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Abstract Convergence and convergence rate analyses of adaptive methods, such as
Adaptive Moment Estimation (Adam) and its variants, have been widely studied for
nonconvex optimization. The analyses are based on assumptions that the expected
or empirical average loss function is Lipschitz smooth (i.e., its gradient is Lipschitz
continuous) and the learning rates depend on the Lipschitz constant of the Lipschitz
continuous gradient. Meanwhile, numerical evaluations of Adam and its variants have
clarified that using small constant learning rates without depending on the Lipschitz
constant and hyperparameters (8; and ;) close to one is advantageous for train-
ing deep neural networks. Since computing the Lipschitz constant is NP-hard, the
Lipschitz smoothness condition would be unrealistic. This paper provides theoretical
analyses of Adam without assuming the Lipschitz smoothness condition in order to
bridge the gap between theory and practice. The main contribution is to show theo-
retical evidence that Adam using small learning rates and hyperparameters close to
one performs well, whereas the previous theoretical results were all for hyperparam-
eters close to zero. Our analysis also leads to the finding that Adam performs well
with large batch sizes. Moreover, we show that Adam performs well when it uses
diminishing learning rates and hyperparameters close to one.
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1 Introduction
1.1 Background

One way to train a deep neural network is to find the model parameters of the net-
work that minimize loss functions called the expected risk and empirical risk by us-
ing first-order optimization methods [3, Section 4]. The simplest optimizer is mini-
batch stochastic gradient descent (SGD) [23,35,19,9,10]. There are many deep learn-
ing optimizers to accelerate SGD, such as momentum methods [21,20] and adap-
tive methods, e.g., Adaptive Gradient (AdaGrad) [7], Root Mean Square Propaga-
tion (RMSProp) [27], Adaptive Moment Estimation (Adam) [14], Yogi [31], Adap-
tive Mean Square Gradient (AMSGrad) [22], Adam with decoupled weight decay
(AdamW) [16], and AdaBelief (named for adapting stepsizes by the belief in ob-
served gradients) [34].

Convergence and convergence rate analyses of deep learning optimizers have
been widely studied for convex optimization [36,14,22,17,18]. Meanwhile, theoreti-
cal investigations on deep learning optimizers for nonconvex optimization are needed
so that these optimizers can be practically used for nonconvex optimization in deep
learning [30, 1,28].

Convergence analyses of SGD for nonconvex optimization were presented in [8,
4,24,15] (see [11,15] for convergence analyses of SGD for two classes of noncon-
vex optimization problem, quasar-convex and Polyak—Lojasiewicz optimization). For
example, Theorem 12 in [24] gave an upper bound of (1/K)YX_ | E[||[V£(64)]?] gen-
erated by SGD with a constant learning rate @ = 1/L is O(1/K) + C, where (0;)en
is the sequence generated by an optimizer, L is the Lipschitz constant of the Lipschitz
continuous gradient of the loss function f: R? — R, K denotes the number of steps,
and C > 0 is a constant. Convergence analyses depending on the batch size were pre-
sented in [4]. In particular, Theorem 3.2 in [4] indicates that running SGD with a
diminishing learning rate o = 1/k and a large batch size for sufficiently many steps
leads to convergence to a stationary point of the sum of loss functions.

Convergence analyses of adaptive methods for nonconvex optimization were pre-
sented in [31,37,6,33,34,5,13]. The previous results are summarized in Table 1. The-
orems 1 and 2 in [31] indicate that, if o = O(1/L) and a hyperparameter 3, > 1 —
O(1/G?), then the upper bounds of (1/K)YX_ E[|Vf(6:)||*] generated by Adam
and Yogi are each O(1/K +1/b), where G is the upper bound of the stochastic gradi-
ent and b is the batch size. Theorem 2 in [29] indicates that computing the Lipschitz
constant L is NP-hard. Hence, using a learning rate depending on the Lipschitz con-
stant L would be unrealistic. Convergence analyses of adaptive methods using dimin-
ishing learning rates that do not depend on L were presented in [37,6,34, 13], while
convergence analyses of adaptive methods using constant learning rates that do not
depend on L were presented in [33,5,13]. These studies indicate that, if K is suffi-
ciently large and if B; and f3, are close to 0, then adaptive methods using learning
rates that do not depend on L approximate the stationary points of f. For example,
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Table 1 Upper bounds of performance measures of optimizers with learning rate ¢ and hyperparameters
B1 and B, for nonconvex optimization (C,G > 0, s € (0,1/2), L denotes the Lipschitz constant of the
Lipschitz continuous gradient of the loss function, K denotes the number of steps, b is the batch size, and
C) is a monotone decreasing function.  ~ a implies that, if f is close to a, then the upper bounds are
small.)

Optimizer Learning Rate oy~ Parameters f3;, B> Upper Bound

SGD 1 — 0 <7> ‘c
(Scaman et al., 2020)

o) meiof
( (

(31]

1 1 1 1
Yogi - >1-0(= — -
ogi 0] L) B> (0] G2> 0(K+b)
[31]
Generic Adam 0 <L> B =0, o <10gK>
k ) VK
=1--=1
[37] B2 X
1 10gK>
AdaFom — ~0 o
Vk h < VK
[6]
1
AMSGrad o 0= p<+B2 0( 7 )
K27¢
[33]
. 1 logK
AdaBelief ol — ~0,B,~0 o
(\/IE) pr=0.5: ( VK >
[34]
1
Padam a Bi=0,B=~0 O( : >
K2~*
(51
1
Adaptive methods o B1~0,p~0 o <E> +Ci(a, Br)
[13]
Adaptive methods ! Bi=0,B=~0 0< ! )
Y —_— ~ 0, ~ R
p! N/ 1 2 %

[13]

Theorem 3 in [33] indicates that AMSGrad using a constant learning rate ¢ satisfies

Ml M>rd oMsd
M e
Ka K K2~

i E[[V£(6,)] <

N \

where s € [0,1/2] and M; (i = 1,2,3) are positive constants, and M = O(G*/(1 —
B1)) and M3 = O(G? /(1 — 3,)) depend on B; and 3, and the upper bound G. M, and
M3 are small when f; and f3, are small, i.e., B, B> ~ 0. Hence, using 81 and 3, close
to 0 is advantageous for AMSGrad.
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Meanwhile, numerical evaluations have shown that using 8; and 3, such as
B1 €{0.9,0.99} and B, € {0.99,0.999} (1)

is advantageous for training deep neural networks [14,22,31,37,6,34,5]. The practi-
cally useful 31 and 3, defined by (1) are each close to 1, whereas in contrast the theo-
retical results in Table 1 show that using 3; and 3, close to 0 makes the upper bounds
of the performance measures small. Hence, there is a gap between theory (B, 8, ~ 0;
see also Table 1) and practice (B, B, ~ 1; see also (1)) for adaptive methods. In [26],
it was numerically shown that using an enormous batch size leads to a reduction in
the number of parameter updates and model training time. The theoretical results in
[31] showed that using large batch sizes makes the upper bound of E[||Vf(8;)|?]
small. Accordingly, the practical results for large batch sizes matches the theoretical
ones.

1.2 Motivation

As indicated in Section 1.1, it was numerically shown that the performance of an
adaptive method strongly depends on the hyperparameters ; and 3, being close to
1. The motivation of this paper is to show theoretically evidence such that Adam
performs well when 8; and 3, are each set close to 1. Using the Lipschitz constant
of the Lipschitz continuous gradient of the loss function would be unrealistic [29].
Hence, it will not be assumed that the loss function f is Lipschitz smooth (i.e., its
gradient is Lipschitz continuous). The Lipschitz smoothness condition of f implies
that, for all x,y € RY,

1) < S0)+ V)T =2+ 5 el @

Almost all of the previous analyses of adaptive methods are based on the descent
lemma (2), and hence, they can use the expectation of the squared norm of the full
gradient E[||V£(04)||?] as the performance measure. Since we do not assume Lips-
chitz smoothness of the loss function, we cannot use (2). Accordingly, we must use
other performance measures that are different from E[||V £(6y)]?].

1.2.1 Performance measure

This paper considers the Adam optimizer [14], which is defined for all k € N by

o . =%
0.1 :=0,— likkﬂdlag <vk1i2) my, 3)
—Pi

where o > 0 is the learning rate, B; € (0,1) (i = 1,2), % := (1—B5 ™) vy v =
Bovi1i+ (1= Ba)gg j» maci := Bum—1i+ (1= Bu)guis my = (my )iy, 8= (gri)izy
is the stochastic gradient, and diag(x;) is a diagonal matrix with diagonal components
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X1,X2,...,Xq (see also Algorithm 1 for details). We use the following theoretical per-
formance measure to approximate a local minimizer 8 of the nonconvex optimiza-
tion problem of minimizing the loss function f: R? — R over R¢:

E |m] (6, — 9*)} <e, )

where € > 0 is the precision. The performance measure (4) is an €-approximation
of the sequence (0)icn generated by Adam (3) in the sense that the inner product
of the vector @; — @™ and the inverse direction my, of the search direction —my is
less than or equal to €. Thanks to the previous theoretical results shown in Table 1,
it is guaranteed that Adam and its variants can find a stationary point 8* of f, which
implies that, for a sufficiently large step size k, 0 < E[m,?(ek — 0%)]. Therefore, it
is sufficient to check whether or not Adam satisfies (4). If E[m/ (0, — 6)] ~ 0 for
a sufficiently large k, then E[||m||] or E[||@; — 67||] will be approximately zero. We
also use the mean value of E[m, (8, — 0*)] (k € {1,2,...,K}), that i,

1
K

M=

E [m,j(ek —0Y] <e. )

k=1

Let 0 € RY. @ is a stationary point of f if and only if V£(6*) " (6* — 8) < 0 for all
0 < R?. Hence, we also use the following performance measures: for all @ € R?,

E[VF(0:) (0, ~0)] <e ©

and
1 K
< Y E[VF(0)(8:-8)] <e. ™
Kk:l

The advantage of using (4), (5), (6), and (7) is that we can evaluate the upper bound
of the performance measure for Adam without assuming that the loss function f is
Lipschitz smooth.

1.3 Our results and contribution

Numerical evaluations presented in [14,22,31,37,6,34,5] showed that Adam and its
variants perform well when they use a small constant learning rate & and hyperpa-
rameters 3; and 3, with values close to 1. Hence, we would like to show theoretical
evidence that Adam performs well when we set a small & and 3 and 3, close to 1.
In particular, we will show that Adam (3) using & > 0, B; € (0,1), and B, € [0,1)
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satisfies
éc-&-l
E (m, (6;—6* \/7 ( +G2>
[ k( ) 4[31 b zmﬁl 17 k+]) b
C1(B1,b) Cy(a,By,Br.b k) ®
1-— 2
+ P pe7)6+ 1 pne’) <B+ W)
1
——
G Culhr0)
and
2k+l
EerTe—e < ( +G2>
(01) (O b Zﬁﬁl T
C1(B1.b) Cy(a,B1,B2,b,k)
1- 1 2
+ P06+ (20— 1) b6 ><B+W>,
;/—’ !
G3(B1) ()

where @* is a stationary point of f and @ € R? (see Theorem 1 for the definitions
of the parameters). C;,C3,Cy, and Cs are monotone decreasing for f8; € (0,1) and
b > 0. Hence, it is desirable to set B; close to 1 such as f; = 0.9 and a large batch
size b. Although a function fi(B1) :=1/(Bi(1—B{"")) in C; is monotone increasing
for B satisfying Bk“ > 1/(k+2), fr(B1) with a sufficiently large k is monotone
decreasing for By. fp, (k) :=1/(Bi(1 — £¥1)) is monotone decreasing for k € N.
Although fg, (k) := (1 — %+1)1/2 is monotone increasing for k € N, Ip, (k) == (1—
Bé‘“)l/ 2 < 11is small for all 8, and all k € N. C, is monotone increasing for & and
monotone decreasing for ;. Hence, we must set a small @ and f3; close to 1, such as
a =103 and B, = 0.99, to make C, small. For simplicity, we may evaluate

o /] _ Rk+1
C2(“7ﬁ17ﬁ27b7k) =

2./ 1(113”')( 2+G2)2\M1(1—l31)( 2+G2)

Since 1/(B1(1— 1)) is monotone increasing for B; > 1/2, we need to set a small
learning rate o to make a/(f; (1 — B1)) small. Therefore, using a small learning rate
o and B and 3, close to 1 is advantageous for Adam (see Theorem 2 for the results
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for when Adam uses a diminishing learning rate oy). Moreover, (8) implies that

- e 550
1 E|mi(8;—0")| < ="\ - +G+ ——0 +G
fﬁiip [ e (O )} < T 2\/\Zl31

vi B
C1(B1:b) Co(at,By,b)
1- 2
+ P06+ (1- (6 By i),
1
—
G3(Br) D)

which implies that we must set a small learning rate o, ; close to 1, and a large
batch size b for Cy, C, C3, and Cy to be small (see also Corollary 1).

Here, we give numerical evidence showing that using B; and 3, close to 1 is ad-
vantageous for Adam. We trained a Residual Network 18 (ResNet-18) on the CIFAR-
10 dataset' and the MNIST dataset>. We set a constant learning rate o = 103 and
batch size b = 27 and checked how using different hyperparameters f3; and 3, affected
the performance of Adam. Figure 1 plots the training loss function value versus num-
ber of epochs on the CIFAR-10 dataset, and Figure 2 plots the training loss function
value versus number of epochs on the MNIST dataset. The figures indicate that Adam
with B; = 0.9 and 3, = 0.999 minimizes the loss function f faster than Adam with
Bi1 = B> = 0.1 and Adam with ; = B, = 0.5. Hence, the figures imply that using
B1 and B, close to 1 is advantageous in the sense that Adam finds a local minimizer
0™ quickly. The numerical results match our theoretical analysis (8) indicating that
the upper bound of the performance measure (4) becomes small when ; and f3; are
close to 1.

nnnnnnnnnn

Fig. 1 Training loss function value for Adam  Fig. 2 Training loss function value for Adam
with a constant learning rate o = 1073, batch  with a constant learning rate @ = 1073, batch
size b =27, B; € {0.1,0.5,0.9}, and B, € size b =27, B; € {0.1,0.5,0.9}, and B, €
{0.1,0.5,0.999} versus number of epochs on  {0.1,0.5,0.999} versus number of epochs on
the CIFAR-10 dataset the MNIST dataset

A stochastic convex optimization problem exists such that Adam using ; < /S
(e.g., B1 = 0.9 and B, = 0.999) does not converge to the optimal solution [22, The-
orem 3], so it is not guaranteed that Adam can solve every nonconvex optimization

! https://www.cs.toronto.edu/~kriz/cifar.html
2 http://yann.lecun.com/exdb/mnist/
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problem. Reddi et al showed that, if vy ; in (3) satisfies
Vir1,i > Vg, forall k € Nand all i € [d], 9)

then Adam (AMSGrad) with a diminishing learning rate o and f8; and 3, defined by

ak0<\}];> and B < /B2 (10)

can solve convex optimization problems [22, (2), Algorithm 2, Theorem 4] (see also
[34, Theorems 2.1 and 2.2] for the convergence analyses of AdaBelief using (9)). Mo-
tivated by the results in [22,34], we decided to study Adam under Condition (9). Our
results are summarized in Table 2 (see Theorems 3, 4, 5, and 6 for the details). While
the previous results shown in Table 1 used B;, B = 0, our results use 81,5, ~ 1 to
make the upper bound of (5) small (see Theorems 3, 4, 5, and 6 for the upper bounds
of (7)). Therefore, the results we present in this paper are theoretical confirmation of
the numerical evaluations [14,22,31,37,6,34,5] showing that Adam and its variants
using B; and f3; close to 1 perform well.

Table 2 Upper bounds of the performance measure (5) of Adam with learning rate o4 and hyperparameters
B1 and By for nonconvex optimization (a > 0, C; (i = 1,2,3) are constants, K is the number of steps, b is
the batch size, and n is the number of samples. 8 & y implies that, if § is close to ¥, then the upper bounds
are small.)

Optimizer Learning Rate oy, Parameters f3;, Byx  Batch b Upper Bound of (5)
. I o 1-B
Ad th (9 ~1 br ol —-+—
am with (9) a Bi n <K+b+ B )
(Theorem 3) Br=~1
. 1 1-B )
Adam with (9 a ~1 bxn ol —=+
) B ( z B
(Theorem 4) Box — 1
. 1 1 1-pB )
Adam with (9 — ~1 bxn ol —=+
9 N/ B ( z B
(Theorem 5) Br=~1
. 1 1 1-pB )
Adam with (9 — ~1 b~n ol —=+
) @ Bi ( % B
(Theorem 6) B — 1

Our first contribution is to provide theoretical analyses of Adam without assuming
the Lipschitz smoothness condition. Since we cannot use the descent lemma (2) based
on this condition, we cannot use the performance measure K[|V f(8;)|%]. Instead,
we use two performance measures (4) and (6): (4) is the inner product of 8; — 60*
and the inverse direction my of the search direction generated by Adam. If the (4) is
approximately zero, then Adam can approximate a local minimizer 8* of the problem
of minimizing f. (6) is the inner product of 6; — @ and the full gradient Vf(0;)
generated by Adam. If (6) is approximately zero, then Adam can approximate a local
minimizer 8 of the problem of minimizing f. (4) and (6) and the mean values (5) and
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(7) of (4) and (6) can be used to evaluate the performance of deep learning optimizers
without assuming the Lipschitz smoothness condition.

While the numerical evaluations presented in [14,22,31,37,6,34,5] have shown
that adaptive methods using 8; and f3, close to 1 are advantageous for training deep
neural networks, the theoretical results in Table 1 imply that adaptive methods with
B1 and B, close to 0 are good for solving nonconvex optimization problems in deep
learning. This implies that there is a large gap between theory and practice for adap-
tive methods. Our results in Table 2 show that Adam indeed performs well when f3;
and f3, are set close to 1. Thus, the gap between theory and practice can be bridged for
Adam. Our results also show that using a large batch size makes the upper bounds of
the performance measures small, which implies that our results match the numerical
evaluations in [26].

The remainder of the paper is as follows. First, the mathematical preliminaries
are laid out in Section 2, with the definitions of nonconvex optimization and the
Adam optimizer. Section 3 describes the theoretical results in detail. Finally, a brief
summary and outline of future work are presented in Section 4.

2 Mathematical preliminaries
2.1 Nonconvex optimization

Let RY be a d-dimensional Euclidean space with inner product (x,y) := x "y induc-
ing the norm ||x|| and N the set of nonnegative integers. Let H be a positive-definite
matrix denoted by H € S¢ .. The H-inner product of R is defined for all x,y € R?
by (x,¥) := (x,Hy) = x" (Hy), and the H-norm is defined by ||x||z := /(x, Hx).
Let [d] :={1,2,...,d} for d > 1. The mathematical model used in this paper is based
on [25]. Given a parameter @ € R and given a data point z in a data domain Z, a
machine-learning model provides a prediction whose quality is measured by a dif-
ferentiable nonconvex loss function £(0;z). We aim to minimize the expected loss
defined for all 8 € R? by

f(0) =E..5[(6:z)] =E[(:(0)], (11)

where 9 is a probability distribution over Z, & denotes a random variable with distri-
bution function P, and E[-] denotes the expectation taken with respect to £. A partic-
ularly interesting example of (11) is the empirical average loss defined for all 8 € R¢
by

£(6:8) = % Y 0(6:z) = % DRACH (12)
i€[n]

i€(n]

where S = (z1,22,-..,24) denotes the training set, £;(-) := £(-;z;) denotes the loss
function corresponding to the i-th training data z;, and [n] := {1,2,...,n}. Our main
objective is to find a local minimizer of f over RY, i.e., a stationary point 8* € R¢
satisfying V£(0*) = 0.
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2.2 Adam

We assume that a stochastic first-order oracle (SFO) exists such that, for a given
0 < R, it returns a stochastic gradient 65(6) of the function f defined by (11),
where a random variable & is supported on = independently of 8. Throughout this
paper, we will assume the following standard conditions:

S f: R — R defined by (11) is continuously differentiable;
(S2) Let (8;)reny C R? be the sequence generated by a deep learning optimizer. For
each iteration k,

Eg, [Ge, (01)] = V£ (6x), (13)

where &y, &y, ... are independent samples and the random variable & is indepen-
dent of (0 l)f:o' There exists a nonnegative constant 6> such that

Eg, [HG‘ék(ek) _Vf(ek)Hz] <o’ (14)

(S3) For each iteration k, the optimizer samples a batch By of size b independently of
k and estimates the full gradient V f as

1
Vka(ek) = E Z Gék_,'(ek)ﬂ
i€[b]
where & ; is a random variable generated by the i-th sampling in the -th iteration.
In the case that f is defined by (12), we have that, for each k, By C [n] and
1
Vka(ek) = A ZH Ve,gk'i(ek).
iclb

Algorithm 1 is the Adam optimizer under (S1)—(S3). The symbol ® in step 6 is
defined for all x = (x;)¢_, € R4, xox:= (x})L, € R?. diag(x;) in step 8 is a diagonal
matrix with diagonal components x1,x3,...,X4.

Algorithm 1 Adam [14]

Require: oy € (0,+o0), b € (0,+o0), Bix € (0,1), B €0, 1)
1: k<0,00cR, m_;:=0,v_; :=0

2: loop

30 Vip(6) :=b" Ticp Ge,,(6k)

my = By 4 (1 Bi) Vi, (0r)

iy = (1= B " Tmy

Vi = Bauvi—1 + (1 — Box) V5, (0k) © V£, (0)

= (1= By e

Hy := diag(\/%)

9: 01 =06 — OCkHl?lﬁlk

10: k—k+1

11: end loop

® Xk
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3 Analysis of Adam for Nonconvex Optimization

This section provides our detailed theoretical results for Adam. Table 2 summarizes
the results in Theorems 3, 4, 5, and 6.

3.1 Theoretical advantage of setting a small constant learning rate ¢ and
hyperparameters 3; and 3, close to 1

3.1.1 Constant learning rate rule

Let us consider Adam defined by Algorithm 1 using the following constant learning
rate and hyperparameters:

o =o€ (07+°°)7 Blk = 131 S (07 1)7 and ﬁZk = ﬁ2 € [07 1) (15)
We assume the following conditions that were used in [14, Theorem 4.1]:

(A1) There exist positive numbers G and B such that, forall k € N, ||Vf(0;)|| < G and
IV /. (0x)| <B.

(A2) For all @ € R?, there exists a positive number D(0) such that, for all k € N,
16— 6] <D(0).

Let F: R? — R be convex. Then, F is Lipschitz continuous (i.e., |F (x) — F (y)| <
G||x —y|]) if and only if || VF (x)|| < G (x € RY) (see, e.g., Theorem 6.2.2, Corollary
6.1.2, and Exercise 6.1.9(c) in [2]). Let 8 be a local minimizer of a Lipschitz con-
tinuous function f. The continuity of f ensures that f is convex around @*. Hence,
for any 0 belonging to a neighborhood N(68*) of 8%, |[Vf£(0)|| < G. If the sequence
(01)ren generated by Adam approximates 8 (see, e.g., [31,37] for a guarantee of
convergence of Adam), then 8, € N(6") for sufficiently large , i.e., |[Vf(0;)|| <G,
that is, (A1) holds.

Instead of assuming (A2), we may modify 0. in Algorithm 1 (step 9) by

i1 = Pop, (0, — o Hy '), (16)

where Fc y is the projection onto a bounded, closed convex set C C R¢ in the sense
of the H-norm (see Section 2.1 for the definition of the H-norm). For example, we
can set C to be a closed ball with center ¢ € R and a sufficiently large radius r > 0.
Accordingly, Pc p is defined by

e G

The sequence (0 )ren generated by (16) satisfies the condition that (0 )reny C C.
Since C is bounded, (0y)en is also bounded, that is, (A2) holds. Moreover, the se-
quence (0)reny C C defined by (16) satisfies the condition that there exists D > 0
such that, for all k € N, ||0;]| < D. Hence, the continuity conditions of Vf (see
(S1)) and the norm imply that there exists G > 0 such that ||V £(0;)| < G, that is,
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(A1) holds. A discussion similar to the one showing the theorems in this paper, to-
gether with the nonexpansivity condition of the projection (||Pc, g (x) — Peu(¥)||g <
|lx— ¥/ &), leads to versions of the theorems for all 8 belonging to C (see also Remark
1 in the Appendix).

The following is an analysis of Adam using a constant learning rate and hyperpa-
rameters (see Appendix A for the proof of Theorem 1).

Theorem 1 Suppose that (SI1)—(S3) and (Al)—(A2) hold and 0™ € R isa stationary
point of f. Then, Adam defined by Algorithm I using (15) satisfies that, for all k € N,

5 /1 k—+1
| (6,67 < 4[51 PO [ v zmﬁl 1—2;3“1 (5 +G2)

Cy(B1,b) Co(a,B1,B2,b,k)
=B, ) -
+ D(6")G+(1—B1)D(6) | B+ 7+G2
1
N—————
) Cy(B1:b)

and for all @ € RY and all k € N,

l k+1
]EVOTG—O M1 —+2 2 ( +G2>
f(6) " (6« =17\ Zﬁﬁll— o\ g

C(Br:b) Co (0, By.B2.b:k)
1- 1 2
+ BﬁlD(e)G+([3 +2(1—[31)> D(6 )<B+\/ﬁ>’
;/—/ :
G3(B1) (b b)

where D(O) G, and B are deﬁned as in (Al) and (A2), Vfp (0r) © V[ (0k) :=
(gkl) eERY, M= sup{max;c(q) gkl k € N} < oo, and v := inf{min;cg vii: k €
N}.

We would like to set constant parameters o, 1, and 3, so that the upper bounds
of the performance measures E[m, (8, —0*)] and E[Vf(0)" (6, — )], denoted by
C; (i=1,2,3,4,5) in Theorem 1, can be small. Let @ € R? be fixed. We can check
that

Cy(By) = » 5D(0)

is monotone decreasing for f; € (0, 1). Moreover,

=P oo (57 ).
Cs(B1,b) == (131 +2(1—ﬁ1)> D(8) <B+ (22+G2>
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are monotone decreasing for 81 € (0,1) and b > 0. Therefore, we should set f; close
to 1 such as B; = 0.9 [14]. Let us consider

Cy(a, B, B, b,k) =

1— £<+1 o2 R 2 . |
251 - k+1>(b “@) < s (5 79) e
(17)

C, is monotone decreasing for B, € [0,1) and b > 0. Although the function f;(B) :=
1/(Bi(1—Bf*1)) in C, is monotone increasing for By satisfying BF™' > 1/(k+2),
fi(B1) with a sufficiently large number k is monotone decreasing for ;. Moreover,
I, (k) :==1/(B1(1— K¥1)) is monotone decreasing for k € N. Although a function
fp, (k) := (1 ﬁkH)l/z is monotone increasing for k € N, fp, (k) := (1 —Bihz <
is small for all B, and all k € N. C; is monotone increasing for o¢ and monotone
decreasing for ;. Hence, we must set a small learning rate o and f3, sufficiently
close to 1, for example, o = 1073 and B = 0.999 [14], so that C; will be small
when f3; is close to 1. In a simplistic form, the upper bound U, of C, depends on
o/(B1(1—B1)), which is monotone increasing for ; > 1/2. Hence, using f3; close
to 1 (e.g., B1 =0.9) implies that U, is large. Accordingly, we must set a small learning
rate o so that U, will be small when f; is close to 1.

Therefore, Theorem 1 indicates that using a small @ and §; and 3, close to 1 is
useful to implement Adam defined by Algorithm 1, as shown by the previous numer-
ical results [14,32]. Moreover, Cy, C;, C4, and Cs are monotone decreasing with the
batch size b. Hence, we should use a large batch size b to implement Adam defined
by Algorithm 1, as shown by the previous numerical results [26].

Theorem 1 leads to the following corollary:

Corollary 1 Under the assumptions in Theorem 1, Adam defined by Algorithm I with
(15) satisfies

lirgilipE [m,"{(ek - 0*)} COLE ) \/ +G 2\/%[31 (Gz +G2)

viB
Ci(Brb) Ca(o,B1.b)
- 2
1
——
G3(Br) e

and for all 6 € R4,

' D(G)Mi\/i < c? 2>
limsupE [V£(0,)T (8 — 0)] < =/ 2= 4+ G2 +6
imsup f(6r) (6,—0)| < — 2\/v7[31

vi B

C1(B1,b) Cy(a,By.b)

1—ﬁ1 1 o2
+ S Ppe)c+ (5r20-p0) <><B+\/b+cz>7
—_———

(B Cs(B1.b)
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where the parameters are defined as in Theorem 1.

The definitions of Cy,C>,C3,Cy, and Cs in Corollary 1 imply that using a small
learning rate @, B; close to 1, and a large batch size b is advantageous for Adam.

3.1.2 Diminishing learning rate rule

Next, let us consider Adam defined by Algorithm 1 using the following diminishing
learning rate o and hyperparameters 1 and [ which converge to 1: for all k > 1,

1 1 1\ &
= 1o Bix 3:1*](71, and By := <1k"2> . (18)
where ap = 1, B1o =0, B0 =0, and a > 0,b; > 0, and b, > 0 satisfy that
b
a7b1+?2 > 0.

The following is an analysis of Adam for a diminishing learning rate (see Ap-
pendix A for the proof of Theorem 2):

Theorem 2 Suppose that (S1)—(S3) and (Al)—(A2) hold and 0* € R? is a stationary
point of f. Then, Adam defined by Algorithm 1 using (18) satisfies that, for all k > 1,

* 1 by 2 2
E|:mlj(6k_6*):| SM 1+G2+ 1 = (G+G2)
V b Zm(kbl _ 1)ka+7272b1 b

v (kb1 —1)
Dl(bl,b-,k) Dz(a,blAbz,b,k)
1 e* l 0* 62 2
+ P0G+ 5 D(6) | B+~ +G
~——
D3 (b k) Dy (by,b,k)

and for all @ € R? and all k > 1,

Lop, 2 2
E[V/(6:)7(6x—6)] < DOMIET [ L 2y L <G +Gz>
V;T (kbl _ 1) b zm(kb] _ 1)ku+7272h| b

Dy (by,b;k) Dy (a,by,ba,bk)

1 1 o2
+ kbl—_lD(O)GJr leD(e) (B +1/ -t G2>
N——

D3(b1,k)

Dy(by,b,k)
K 2k —2 o2
I — ) ] B _ 2
1) PO +/ 5 +6).

Ds(by,b,k)

where the parameters are defined as in Theorem 1.
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Theorem 2 leads to the following corollary:

Corollary 2 Under the assumptions in Theorem 2, Adam defined by Algorithm I with

(18) satisfies
D * Ml 2
limsupE [m,j(ek - 0*)] < M\/ e
k—r+oo f b

1%

and for all 6 € RY and all k > 1,

timsupE [V/(68,)7 (8, 0)] < 2OML [P 62 pig) (541 T+ 2.
k—s o0 3 b b

Vi
where the parameters are defined as in Theorem 1.

Corollary 2 implies that the upper bounds of the performance measures of Adam
using (04 )ren converging to 0 and (Bix)ren and (Box )ken converging to 1 are smaller
than the ones of Adam using constant parameters @, 31, and 3, shown in Corollary
1.

3.2 Adam with Condition (9)

As described in Theorems 1 and 2 and Corollaries 1 and 2, although a small learning
rate oy, and hyperparameters 3; and f3; close to 1 are useful for implementing Adam,
the upper bounds of the performance measures (4) and (6) in Theorems 1 and 2 and
Corollaries 1 and 2 would not be small. This result can be attributed to that, in general,
Adam does not converge to a local minimizer of the problem of minimizing f over
R, In fact, there is a stochastic convex optimization problem in which Adam using
B < \/[Tg (e.g., B1 = 0.9 and B, = 0.999) does not converge to the optimal solution
[22, Theorem 3].

Theorem 4 in [22] showed that Adam with (9) and (10) can solve convex stochas-
tic optimization problems (see also [34, Theorems 2.1 and 2.2] for the analyses of
AdaBelief for convex and nonconvex optimization). Motivated by the results in [22,
34], we will analyze Adam with (9).

3.2.1 Constant learning rate rule

The following is an analysis of Adam using (9), a constant learning rate, and constant
hyperparameters (see Appendix A for the proof of Theorem 3).

Theorem 3 Suppose that (SI)—(S3) and (Al)—(A2) hold and 0™ € R isa stationary
point of f. Then, Adam defined by Algorithm I using (9) and (15) satisfies that, for
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allK > 1,
1 & dD(6*)v/M(1 — BK*T) a c?
— VY E[m (6,—6%] < L/ (+G2>
K,; {mk(" )}— 20B11/1— oK 2yviBi(1=P1) \ b

Cl(a7ﬁ]aﬁ2>K) éZ(avﬁlvb)

1— 2
n BﬁlD(O*)G—i—(l—[i’l)D(O*) <B+\/(Z+GZ)
1
~——
(A1) C4(B1:b)

forall ® e R and all K > 1,

1 & Tip _ dD(8)vM(1-Bf*) o CLZ 2
g LE[Vr607 (0 0)] < = T +2\/ﬁﬁ1(1—ﬁ1)<b+G>
Ci(a.B1.B2.K) OICH: )
l—ﬁl 1 o2
+ B D(O)G+<1+2(1—[31)>D(9) <B+\/b+(;2>7
G3(B1) Cs(By.b)

where the parameters are defined as in Theorem 1 and D(0) := sup{max;c (4 (6y; —
0,)%: k € N} < o0,

Let us compare Theorem 1 with Theorem 3. A significant difference is

bt e — 4@V BT
Cl(ﬁl,b) = véﬁl \/Fa dCl(OhﬁlyﬁZ,K) = Zaﬁl ]—ﬁzK .

Although C; in Theorem 3 is monotone increasing for 3, € [0,1) and 1/a, C; be-
comes small when X is sufficiently large. C; in Theorem 1 does not change for any
K. C, in Theorem 3 defined by

Cola, Bib) : “ (62+G2)
2\Q,P1,0) = o |

2\/viBi(1=P1) \ b
is monotone increasing for B; > 1/2 (see also the discussion in (17)). Hence, we
must set a small learning rate o to make C; small when B is close to 1. From the
definition of Cj, the use of a small learning rate & entails a large number of steps
K. Therefore, Theorem 3 indicates that, if K is sufficiently large, then Adam under
Condition (9) has a tighter upper bound of (1/K)YK_ E[m/ (6, — 6*)] than Adam
without Condition (9). Theorem 1 implies that there exist C; (i = 1,2, 3) such that, for
allK > 1,

1 K 1 1—
EZE[ka(Ok—G*)] =0<K)+C1a+cza+c3 b (19)
k=1

b B
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Here, we compare Theorem 1 in [31] with Theorem 3 in this paper. Theorem 1
and the proof of Theorem 1 in [31] show that, under the condition that Vf is Lips-
chitz continuous with the Lipschitz constant L, Adam using oo = O(1/L) and ; =0
satisfies

K 3 . - )
L0002 (Vo) { 1O (PP 22 ) €

that is,

>§ \

i E[IVf(0:)]*] = O(II{>+C4Z+C5<\/E+1)\/@7 (20)

where € > 0 is the precision for nonconvex optimization, and C4 and Cs are constants.
Theorem 1 in [31] assumes that f is Lipschitz smooth, while Theorem 3 in this paper
does not assume so. Hence, there is a difference in the performance measure between
(19) and (20). However, (19) and (20) show that using a small learning rate &, hyper-
parameters close to 1, and a large batch size b is advantageous for Adam.

Let us compare the results in [24] with Theorem 3. Theorem 12 in [24] indi-
cates that SGD using a constant learning rate o = 1/L, where L > 0 is the Lipschitz
constant of the Lipschitz continuous gradient V f, almost surely satisfies

1 i ||Vf HZ ZL(f(GO) 7f*)

2
c
K +o

k=

K
where f* :=ming_ga f(6). Theorem 3 indicates that Adam using a constant learning
rate ¢ satisfies

3 _ pk+l
%ZE[Vf(Ok)T(okfe)} SdD(O)\/IVI(l K
k=1

TR T E AR CORRI G

without assuming that Vf is Lipschitz continuous. This result indicates that using
a small learning rate o, a hyperparameter 8| close to 1, and a large batch size b is
advantageous for Adam.

C2 in Theorem 3 is obtained under conditions such that oz = & and By, = B; and

(ozb—1+62)f0‘k\/1—ﬁ§1f1 _ (e’ ' +G?) f\/ﬁ a(c?h™' +G?)

2K S B =B T 2V Bl = K & VB (1-B1)’
Co(a,Br.b)

where the first inequality comes from 1 — f§; <1 — [3{‘“ (k € N) and the second
inequality comes from 1 — B < 1 (k € N). Hence, we can improve C, by using the
property of Bor. Let us consider Adam defined by Algorithm 1 using the following
constant learning rate and hyperparameters:

L

1 k+1
o = a (0, —|—°°), ﬁlk = ﬁ] € (0, 1), and B2k = <1 - kbz) R 21

where 0 = 0 and b; € (0,2).
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Theorem 4 Suppose that (SI1)—(S3) and (Al)—(A2) hold and 0™ € R isa stationary
point of f. Then, Adam defined by Algorithm 1 using (9) and (21) satisfies that, for
all K > 1,

1
K

-+

M=

E [ka(Ok - o*)]

dD(0" VM 2
< 4 )‘/;+ i . (G Gz)
1 20BiK'" T v Bi(1-Bi)KT

k=
Ci(a,B1,B2.K) Co(a,By1.b.K)
1— 2
+ ﬁlﬁlD(O*)G+(1 —B1)D(6™) <B+ \/ % +G2>
~——
Gs(Br) Ca(B1.b)

forall @ e R and all K > 1,

1 & dD(0)vVM o o2
EZE[Vf(Gk)T(Ok—G) < (6) T 5 (b+G2)
=1 20BK'"7  \WiBi(1-B)K?
Ci(a,B1,Ba.K) Cy(a,By,b.K)
1— 1 2
+ BﬁID(e)G+ <ﬁ+2(1—[31))z)(9) <B+\/ﬁ>,
1 1
G(B1) Cs(B1,b)

where the parameters are defined as in Theorem 3.

The definitions of C; and C> imply that the best setting of b, is 1, since

0< 1——=, =
mm{ 2% }
attains the maximum value 1/2 when b, = 1. Hence, Adam using (9) and (21) with

by = 1 satisfies

1
K

E{ka(Ok—O*)} :0<\/II?+1_B1ﬁ1)'

[ agle

k=1

3.2.2 Diminishing learning rate rule

Let us consider Adam defined by Algorithm 1 under Condition (9) and the following
diminishing learning rate oy and constant hyperparameters ; and f,: for all k > 1,

1

:k77 ﬁlk = Bl 6(071)7 and BQk = BZG[Ovl)v (22)

Oy ©

where ap = 1 and a € (0,1).
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Theorem 5 Suppose that (SI1)—(S3) and (Al)—(A2) hold and 0™ € R isa stationary
point of f. Then, Adam defined by Algorithm 1 using (9) and (22) satisfies that, for
all K > 1,

Ly dD(O*)\/IT/[ 1 o?
— YV E|m (6,—6%]|< n <+G2>
KL @) < o et e o s
Di(B1.B2.K) Dy(B1.,b.K)
— 2
o6+ 1 pier) <B+\/1+G2>
\1—,_/
C3(Br) C4(B1,b)

forall @ e R and all K > 1,

1 & Tia dD(8)vM 1 [
E,;E[Vf(ek) (B 9)} = zﬁIMKI*aJF\/W 1(1=PBi)Ke ( by O )
Dy (B1,B2.K) Dy(B1.b.K)
l—ﬁl 1 |62
+ B] D(G)G+ <ﬁ]+2(1—ﬁ1))D(9) <B+ b+G2>’
~—————
G(By) Cs(Bu.b)

where the parameters are defined as in Theorem 3.

The definitions of D and D, imply that the best setting of @ is 1/2 since
min{1 —a,a}

attains the maximum value 1/2 when a = 1/2. Hence, Adam using (9) and (22) with
a = 1/2 satisfies

;{éﬁ [m[(ek—e*)] ~=0 (;I?Jr lglﬁl).

Motivated by (21), we consider Adam defined by Algorithm 1 using the following
constant learning rate and hyperparameters:

1 LR
0 = 1o Bix :=PB1 € (0,1), and By := (1 - kb2) ; (23)

where ap =0, B0 =0, and a € (0,1) and b, € (0,2) satisfy

by
l—a——>0.
a 2>
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Theorem 6 Suppose that (SI)—(S3) and (Al)—(A2) hold and 0™ € R isa stationary
point of f. Then, Adam defined by Algorithm 1 using (9) and (23) satisfies that, for
all K > 1,

dD(6*)vVM N (627" +G?)

Il{kf;lE [m,j(ek—o*)] <

> zﬁlKlf(aerTz) \/vjﬁl(l—ﬁl)Ka+b72
Dy (B1.B2.K) Dy (B1,b,K)
liﬁl * * 62
g D(0)G+(1=BD(e) B+ G+
—_———
G(Br) Ca(B1.b)

forall @ e R and all K > 1,

%iE[Vﬂekﬁ(ek—e) < db(e)\/z N G ) 7
k=1 2BK @ F) By (1— B K

Dl(ﬁlvﬁZtK) DZ(Blvva)
1— 1 2
+ ﬁBID(O)GJr ( +2(1 —[ﬁ)) D(6) <B+ \/ﬁ)
1 1
G(B1) Cs(B1,b)

where the parameters are defined as in Theorem 3.

The definitions of D; and D, imply that

. by by
1— Zz =
mm{ (a+2>,a—|—2}

attains the maximum value 1/2 when a+by/2 =1/2,e.g.,a=1/4 and by = 1/2.
Hence, Adam using (9) and (23) with a = 1/2 satisfies

Il(kiE[m,j(eke*)] o(\/ll?+ 1[51131).

4 Conclusion and Future Work

This paper presented theoretical analyses of the Adam optimizer without assuming
the Lipschitz smoothness condition for nonconvex optimization in deep learning. The
analyzes indicated that Adam performs well when it uses hyperparameters close to
one and not only a small learning rate but also a diminishing learning rate. Hence,
our results are theoretical evidence supporting numerical evaluations showing that
small constant learning rates and hyperparameters close to one are advantageous for
training deep neural networks.
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This paper focused on convergence analyses of Adam for nonconvex optimiza-
tion. In the future, we should consider developing convergence analyses of Adam’s
variants for nonconvex optimization and show theoretically that adaptive methods,
such as Yogi, AMSGrad, AdaBelief, Padam, and AdamW, using hyperparameters
close to one perform well.

A Appendix A

Unless stated otherwise, all relationships between random variables are supported to hold almost surely.

A.1 Lemmas

Lemma 1 Suppose that (S1), (S2)(13), and (S3) hold. Then, Adam defined by Algorithm 1 satisfies the
following: for all k € N and all 8 € R?,

E [181 - 8113, | =2 16— 813, | + a2E [1dul, ]

+20 { g”‘E (000 m ]+ gj’fE [CECBRZICH] }

1k k

where dy := —H, 'y, B :=1— Biy, and Piy:=1—-Bf".

Proof Let @ € RY and k € N. The definition of 8| := 0 + ayd; implies that
[16k+1 — Ol[f, = [10x — O1Ify, +206 (8 — 8, di), + o [l -

Moreover, the definitions of di, my, and A1, ensure that

N 1
<9k — O,dk)Hk = <6A — O,dek> = <9 — Ok,mk> = 37(6 — Ok)ka
1k

_ Bu (0—6;) my_; + Pue (0-6,) Vs (6,).
ﬁlk ﬁlk
Hence,
1851 — 13, =118 — 017, + o [|dill7,
B 4
o0 Pue (0—0;) m_ + Pue (0-6,) Viz (0;) .
ﬁlk ﬁlk

Conditions (13) and (S3) guarantee that
E[E[(6-607V/u,(00)|6:]| ~E[(6 60 E [V/s,(60)|6] | =E[(6 - 00 V/(60)].

Therefore, the lemma follows by taking the expectation on both sides of (24). This completes the proof.
O

Remark 1 Let us consider (16); that is,
0111 = Fon, (8 + ogdy).
Letk € Nand 8 € C (i.e., = Pcy, (0)). The nonexpansivity condition of Pc , ensures that

10xr1— Ollm, = 1Pch (6x + 0xdi) — Pen, (8)[ln, < [1(6x + cd) — Ol -
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Hence, we have that
641 —O1Ify, <110k — 017, +204(0x — 0, di)n, + o [[dilffy, -

Accordingly, a discussion similar to the one showing Lemma 1 ensures that, for all @ € C and all k € N,

E (1861~ 01, | <E [16x— 113, | +oZE [l |
(25)

+204 { '[.B.lkE {(9 — Ok)ka,l] + l.s.lkE [(9 — Ok)TVf(Gk)] } .
Bix Bix

We may assume without loss of generality that the assertion in Lemma 1 holds for all @ € C and all k € N,

since the theorems in this paper evaluate the upper bounds of (4), (5), (6), and (7). A discussion similar to

the one showing the theorems in this paper (see the following lemmas and the proof of theorems) leads to

versions of the theorems for all 8 belonging to C; that is, the sequence (0 )ren generated by (16) satisfies

the assertions in the theorems for all 8 € C.

Lemma 2 Adam defined by Algorithm 1 satisfies that, under (S2)(13), (14), and (Al), for all k € N,

E[Hmkﬂz] s%zwz, IE[HdkHE'k] < \/g <%2+G2>7

B
where v, := inf{min;cg vi;: k € N}, B :=1— B, and By :=1— Y.
Proof Assumption (S2)(13) implies that
E (|95, (80} 06] = E [|[V i, (61) — V1(80)+ V(81| 64]
=& [|[V£3,(00) - V(80 |0] +E[IV (00 |04]
+2E (Vi (81) — V/(6:)) V(81| 64]

—E [V, (60~ V£(60)[*| 6] + 17160

(26)

which, together with (S2)(14) and (A1), implies that
2 c? 2
E[[|v/,(00]] < & +6* @n
The convexity of || - HZ, together with the definition of my; and (27), guarantees that, for all k € N,
A 2
E [Ime]1?] < Bk [lmi1112] + BuE ||V £, (61)]’]
2], 4 (O 2
< BuE [lIme1|°] +Buc ( 5 +6*).
Induction thus ensures that, for all k € N,

c? c?
E“\mk\V] §max{|\m_|\|2,7+G2}:7+G2, (28)

where m_; = 0. For k € N, H; € S?, guarantees the existence of a unique matrix Hy € S% such that

Hy = ﬁi [12, Theorem 7.2.6]. We have that, for all x € R, HxH,z_'k = ||Hex||?. Accordingly, the definitions
of dy and ny; imply that, for all k € N,

. 2 1 2
B[] = [ v ] < o [ ]
1k



Theoretical analysis of Adam 23

where

e

1 1
=1 _ |l ~\ e Vei\ (ki)
[P = s ()| =i =men (5) "= (55)

Moreover, the definition of
Vi i=inf {: k€ N}

and (28) imply that, for all k € N,

_1
2 2
2 B o 2
E[“dkHHk] <2 (7 +G )
2.2
kv
completing the proof. O

Lemma 3 Suppose that (S1)—(S3) and (A1)—(A2) hold. Then, Adam defined by Algorithm 1 satisfies the
following: for all k € N and all @ € R,

1 R N
D(O)M? [o? o/ B 2
E[(6:-8) m | < DOM= o | o, HVEK (G— +G2> +p(@)GPE
vI Bix b 2V BBk \ b Bix
where V fg (0;) OV fp,(01) := (8%,;) €R?, M := sup{max;cy 8%,,-3 ke N} < 4o, By i=1—Big, P =
1— Blk,:rl Box:=1— /35‘:1 Vi is defined as in Lemma 2, and D(0) and G are defined as in Assumptions

(Al) and (A2).

Proof Let @ € R?. Lemma 1 guarantees that for all k € N,

E[(0,-0) me| = 2oiltk31k {E[16:-013,] ~E[1041 - 013, ]} + ‘;kglkk E [, |
ax by
+ %E [(0-007vr(00)]. @9

Ck

The triangle inequality and the definition of 8| := 0 + oy dy ensure that

B
= 55 (106 = Olly, + 11811 =l ) (10— Olly, — 1811 61l )|
Blk
_ — - 30
< Soup EL (100 0lhy, + 16001 -0l ) 106~ x| (30)
_ Bu _ _
= 25 (18~ 11y, +11061 ~ 01, ) e, |-

Let Vfp, (0x) ©V [z, (0k) :== (3%,1') € RY. Assumption (A1) ensures that there exists M € R such that, for
all k € N, max;eig g]%"i < M. The definition of v guarantees that, for all i € [d] and all k € N,

Vi = Borvi—1,i + ﬁZkgl%,i'
Induction thus ensures that, for all i € [d] and all k € N,

vii <max{vo;,M} =M,
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where vo = (vo;) = 0. From the definition of ¥;, we have that, for all i € [d] and all k € N,
17k1i:%§ =, (€2))
which implies that

1
1 1 i
diag(ﬁ’?')H:m?’]‘f"g (%) '
' ield) © "

[Pl

Hence, (A2) implies that, for all k € N,

1

16¢ 81l = |[Fe(6: — 0)] < [Fiul| 16 — 6]l < () (%) .

- - M\ 7
16001 — 011y, = [Fie(8u1 — 0)]] < [Fi| uekmeusme)(ﬁz) .
k

Lemma 2, Jensen’s inequality, and (30) ensure that, for all k € N,

< Py (M) Bu, Mt Bi [0
k,zﬁlk D(O)(ﬁ2k> E[HdkHHk]SﬁMD(O) fk ‘m

1
D M3z 2
_ (f) # c}fjﬂ;z.
vi Bk

Lemma 2 guarantees that, for all k € N,

(32)

bk:akﬁlk [H kHH] o Bk \/a (62+Gz> \/B»2 (62 Gz) 33)

2B = 2B BLvs 27 BuBix bt

The Cauchy—Schwarz inequality and Assumption (A2) imply that, for all k € N,

ﬁlk T ﬁlk
6—-06,) Vf(6 34
= pE[(0-007V/(00)] <D(O)G ;. (34)
Therefore, (29), (32), (33), and (34) ensure that, for all k € N,
1
E[(0,-0)m, | < 2OM & oy b ( ¢*) +D(6)G Ghu
Blk Zﬂﬁlkﬁll{ B’
which completes the proof. O

Lemma 4 Suppose that (S1)—(S3) and (A1)—(A2) hold. Then, Adam defined by Algorithm 1 satisfies the
following: for all k € N and all 8 € R?,

[o? B P
]E[(ek—e) m Bu s Zﬁﬁlk <—+GZ) D(6)G ﬁ:’k‘
+BuD(8) (B-H/ %2 +G2> ,

where the parameters are defined as in Lemma 3.
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Proof Let @ € R and k € N. The definition of my implies that
(05— 0) my=(6,—0)Tm_1+(0,—0)" (m —my_1)
= (0:—6)"my 1 +Bii(0x— 0)" (VS5 (1) —my1),

which, together with the Cauchy—Schwarz inequality, the triangle inequality, and Assumptions (A1) and
(A2), implies that

(8, —0)"my < (6, —0) my_; +PuD(0)|V S, (0x) —my_i||
< (85— 8) "my_y + BuD(8)(B+ [Imy_i ).

Lemma 2 and Jensen’s inequality guarantee that

E [(ek - o)ka} <E {(ek - e)ka_.] +BuD(8) <B+ \/ %2 +GZ> . 35)

Hence, Lemma 3 implies that

Mi B ﬁ
E[(eref ﬁlk 2Pz 5 e Zﬁ@A )w(e)aﬁ;
+BuD(6) <B+1/OZ+G2>,

which completes the proof. O

Lemma 5 Suppose that (S1)—(S3) and (A1)—(A2) hold. Then, Adam defined by Algorithm 1 satisfies the
following: for all k € N and all 8 € R?,

clon-orsron] <20 s A (5 +0) ol
+D(8) (i +2B1k) <B+ \/ﬁ> ,

where the parameters are defined as in Lemma 3.
Proof Let @ € RY and k € N. The definition of m; ensures that

(8 —0) Vi (6:)
=(6;—0) my + (9k —0)" (Vf5,(80) —my_1)+ (0, —0) (my_y —my)

=(6;,-0)" mw-ﬁ (85— 8)" (Vf5,(81) —my) + Pri(0x— 0) (my_y — Vf5,(8y)),

which, together with the Cauchy—Schwarz inequality, the triangle inequality, and Assumptions (A1) and
(A2), implies that

(6:—6)"V /5 (8)) < (ek_B)kaJriD(e)(BJFHmkH)JFBlkD(e)(BJFHmk—IH)-

Lemma 2 and Jensen’s inequality guarantee that

E[(6:-8)"V/(80)| <E|[(6,~6) my] + (ﬁ +31k) D(6) <B+ e +Gz> .66
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which, together with Lemma 4, implies that

sl orTeson] 2L [T, aVB (20 g gh

Vi /311(
+D(8) (i +2[§1k> <B+ \/ %2 +G2> ,

which completes the proof. O

Lemma 6 Suppose that (S1)~(S3) and (A1)—(A2) hold, By := B1 € (0,1), and () ren is monotone de-
creasing. Then, Adam defined by Algorithm 1 with (9) satisfies the following: for all K > 1 and all 8 € R?,

1

dD(0)VMBix (o™ '+G*) & B1
X +

2By 0k \/ Pax K 2@31311( Zak P +D(6)G B

™=

E [(ek - G)ka—l] <

where the parameters are defined as in Lemma 3 and D(0) := sup{max;c(q) (6 — 6,)%: k € N} < oo,

Proof Let @ € R? and

Bix
2By 04

Y=

k+2
Bt

for all k € N. Since (o4 )ren is monotone decreasing and Bu=1 ,[5{#1 <1- = ﬁ.)kﬁ.], (Vi )ken is

monotone increasing. From the definition of a; in (29), we have that, for all K > 1,

éak: nE[l16: -6l | +Ig{m (16— 613, |~ %1 [l6x— 017, ]}

Iy

(37

W [|0k:1 - 01, ]

Since Hy € S¢, exists such that H; = ﬁi, we have HxH}z_lk = ||Hex||? for all x € R?. Accordingly, we have

K
T =E | Y {nl[Fe(0c - 0)[* 71 [Fi1 (6. - 0)|}

From H; = diag(ﬁ}c{f), we have that, for all x = (x;)¢
K>2, '

Vi, ,x Hence, for all

i Mw

d
Z Y/ ki = Y1 v/ Pk—1,i) (B — 91')2} . (38)
Condition (9) and % > ¥%—1 (k > 1) imply that, for all k > 1 and all i € [d],

Y/ Vxi — Ye—14/Pk—1,0 = 0.

Moreover, (A2) ensures that D(8) := sup{max;eq) (6 — 6,)%: k € N} < +o0. Accordingly, for all K > 2,

M&

ii Vk\/i Ye—1y/ Pk~ 1,)

k=2i=1

Ix <D(6

(/o= r)}

I
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Therefore, (37), E[| 01 — 6|17, ] < D(6)E[LL, /91, and (31) imply, for all K > 1,

K
Z a < Y][)(O)E

fF +D(0)8 {i (yryr)}

(39)

Pk
dD(8)vMpix

: 2[31061(\/@ .

Inequality (33) with B = B; and By :=1— B > 1B = By implies that

/B <02+G2>< \/’;( +G2>. (40)

kS — =
2/ Vi BirBix 2,/v< 1B
Inequality (34) with By, = B; implies that
ﬁlk 131
cx <D =D 41
k< D(0)G B 0)6 B @b
Hence, (29), (39), (40), and (41) ensure that, for all K > 1,
1 & dD(8)vVMB o2 ' +G?) &
?ZE{(ek_e)ka—]] < (9) ~ﬁ1K+( Zak Boy + D(0)G gl,
k=1 210k \/ Bk K 2/BiBK (S
which completes the proof. O

Lemma 7 Suppose that (S1)~(S3) and (A1)—(A2) hold, By := B1 € (0,1), and () ren is monotone de-
creasing. Then, Adam defined by Algorithm 1 with (9) satisfies the following: for all K > 1 and all 8 € R?,

dD(e)\/MB”( (62b71+G2) K Bl
(6 —
; e mk]ézﬁlax Bk | BB & )

+piD(6) <B—H/(22+G2> ,

where the parameters are defined as in Lemma 6.

Proof Let 0 € RY. Inequality (35) with B, = B implies that, for all K > 1,

Ly k(0 (0 30(8) (B+1/ 2 16
L fo-0rm] < L E -0 m ] oo (547 <)
Hence, Lemma 6 leads to Lemma 7. O

Lemma 8 Suppose that (S1)—~(S3) and (A1)—(A2) hold, By := B1 € (0,1), and (o) ren is monotone de-
creasing. Then, Adam defined by Algorithm 1 with (9) satisfies the following: for all K > 1 and all @ € R?,

dD(8)\VMBix (0%~ +G?) & i
+ B +D(0)G
Ay T LA

+ <%+2B1>D(9) (B+\/cf+G2>,

where the parameters are defined as in Lemma 6.

—ZE[ (64— 0)7V/(8)] <
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Proof Let @ € RY. Inequality (36) with B, = B implies that, for all K > 1,

E[(6c-6)"V/(6))]

E[(6x—6)Tm] + (é—%ﬁ])D(e) (B—H/(;z +02> ,

which, together with Lemma 7, shows that Lemma 8 holds. m}

o~
I

x| =
M=

IN
x| -
I

A.2 Proof of Theorem 1

Proof Lemmas 4 and 5 with

o =a, Bix =P, Bu=Po, Pue=1-B", Pu=1-BS", B =1-B

imply that

E [(ek —6")'m| < ut \/7 2\/W/3|l31k <7 +G2> e gl
+BiD(6%) <B+ \/ﬁ) '
E|(8;—8)"VL(8y) ol \/7 Zﬁﬁlk < >

i ﬁl
+D(8)G ﬁl +D(8) <l+2ﬁ ) B+\/G—2+G2
B B ! b ’
which completes the proof. o
A.3 Proof of Corollary 1
Proof The sequences (Blk)keN and (BZk)keN converge to 1. Theorem 1 thus leads to Corollary 1. 0O

A.4 Proof of Theorem 2

Proof Lemmas 4 and 5 with

1
1 1\ & , .
ak:k77ﬁlk:1 kh,ﬁzk ( k72> s Buu=1- {‘;:rlzl—ﬁlk-,ﬁZk:l— f;f]7

B =1-Pux
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imply that

/o Pox B
E (ek—e)Tm ﬁlk -t zm@lk (—+G2> D(0)G Bli

+ﬁ1kD( )<B+ s +G2>

YVeT ] 2 2
SDi(Ie M3k \/G—+G2+ ! > <G—+Gz>
1 b 2 b b

vk 1) V(R — g E 2

+# D(6*)G + LD(e*) \/6—2+G2
kb —1 kb1 b ’

slon-orsron] < 20 T AU (5 4) el
BTRRTAN
D(O)M%kbl 2 1 )
) »i‘(lc’”l)\/ﬁ+ 2,/ (kb — 1)k %20 (% +GZ>

1 1 /o2
+ mD(G)G+ leD(O) <B+ 7 +G2>
kb1 kbt —2 [o2
71) B P 2
+ (=) (0) | B+ b +G? |,

which completes the proof.

A.5 Proof of Corollary 2

Proof Since a— by +by/2 > 0, we have that

1 B 1 R ( 1 >*' o
(k1 — l)kﬁ%—zb, gt b gt oo a3 b kb '

Theorem 2 thus leads to Corollary 2.

A.6 Proof of Theorem 3

Proof Lemmas 7 and 8 with

o =, P =P, B = B2, P =1-BfH, Pu=1-piH <1, Bi=1-Bi
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ensure that

1 & N dD(6")VMBix | (0°b7'+G?) & * Bl
Ly rle, —en7 < D(6
Kk; [( k—0%) my| < o[k + Y B RK kZIOf Bo+D(6)G B
+BiD(6%) <B+ W)
SdD(e*)\/ME‘KJr(62b71+?2)a+D(6*) ﬁl
2B1a\/ Box K 2VvBib b
+BiD(6%) (B-i— \/ﬁ>
and that
1 & dD(0)VMBix  (c2b~! JrG2 131
— Y E|(6:-0)TVs(6))| < D(e
. 2
+<Bi]+2ﬁl)n(e) (Bﬂ/ﬁ)
_ dD(8)VMBix n (o’! +f;2) a+D(9)G@
2B1ay/ PaxK 2vvhiy g
+<é+2[§1>D(6) <B+\/ﬁ>,
which completes the proof. =

A.7 Proof of Theorem 4
Proof Let

1
_ _ L S I T —1-
o =a, B =P, Pu = & , B = Bk B, By B,

where b, € (0,2). We have that

Lemma 7 ensures that

1

1 . dD(e*)\/MBIK+ (0’b ' +G%) ia o +D(6)G gl

2B1a B2KK Zﬁﬁlﬁll( k=1

+B1D(6%) <B+ \/ %2 +G2>

CADOWH (@G 1 g oh
 2BiaK!” 2. BipiK kzlkz ey,

+BiD(8%) (B+\/Z+G2> .

[l yole

E [(ek—e*)Tm




Theoretical analysis of Adam 31

‘We also have that

1E 11 Kdr) 1 AU
2 5 <K<1+‘/1 ,72>K{1+|:(12>t 2:|]
42)

Hence,

A discussion similar to the one showing the above inequality and Lemma 8 imply that

LY s[vien 0] < PO, o (@
20piK' =% B (1- Bk R

Ek 1
+ l_ﬂlD(O)G+ (i +2(17[31)> D() (B+\/cf+G2),

B Bi

M=

which completes the proof.

A.8 Proof of Theorem 5

Proof Let

1 ~ ’ ~ ~
061\»:@71311(:[3171321(:/327 Bu=1-B"1 <1, Byu=1-BK1 <1, B =1-B.

We have that BZk =1- flf I>1— B>. Lemma 7 ensures that

Eli0 0 Tm| < DOWMB (P07 '+GC) & o o B
1 {( Kk —0") mk], o Bk | 2T BBK k;ak Bk +D(67) B

+B1D(6%) <B+ \/ %2 +G2>
& B

dD(6*)vM (e '+6°) & 1 B
: 2Bi/1=Bakl=0 2 viBiBiK k;ka+D(e )Gﬁl

+BiD(6%) <B+\/(22+G2>,

which, together with (42), implies that

1
K

=

*\ T dD(O*)\/M (62b71 +G2) * @
10— Tm] < e he D@5,

+BiD(6) <B+\/CZZ+G2>.

A discussion similar to the one showing the above inequality and Lemma 8 implies the second assertion
O

x| -
M=

k

in Theorem 5.
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A9

Proof of Theorem 6

Proof The proofs of Theorems 4 and 5 lead to Theorem 6. O
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