny — T(igj) ) (CE*)

liminf ||z, — 2" < liminf’ ’ < liminf ||z, — 2" .
k—o0 k—o0 k—o0

Hence, 2* € Fix(T")); ie., a* € ,cs Niy Fix(T0)) = N7 Fix(T?). There-
fore, we find that z* € ;¢ 030z Fix(T®).
(i) Let € Nicqopuz Fix(T®) be chosen arbitrarily. The nonexpansivity of 7
and the equation ||z —y||* = ||z[|> = 2(z,y) + ||y||? (z,y € H) mean that, for alln € N,
ot =] < o =) = 2uws O

< Nz — 2l = 200 (20 — 2, 9O @) ) + MEAZ,

where My := sup,cy ||V (2,,)|| < co. Since Proposition 2.3 ensures that (z, —
2, VO (z,)) > fO(z,) — fO(z) (n € N), we have that, for all n € N,

2
(3.20) 2@ =" < llon = all® + 220 (FO @) = 1O () ) + MEA2.

A discussion similar to the one for obtaining (3.20) guarantees that, for all n € N, for
alls € S,and for all j =1,2,..., I,

o) 2 JG-D) 2 G " JG-D
‘xr(L ) —z|| < ‘ xf(l ) —z| +2\, (f(lg))(x) - f(zg ') (xf(zs )>> + MZA7,
(5 iG=1) .
where M3 := maxses j=1,2,...,1, (SUD,en ||Vf(Zg >)(x$ﬁJ 1 ))||) < 00. Accordingly, for

all n € N and for all s € S, we have

2 < i G iU
ngf) - xH < lam — 2|* + 2)‘”2 (f(zg ))(x) - f(lg ’) (x,(l 4 )>) + I M3EN2.

=1
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Summing up the above inequality over all s means that, for all n € N,

2
Z Hx,(f) — xH < Sz, — gc||2 + ZISM??A?L

seS seS

S () (4 )).

seSs j=1

(3.21)

Inequalities (3.14), (3.20), and (3.21) lead one to deduce that, for all n € N,

ns1 — o
< (o=l + e o}
<SL+1{ o = @l + 220 (FO (@) = fO(@a)) + MZAZ + 8 [Jan — o]

+ D LMEN, + 2\, ZZ( D) () — £ (<>>)}

s€S s€S j=1

o = aff 4 M s LM 0

45 (10 = 1 0) + ZSIZ (f“i”)(x) — 56 <x$fi“)>)) ,

rrcen

(]) i i
which, together with f©+37 Za VD) = O3 fO = iefoyur =1,
implies that

[Zn+1 _xHZ
M2+ o I,M?2
< o2 2 ses s o
2\, ; [s (i) (G
S D O e - 5 ()
i€{0}UT s€S j=1
M2+ IM2
2 2 SES 873 2
= n — )\
l —af? 4 2L 0 2
I .
2\, £ e e =D
+ 2 1@ = S + X301 - 5 (o)
se§S j=1
Therefore, for all n € N,
2 l2n = 2" = Jongs —a|® | ME+ 3,5 IsM3
n) S n An
e () — (@) ) TS

(3.22)

ST P (4]

seS j=1
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On the other hand, Proposition 2.3 and the Cauchy—Schwarz inequality guarantee
that, for alln € N, for all s € S, and for all j =1,2,..., I,

FE @) = 1) (7)< (=), 97

(J 1)

< xn_mn

st

Accordingly, Lemmas 3.2(ii) and 3.1 and (A2) (the Lipschitz continuity of f® (i € 7))
e G JG=1 , )
ensure that limsupn_mo(f(lg]))(xn)—f(lij))(xgﬁ ))) <0(se8,j=1,2,...,1); ie.,

() (2) — £) (x,(jij‘“))]

gZi <1imsup [f(ii”)(xn) — &) (a:,(fgj_U)H) <0.

Moreover, since (||zn — 2] = [lzn1 = 2[1*)/An = (|20 — 2l + 21 — ])) (|20 — 2]
[#nt1 = 2)/An < (l2n = 2l + [[nt1 = 2[) (|20 = zngal])/An (n € N), Lemmas 3.1
and 3.2(i) imply that

(3.23)

e N =2l = 7y — ol
3.24 1
(324 ros A

<0.

Therefore, (3.22), (3.23), (3.24), and (C1) guarantee that, for all 2 € (07 Fix(T®),

limsup (f(x,) — f(z)) =limsup | > fO(z) = > D) ] <o.
nreo e \ie{oyuz ie{0}uT
Since (A2) implies that f := .. {0}z @ is convex and continuous, f is weakly

lower continuous [2, Theorem 9.1]; i.e
f(z*) <liminf f (z,,),
k—oo

where (2, )rken is a subsequence in Lemma 3.3(1) that converges weakly to z* €
Nictoyur Fix(T™). Accordingly, we find that, for all z € Nictoyur Fix(T™),

Z f(i) (%) = f(z%) < 11m1nff(xnk) < hmsupf(ﬁcn,c ) < f(z Z f(l

i€{0}uT i€{0}UT

Since Problem 2.1 has a unique solution, denoted by x*, this inequality implies that
2" € Nieqoyuz Fix(T®) coincides with z*.

(iii) Lemmas 3.3(i) and 3.3(ii) ensure that (z,, )ren (C (z5)nen) exists such that
(zn, Jken weakly converges to z*. Let us take another weakly converging subsequence,
(n, )1en, of (xn)nen. Then, from Lemmas 3.2(i) and 3.2(ii), we can prove that (2, )ien
also weakly converges to z*; i.e., any subsequence of (x,,),ecn weakly converges to the
unique solution z*. Hence, we can conclude that (z,),en weakly converges to z*.
This proves Lemma 3.3. d
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Now we are in a position to prove Theorem 3.1.
Proof. Let 2* € ;cq03ur Fix(T®) be the solution to Problem 2.1. The nonex-

pansivity of 7(®) and the inequality ||z — y||* < |[=[|> + 2(y — =,y) (z,y € H) mean
that, for all n € N,

Hx,@ | < H (20 = VSO @) = (27 = XV FO (@) = XV O (@) ’
<= 2w 90) (-0 )
+ 220 (2" = (w0 = VSO () ) , VIO (@),

which, together with (3.1) and the Cauchy—Schwarz inequality, implies that

’ < (1 =7A) |z — 2*]* + 20 <x* — 2, VO (a:*)>
+ 222 (V1O (@), V1O (7))

< (1= 1) 2 — 2] + 22 <x — 2, VO (x*)>

-

(3.25)
M2 Hw<0> (z¥)

= (1= 7A) Jan — 2*|?

+ T/\n% {<x* — 2, Vf© (x*)> + M, HVf(O) ()

M}

A calculation similar to (3.25) means that, for all n € N, for all s € S, and for all
J=12,...,I,

(i) 2
xyn” =t < (1—=71A,)

. 2
i (3—1)
x,(lls ) _ "

(,L'(J'*l)

a2 { (o ol 9 @) o |90 )

a

Accordingly, for all n € N and for all s € S,

-«

An

I
2 o2 2 - (19 *
<(1=7A) |2n — 27| +T/\n;{M3JZ_;HVf («¥)

. z (ool 20 ) }

Summing up the above inequality over all s leads to, for all n € N|

I, _
Z Hx,(f) —a* ’ < S —7A) |2n —2*|* + T/\nz{M3 Z Z HVf(igj)) ()] A\n
ses T s€S j=1
Is (-1 .
(3.26) +3 N <x* Gl v (i) (x*)> }
seS j=1

Therefore, from (3.14), (3.25), and (3.26), we have, for all n € N,

[#nt1 — x*Hz S =7A) [|an - CC*H2 + TAn X,
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where

1
Xp = ——
S+1

%{<x — 20, VO (2 > Zz<x — ) w6 (o )>

seSs j=1
)AH nem,

i) )
Since Lemmas 3.3(iii) and 3.2(ii) guarantee that (zy)n,en and (xﬁf ))neN (se8,j=
1,2,...,I;) converge weakly to x*, we have

(i) [ x

+ <M2 Hw@ (z*

nl;n;o <x — 2, VO (z > Zz<x —xn(] ?) Vf(m)( )> =0.

seSs j=1

Therefore, (C1) ensures that lim,,_,~ X, = 0. Hence, Proposition 2.6 and (C2) lead
one to deduce that

(3.27) nlirr;o lxn — 2| = 0.

@)
This implies that (2, )nen converges strongly to z*. Moreover, since ||ar:,(1Z S ¥ <

+() . ..
Hx% ) _ ol F lzn —2*|| (neN,s€S8,j=1,2,...,I), Lemma 3.2(ii) and (3.27)
lead to

4+
lim a:,(l )—a:* =0 (s€S8,j7=12,...,L);
n— 00
)
ie., (ngsj ))neN (s €S,7=1,2,...,1) also converges strongly to x*. This proves

Theorem 3.1. a
4. Application of Algorithm 3.1 to storage allocation.

4.1. Storage allocation problem. One application of Problem 2.1 is storage
allocation [19] in a peer-to-peer (P2P) data system. Here, we consider a P2P data
storage system network in which peer i (i € Z) offers a storage capacity cgi) that is to
be shared with other peers and demands a storage capacity cgi) that is to be used for
storing its own data.

The supply and demand functions of peer 1 are defined as follows [19, Definition 2
and Assumption A]: s (p) := a)[p— pmm]"r d®(p) :==b Z)[ max —p|T (p > 0), where
7t := max{0,z} (z € R), a¥, b, Pl (> 0), and pgin (> 0). Peer i is entirely
described by four parameters, a(l) b, pgndx, and pmln The two price parameters

pffl)m and pEnLX, respectively, represent the minimum value of the unit price p, at

which peer ¢ will sell some of its own disk space and the maximum value of the unit
price p, that it will pay for storage space, and a(® and b, respectively, correspond
to the increase in sold capacity with the unit price p, (> p(z)-

min) and the decrease in
bought storage space with the unit price p (< pﬁ,?ax). For a given p (> 0), s (p)
(resp., d¥(p)) is the amount of storage capacity that peer i would choose to sell (resp.,

buy) if peer i were paid (resp., charged) a unit price p for it.
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The utility function U of peer i is of the following form [19, section II]:
(4.1) 7 ( QIO z)) —y® ( z)) _ pl) (an) O}

where z A y := min{z,y} (z,y € R),

2
(@) () 1 ( i m“) D@ (@) D) ()
14 (cs ) = 0) - 2 +b Pryax (cs Nb pmax)

is peer i’s valuation obtained when it uses ¢, O®(c$)) = (1/a®)(c$”)?/2 is the
opportunity cost of offering ¢\ for other peers without using 5’ for itself, p'*) & is

mll’l
the data transfer cost,

pm( z>) _Oz>( )+pf§’ ()

(O

stands for the overall nonmonetary cost of peer i offering ¢, in the system, and

e e o) )

is the monetary price paid by peer i.

On the other hand, the operator (denoted by peer 0), which manages the P2P data
storage system, tries to maximize its revenue, which is the total amount that the peers
are charged. Since the monetary price paid by peer i is e® = pyct?) — pocl?, ) =

d® (p,), and c(()) = 5 (p,), the utility function of the operator can be represented by
(4.2) (parpo) = W =" [ A (ps) = pos'™ (po)| -
i€l i€l

We define a performance measure, called social welfare [19, Definition 3], in
the whole system as the sum of the utility functions of all peers and the opera-
tor. From (4.1) and (4.2), social welfare can be expressed as follows: For all ¢; :=

(cgl), cg), e cgl))T, Co : (cgl), ch), ceey cgl))T e Rl
(cs,Co) Z yl ( (l) E(Z)) +U© (ps, Po)
(43) €L
Tl ) - )]
=

where 27 denotes the transpose of the vector x. It is desirable to maximize W
defined by (4.3) because it makes the whole system stable and reliable. We call

W@ : R x R — R defined for all (c{”,c{”) € R x R by
W@ (C@’Cg)) — @ (an) p@ ( <i>)

the welfare of peer i.

A payment-based management scheme is based on monetary exchanges where
peers can buy storage space in the system for a unit price p; and sell some of their
disk capacity for a unit price p,. In the profit-oriented pricing scheme, the operator
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strives to extract the maximum profit out of the business by buying and selling storage
spaces. Assuming that the operator knows that peer i (i € Z) will sell s()(p,) and
buy d®(p,), it tries to choose p, and p, so as to maximize its profit U (py,p,).
Accordingly, the constrained set and objective function of the operator (peer 0) are
defined as follows [19, section III.C]:

(4.4) CO =R, xRy N {(ps,po) €R x R: Z s (p,) > Zd“) (ps)} ,

i€l €L

(4.5) FO (ps,po) == —U (ps,po) = — [ps > dD (ps) —po »_ s (po)]

i€l i€l

for all (ps,po) € R x R. The operator must have C(®) defined in (4.4) because
Doier D = > iz A (ps), which is used for storing data, must not exceed Y, 7 & =
Yier s (po) offered by the peers. Here, let us define a mapping TO:RxR—RxR

for all (ps,po) € R X R by

[(ps;po) + PR+><R+ {Pé(o) (pwpo)}} >

N =

(46) T(O) (p57po) =

where C(©) := {(ps,po) € R x R: 375D (o) > 3507 dD (ps)}. Since s and d
are affine, C9) is a half-space, which means that Py can be easily computed within
a finite number of arithmetic operations [1, p. 406], [2, Subchapter 28.3]. T defined
in (4.6) satisfies the firm nonexpansivity condition (Propositions 2.4(ii) and 2.4(iii)),
and

Fix (7)) = {(pe,p0) € R x R: T (ps, po) = (pi,po) } = C©

because Fix(T()) = Fix(Pr, xr, Paoy)) = Ry x Ry N C© = 0. Moreover, since
s and d@ are affine, f(°) in (4.5) satisfies the strong convexity condition. Hence,
we can see that V(9 is strongly monotone and Lipschitz continuous.

Meanwhile, peer i (i € Z) selfishly chooses strategies that maximize its welfare
W Accordingly, the constrained set and objective function of peer i (i € Z) can be
expressed as

Prins Pmax Prins Pmax

(48) D pape) = = [VO (49 (02)) = PO (s (b))

(4.7) o) .— [ (1) () } % [ (i) () } — Fix (Pao) = Fix (T(i))’

for all (ps,po) € R x R. Since s(9) and d( are affine and V() and P have quadratic
forms, f) (i € T) in (4.8) satisfies the strong convexity condition. Hence, we have
that Vf(® (i € T) is strongly monotone and Lipschitz continuous. T := Pg
(1 €7) in (4.7) is easily computable and firmly nonexpansive (Proposition 2.4(iii)) [1,
p. 406], [2, Subchapter 28.3].

The main objective of the profit-oriented pricing scheme is to determine optimal
prices ps and p, so as to maximize the operator’s profit U(?). Meanwhile, it is desirable
to maximize the social welfare W to make the whole system stable and reliable.
Therefore, we can formulate the storage allocation problem for the profit-oriented
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pricing scheme as one of maximizing the weighted mean of the operator’s profit and
social welfare, \U®) + (1 — \)W, for some weight parameter A (€ (0,1)).
PROBLEM 4.1 (storage allocation problem for profit-oriented pricing scheme).

Mazimize \XU® (ps,po) + (1 = W (ps, Do) = [ MA@ 4 ( Z f 1)1 Ps; Po)
i€l

subject to (ps,po) € {(ps,po) e Ry xRy Zs(i) (po) > Zd(i) (ps)}

i€l i€l
N ﬂ |:pm1n7pmax:| [px(nmapmax} ﬂ Fix ( ) s
i€l ie{0}uT

where A € (0,1) is a parameter chosen in advance and f: RxR — R and T®: R x
R—-RxR (1 €{0}UZ) are defined as in (4.5), (4.6), (4.7), and (4.8).
Therefore, we can conclude that Problem 4.1 can be formulated as Problem 2.1.

4.2. Experimental results. Let us apply Algorithm 3.1 to Problem 4.1 with
A =1/2. We used a MacBook Air 11-inch, Mid 2013. The computer had a 1.30GHz
Intel Core 15-4250U processor and 4GB 1600MHz DDR3 memory. Algorithm 3.1 was
written in C++. The experiment used random numbers in the range of (0,5] for
(4)

a and b, random numbers in the range of [0,10] for p, , and random numbers

in the range of [90,100] for pmax The random numbers were generated using the
function random-real in the srfi-27 library of Gauche.? In the experiment, we set
An = 1073/(n + 1) (a = 0.10,0.25,0.45), I := 100, S := 2,5, 10,20, 50,100, and
I, = 1/S, and performed 100 samplings, each starting from different random initial
points.? We averaged the results of the 100 samplings.* Note that Algorithm 3.1
when S = I (i.e., Iy = 1) coincides with the broadcast optimization algorithm, and
Algorithm 3.1 when S = 1 (i.e., I = I;) is similar to the incremental optimization
algorithm implemented by all peers.

Figure 4 shows the behavior of ps and p, when A, = 1073/(n + 1)*1°. The
plots show that although Algorithm 3.1 behaves differently depending on the choice
of S, it converges to the same point for S = 2,5, 10, 20, 50, 100. In particular, we can
see from these graphs that the required numbers of iterations for S = 2, 5,10, 20, 50
(Figures 4(a)-4(e)) are less than those for S = I = 100 (Figure 4(f)). This means
that Algorithm 3.1 with S < 100 has fewer iterations compared with the conventional
broadcast optimization algorithm (Algorithm 3.1 with S = I = 100).

Figure 5 describes the behaviors of py and p, when A, := 1073/(n + 1) (a =
0.10,0.25,0.45) and S = 20. The graphs show that Algorithm 3.1 converges to the
same point with A, := 1073/(n + 1)¢ (a = 0.10,0.25,0.45) and that it converges
faster with a = 0.10 than with a = 0.25,0.45. A similar trend was observed in the
numerical results for $ = 2,5, 10,50,100.% Figures 4 and 5 indicate that the optimal
ps (denoted by p%) is larger than the optimal p, (denoted by p). Since Algorithm 3.1
converges in C©) defined by (4.4), C* =3, ;s (p%) = 3, .7 d¥ (p%) holds. Hence,

2We used Gauche Scheme Shell, Version 0.9.3.3 [utf-8,pthreads], x86_64-apple-darwin12.

3Random values were generated by the rand function in the C Standard Library.

4We used gnuplot Version 4.6 (patchlevel 3) to make the graphs in this paper from experiment
results.

5We omitted the details of the results for a = 0.10,0.25,0.45 and S = 2,5, 10, 50, 100 because of
lack of space.
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the operator’s revenue U (p*, p¥) is approximately (p* —p%)C* > 0; i.e., the operator
makes a profit in the situation depicted in the experiment.

Figure 6 is the relation between the number of subnetworks and running time

until n

= 10* in the case of A\, :=

1073/(n + 1)%19 Here, Algorithm 3.1 with

S = 2,5,10 dramatically reduces the running time compared with the conventional
broadcast optimization algorithm (Algorithm 3.1 with S = I = 100); see also issue (i)
in section 1. Therefore, we can conclude from Figures 4 and 6 that Algorithm 3.1 with
S < I converges to the solution to Problem 4.1 faster than the broadcast optimization
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algorithm can. Moreover, Figures 4 and 6 indicate that the smaller S is, the fewer the
required iterations become and the shorter the running time becomes. This implies
that if there are subnetworks in which as many peers as possible participate and if
the incremental optimization algorithm can be implemented by them, the operator
can quickly find the solution to Problem 4.1, thanks to full cooperation from many
peers. However, it would be physically difficult for many peers to implement the
incremental optimization algorithm because real networked systems are complex and
composed of a number of subnetworks (see issue (ii)). Meanwhile, Algorithm 3.1 can
be applied when each peer communicates with its neighbor peers, and the applications
of Algorithm 3.1 do not depend on the network topology. Therefore, we can conclude
that Algorithm 3.1 is a good way of solving convex optimization problems in large-
scale and complex networked systems.

5. Conclusion and future work. We discussed the problem of minimizing the
sum of convex objective functions over the intersection of fixed point sets of nonex-
pansive mappings in a Hilbert space and presented a novel distributed optimization
algorithm for solving the problem and its convergence analysis. The algorithm com-
bines the conventional broadcast and incremental optimization algorithms. The con-
vergence analysis guarantees that the algorithm, with a slowly diminishing step-size
sequence, converges strongly to the solution to the problem. Finally, we described
a numerical experiment that used the algorithm for storage allocation. The numer-
ical results and discussions showed that our algorithm converges to the solution to
the storage allocation problem faster than the conventional broadcast optimization
algorithm can, and has a wider range of application compared with the conventional
incremental optimization algorithm.

The convergence analysis ensures that our algorithm works when the processing
order within each subnetwork is deterministic at all times. It would be desirable to
devise distributed optimization algorithms which work when the processing order is
randomized at each iteration because they have a wider range of application compared
with our algorithm. Therefore, in the future, we need to devise such distributed
optimization algorithms.
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Combettes and the two anonymous referees for helping us improve the original
manuscript.
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