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Two optimization algorithms are proposed for solving a stochastic programming problem
for which the objective function is given in the form of the expectation of convex functions
and the constraint set is defined by the intersection of fixed point sets of nonexpansive
mappings in a real Hilbert space. This setting of fixed point constraints enables consideration
of the case in which the projection onto each of the constraint sets cannot be computed
efficiently. Both algorithms use a convex function and a nonexpansive mapping determined
by a certain probabilistic process at each iteration. One algorithm blends a stochastic gradient
method with the Halpern fixed point algorithm. The other is based on a stochastic proximal
point algorithm and the Halpern fixed point algorithm; it can be applied to nonsmooth
convex optimization. Convergence analysis showed that, under certain assumptions, any weak
sequential cluster point of the sequence generated by either algorithm almost surely belongs
to the solution set of the problem. Convergence rate analysis illustrated their efficiency,
and the numerical results of convex optimization over fixed point sets demonstrated their
effectiveness.
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1. Introduction

Stochastic programming problems have been recognized as significant, interesting prob-
lems that arise from practical applications in engineering and operational research.
Stochastic optimization methods have thus been developed to efficiently solve various
stochastic programming problems.

This paper considers a convex stochastic programming problem for which the objective
function is given by the sum of convex functions or by a form of the expectation of convex
functions and surveys stochastic optimization methods for solving it and related work.
Incremental proximal point algorithms with randomized order [3, 5] minimize the sum of
convex functions. Random gradient and subgradient algorithms [35] solve the problem of
minimizing one convex function over sublevel sets of convex functions. It also discusses the
connection between stochastic gradient descent and the randomized Kaczmarz method
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[37]. Stochastic approximation and sample average approximation methods [38] optimize
the expected value of objective functions over a closed convex set. Incremental stochastic
subgradient algorithms [44] minimize the sum of convex functions over a closed convex
set. Stochastic approximation algorithms [13, 14, 29] perform convex stochastic composite
optimization over a closed convex set. A distributed random projection algorithm [30]
minimizes the sum of smooth, convex functions over the intersection of closed convex sets
while incremental constraint projection-proximal methods [45] can be used to minimize
the expected value of nonsmooth, convex functions over the intersection of closed convex
sets. Multi-stage stochastic programming has been discussed [4, 12, 42, 52|, and the
results [1, 15-17, 41, 47] can even be applied to nonconvex stochastic optimization over
the whole space or certain convex constraints. A proposed stochastic forward-backward
splitting algorithm [11] can be used to find the zeros of monotone operators.

In contrast to the stochastic programming considered in previous reports, this pa-
per discusses stochastic programming problems in which each of the constraints is the
fized point set of a certain nonexpansive mapping. Convex optimization with fixed point
constraints in a real Hilbert space is interesting and important because it enables con-
sideration of optimization problems with complicated constraint sets onto which metric
projections cannot be easily calculated and because it has many practical applications
[7, 8, 22, 24, 43, 48, 49]. Although convex optimization with fixed point constraints has
been analyzed in the deterministic case [7, 22-25, 27, 48] and stochastic fixed point al-
gorithms have been presented [6, Subchapter 10.3], [10], there have been no reports on
stochastic optimization methods for convex optimization with fixed point constraints.

This paper is the first to consider convex stochastic programming problems with fixed
point constraints and to present stochastic optimization algorithms for solving them.
After the mathematical preliminaries and main problem statement are presented, the
smooth convex stochastic programming problem is discussed (Section 3), and a stochas-
tic optimization algorithm is proposed to solve it. This algorithm (Algorithm 1) blends
a stochastic gradient method [6, Subchapter 10.2], [30, 35-37, 44] with the Halpern fixed
point algorithm [18, 46], which is a useful fixed point algorithm. Next, the nonsmooth
convex stochastic programming problem is discussed (Section 4), and an algorithm (Al-
gorithm 2) is presented that is based on the stochastic proximal point algorithm [3, 5, 45]
and the Halpern fixed point algorithm.

One contribution of this paper is to enable consideration of (nonsmooth) convex
stochastic optimization over fixed point sets of nonexpansive mappings, in contrast to
recent papers [22-24, 26, 27] that discussed deterministic convex optimization over the
fixed point sets of nonexpansive mappings. The previous algorithm [23] is a centralized
acceleration algorithm for minimizing one smooth, strongly convex function over the
fixed point set of a nonexpansive mapping. Although the algorithms in [22, 27] are de-
centralized algorithms that optimize the sum of smooth, convex objective functions over
fixed point sets of nonexpansive mappings, they can work under the restricted situation
such that the gradients of the functions are Lipschitz continuous and strongly or strictly
monotone. The decentralized algorithms in [24, 26] can be applied to nonsmooth con-
vex optimization with fixed point constraints. However, since the algorithms in [24, 26],
as with the previous algorithms [22, 23, 27], can be applied only to deterministic opti-
mization, they cannot work on convex stochastic optimization over fixed point sets of
nonexpansive mappings.

Another contribution is convergence analysis of the two proposed algorithms with
diminishing step-size sequences. From the fact that a mapping containing the gradient of a
convex function satisfies the nonexpansivity condition (Proposition 2.1), it is shown that,
under certain assumptions, any weak sequential cluster point of the sequence generated by
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the proposed gradient algorithm almost surely belongs to the solution set of the problem
(Theorem 3.1). The nonexpansivity condition of the proximity operator (Proposition 2.2)
means that, under certain assumptions, any weak sequential cluster point of the sequence
generated by the proposed proximal point algorithm almost surely belongs to the solution
set of the problem (Theorem 4.1). Convergence rate analysis of the two algorithms is also
provided (Propositions 3.1 and 4.1).

This paper is organized as follows. Section 2 gives the mathematical preliminaries and
states the main problem. Section 3 presents convergence and convergence rate analyses
of the proposed gradient algorithm under certain assumptions. Section 4 presents con-
vergence and convergence rate analyses of the proposed proximal point algorithm under
certain assumptions. Section 5 considers specific convex optimization problems and com-
pares numerically the behaviors of the two algorithms. Section 6 concludes the paper
with a brief summary.

2. Preliminaries

2.1 Notation and definitions

Let H be a separable real Hilbert space with inner product (-,-), its induced norm
| - ||, and Borel o-algebra B. Let N be the set of all positive integers including zero.
Let Id denote the identity mapping on H. Let Fix(T) := {z € H: T(z) = z} be the
fized point set of a mapping T: H — H. The set of weak sequential cluster points [2,
Subchapters 1.7 and 2.5] of a sequence (zp)nen in H is denoted by W(xy)nen; i-e.,
x € W(xn)nen if and only if there exists a subsequence (2, )en of (zn)nen such that
(2n, )ien weakly converges to z. Let E[X] denote the expectation of a random variable
X. Given a probability space (2, F,P), a H-valued random variable z is defined by a
measurable mapping x: (Q,F) — (H,B). The o-algebra generated by a family ® of
random variables is denoted by o(®). Suppose that (z,),en is a sequence of H-valued
random variables and C' C H. Then, any weak sequential cluster point of (x,)nen is
said to almost surely belong to C' if there exists Qy € F such that P(€y) = 1 and
W(zp,(w))nen C C for all w € Qg (see also the proof of [10, Corollary 2.7(i)]). Suppose
that (xn)neny and (yn)nen are positive real sequences. Let O and o denote Landau’s
symbols; i.e., y, = O(x,) if there exist ¢ > 0 and ny € N such that y, < cx, for all
n > ng, and y, = o(x,) if, for all € > 0, there exists ng € N such that y,, < ex,, for all
n > ng.

A mapping T': H — H is said to be nonezpansive [2, Definition 4.1(ii)] if it is Lipschitz
continuous with constant 1; i.e., ||T(x) — T'(y)|| < ||l — y|| for all x,y € H. T is firmly
nonezpansive [2, Definition 4.1(1)] if | T'(z) — T (y)||? + || (Id = T)(x) — 1d = T) (y)||* < ||z —
y||? for all z,y € H. This firm nonexpansivity condition obviously implies nonexpansivity.
Given a nonempty, closed convex set C' C H, the metric projection onto C, denoted by
Pc, is defined for all x € H by Po(x) € C and ||z — Po(x)|| = infyec |2 — ||

The subdifferential [2, Definition 16.1, Corollary 16.14] of a continuous, convex function
f+ H — Ris the set-valued operator df defined for all x € H by 0f(x) ={u € H: f(y) >
f(x)+ (y —x,u) (y € H)} # 0. The condition df(x) = {Vf(x)} holds for all z € H
when f is Gateaux differentiable [2, Proposition 17.26]. The prozimity operator of f [2,
Definition 12.23], [33, 34], denoted by Proxs, maps every € H to the unique minimizer

of f() + (1/2) ]|z — ||
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2.2 Main problem and propositions

The following problem is considered in this paper.

PROBLEM 2.1 Assume that

(A1) T('i): H— H (ieZ:={1,2,...,1}) is firmly nonexpansive;
(A2) fO: H 5 R (i € T) is convex and continuous.

Then, our objective is to

minimize f(z) :=E [f(w) (x):| subject to x € X := ﬂ Fix <T(i)) ,
1€T

where f) is a function involving a random variable w € I, and one assumes that

(i) the solution set of the problem is nonempty;

(ii) there is an independent identically distributed sample wg, w1, ... of realizations of the

random variable w;

(iii) there is an oracle such that

e for (x,w) € H X Z, it returns a stochastic firmly nonexpansive mapping T(W) () :=
T (x);

o for (z,w) € H x T, it returns a stochastic subgradient G (z) € dfW)(2) or a
stochastic proximal point Proxf(w>(z).

Problem 2.1 is discussed for the situation in which (T(), f(¥n)) (w,, € T) is sampled at
cach iteration n. Let .J be the number of f). Even if I < .J (resp. I > .J), the setting that
T :=1d (i = I+1,1+2,...,J) (vesp. f9(z):=0(z € H,j = J+1,J+2,...,I)), which
satisfies (A1) (resp. (A2)), enables one to regard the stochastic optimization problem even
when J # I as Problem 2.1.

The following propositions are used to prove the main theorems.

PROPOSITION 2.1 [20, Proposition 2.3] Let f: H — R be convex and Fréchet differ-
entiable, and let Vf: H — H be Lipschitz continuous with Lipschitz constant L. Then,
Id — AV f is nonexpansive for all X € [0,2/L)].

PROPOSITION 2.2 [2, Propositions 12.26, 12.27, and 16.14] Let f: H — R be convex and
continuous. Then, the following hold:

(i) Let x,p € H. Then, p = Prox¢(x) if and only if x —p € 0f(p).

(ii) Proxy is firmly nonexpansive with Fix(Proxy) = argmin,cy f(x).
(iii) There exists 6 > 0 such that Of(B(x;9)) is bounded, where B(x;¢) represents a closed

ball with center x and radius ¢.

3. Stochastic gradient algorithm for smooth convex optimization

This section provides convergence properties of the following algorithm for solving Prob-
lem 2.1 when f) (i € 7) is Fréchet differentiable.

Algorithm 1 is obtained by blending the stochastic gradient method [6, Subchapter
10.2], [30, 35, 37, 44] (i.e., Zni1 = =, — A\G®)(z,)) with the Halpern fixed point
algorithm [18, 46]. The Halpern fixed point algorithm is defined by zp € H and z,4+1 =
anzo + (1 — )T (2,) (n € N) and converges strongly to a fixed point of T when
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Algorithm 1 Stochastic gradient algorithm for Problem 2.1
Require: n € N, (a,)nen, (An)nen C (0, 00).

:n+<0,xge H

2: loop
3 Yn = T(w") (xn - )\nG(w”)(xn))
4 Tpy1 = apzo + (1 — an)yn
5
6

n<n+1
: end loop

(an)nen C (0,1) satisfies limy, o0 = 0 and Y o2y ay, = 00. For Algorithm 1 to not
only converge to a fixed point of 7 but also to optimize f(?), Algorithm 1 needs to use
an (o )nen that satisfies stronger conditions than lim, o o, = 0 and Y 77 (o, = 00
(see Assumption 3.1 for the conditions of (ay,)nen and (A )nen)-

3.1 Assumptions for convergence analysis of Algorithm 1

Let us consider Problem 2.1 under (A1), (A2), and (A3) defined as follows.

(A3) f®: H — R (i € T) is Fréchet differentiable, and V£ : H — H is Lipschitz continuous

with constant L.

The following assumption is made.

ASSUMPTION 3.1 Let o > 1. The step-size sequences (a)nen C (0,1) and (An)nen C
(0,1), which are monotone decreasing and converge to 0, satisfy the following conditions:

o0
1 1 1 a
C1 ap =00, (C2) lim — —| =0, (C3) lim 11— —|=0,
( )nz% ( )”—m ant1 A1 An ( )"—m n+1 Qnt1
o, Qay, An
C4) lim —= =0, (C5)—— < N).
(C4) im <= =0, (CO) 7~ 3 <o (neN)

Examples of (ay,)nen and (Ap)nen satisfying Assumption 3.1 are A, :=1/(n+ 1)* and
an =1/(n+1)" (n € N), where a € (0,1/2) and b € (a,1 — a).
The collection of random variables is defined for all n € N\{0} by

T = (W0, W1y« ooy W1, Y0y YLy -« s Yne1y L0y Ty -« 5 L) (1)

Hence, given F,, defined by (1), the collection yo, y1, ..., yn—1 and xg, z1, . . ., T,, generated
by Algorithm 1 is determined.
The following is assumed for analyzing Algorithm 1.

ASSUMPTION 3.2 The sequence (wy)nen satisfies the following conditions:

(i) For all n € N, there exists m(n) € N such that m := limsup,,_,,om(n) < oo and
Wp, = Wy ym(n) almost surely.

(ii) [45, Section 4 (see also Assumptions 4-7)] There exists B > 0 such that, for all i € T

and for alln € N, ||z, — T (x,)||> < E[||lzn — T (2,)]12|F] almost surely.

Moreover, one of the following conditions holds.

(i) [45, Section 5, Assumption 8] E[f()(z)|F,] = f(x) for all x € H and for alln € N
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almost surely.

(iv) [45, Section 5, Assumption 9] (1/m) (Hl)m_lE[f(w‘)(x)\]:tm] = f(x) for allz € H

l=tm
and for all t € N almost surely, and (ap)nen and (An)nen are constant within each
cycle; i.e., ayn = Qi1 = -+ = C(t41)m—1 and Am, = Memy1 = -+ = )‘(t—l-l)m—l'

A particularly interesting example of Sub-assumptions 3.2(i) and (ii) is that, for
all t € N, (TWn)), ey, where n = ¢I,tI + 1,...,(t + 1)I — 1, is a permutation of
{1, 7@ TW} (see [45, Subsection 4.3, Assumption 6] for the case in which T(%n)
is a metric projection onto a simple, closed convex set).! This enables one to consider
the case in which the nonexpansive mappings are sampled in a cyclic manner (random
shuffling or deterministic cycling). See Conditions (I), (IT), and (IV) in Section 5 for other
examples of (wy,)nen satisfying Sub-assumptions 3.2(i) and (ii).

Consider Problem 2.1 when T := T (i € T) satisfying Sub-assumption 3.2(ii), i.e.,

minimize f(z) :=E [f(w) (x)} subject to z € Fix(T). (2)

Problem (2) includes convex stochastic optimization problems in classifier ensemble
[19, 50, 51]. However, the existing approaches in [19, 50, 51] are based on determin-
istic convex optimization and have not yet led to a complete solution of the classifier
ensemble problem. Meanwhile, Theorem 3.1 guarantees that Algorithm 1 with 7" := T
(i € 1),

Tnt1 = anZo + (1 — )T (xn - )\nG(w")(xn)> (n € N), (3)

can solve Problem (2) including the classifier ensemble problem (see Subsection 3.2 for
convergence analysis of Algorithm (3)).

Sub-assumption 3.2(iii) implies that the sample component functions are conditionally
unbiased [45, Subsection 5.1, Assumption 8] while Sub-assumption 3.2(iv) means that
the functions are cyclically sampled [45, Subsection 5.2, Assumption 9]. For simplicity,
let us consider the case in which (7, f)) is sampled in a deterministic cyclic order
(e.g., wo = wyy = I, wyry; = i (t € Nyi € 7)). Then, Sub-assumption 3.2(iv) means
that f(z) = (1/1) Y ;cr fP(2) (z € H). Problem 2.1 in such a deterministic case has
been previously considered [22-24, 26, 27]. In contrast to this deterministic case, Sub-
assumptions 3.2(i), (ii), and (iv) enable one to consider, for example, the stochastic
Problem 2.1 with f(x) = (1/1) l(t:t})lflE[f(wl)(x)|ft[] (x € H,t € N) for the case in
which, for all t € N and for a fixed ig € Z, (T®Wn), fwn)y (n =t tI +1,...,(t+1)I -1,
wo = wgr = 19 (k € N)) is sampled in a random cyclic order that differs depending on ¢.
Section 5 provides numerical comparisons for the behaviors of Algorithm 1 with (wp,)nen
satisfying Assumption 3.2 (see (I)-(IV) in Section 5).

The convergence of Algorithm 1 depends on the following assumption.

ASSUMPTION 3.3 The sequence (yp)nen s almost surely bounded.

Assumption 3.3 and the definition of (7, )nen ensure that (,)nen is almost surely
bounded. This guarantees that there exist {2 € F with P(2) = 1 and a weak sequential
cluster point of (z,,(w))nen (w € Q) in Algorithm 1; i.e., there exists a weak convergent

1Since all T() will be visited at least once within a cycle of I iterations, Sub-assumption 3.2(i) holds. From the
nonexpansivity condition of a metric projection, the conclusions in [45, Subsection 4.3] show that the sequence
(wn)nen satisfies Sub-assumption 3.2(ii) (see also Section 5).
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subsequence (7, (w))ien of (Zn(w))nen (w € Q). Hence, Assumption 3.3 is needed to
analyze the weak convergence of Algorithm 1. Suppose that a bounded, closed convex
set C C H can be chosen in advance such that the metric projection onto C O X,
denoted by Pg, is easily computed within a finite number of arithmetic operations [2,
Subchapter 28] (e.g., C'is a closed ball with a large enough radius). Then, y,, (n € N) in
Algorithm 1 (step 3 in Algorithm 1) can be replaced with

yn = P [T(“’") (xn - AnG(w”)(mn))} , (4)

which means that Assumption 3.3 holds. The same discussion in Subsection 3.2 ensures
that any weak sequential cluster point of the sequence (x,)nen generated by Algorithm
1 with (4) belongs to the solution set of Problem 2.1 without assuming Assumption 3.3.

3.2 Convergence analysis of Algorithm 1

The convergence of Algorithm 1 can be analyzed as follows.

THEOREM 3.1 Suppose that Assumptions (A1)-(A8) and 3.1-3.3 hold, and let (zy)nen
be the sequence gemerated by Algorithm 1. Then, any weak sequential cluster point of
(Tn)nen almost surely belongs to the solution set of Problem 2.1.

The proof of Theorem 3.1 is divided into five steps (Lemmas 3.1, 3.2, 3.3, 3.4, and the
proof of Theorem 3.1). First, the following lemma is proven.

LEMMA 3.1 Suppose that Assumptions (A1)-(A3), 3.1, 3.2(i), and 3.3 hold. Then, al-

most surely

lim F. ||:L'n+m+1 - anrlH

]:n] =0.

Proof. Assumption 3.3 means the almost sure boundedness of (z,)nen. Accordingly, the
Lipschitz continuity of V@ (i € Z) (see (A3)) leads to the almost sure boundedness
of (VD (xp))nen (i € T); ie., My := maxjer{sup,ey || VL@ (2,)||} < oo almost surely.
From the monotone decreasing condition of (A, )nen, there exists ng € N such that, for
all n > ng, A\, < L := 2/ max;er L. Hence, (A2), (A3), and Proposition 2.1 imply that
Id — A\, Vf® (i € T,n > ng) is nonexpansive. Sub-assumption 3.2(i) ensures that, for all
n > ng, there exists m(n) € N such that limsup,,_,. m(n) < oo, T(Wntm) = TWn) and
fwnim) = f(wn) almost surely. Accordingly, (A1) and the triangle inequality ensure that,
for all n > ng, almost surely

I =l = [T (@t = At G @gm) ) = T (2 = 2060 (@) )|
(xn+m — /\n+mG(w’")(wn+m)> — (xn — )\nG(“”")(xn)) ’
<[ (s S ) (=0

’G(wn)(xn)

<

+ |>\n+m - >\n|

)
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which, together with the nonexpansivity of Id — Ay4mG(®») | implies that

1Yntm = Unll < |Tnsm — Toll + M1 [Aarm — Anl -

Since the definition of x,, (n € N) and the triangle inequality mean that, for all n > ny,

|Zntm+1 — Tny1ll = [[(Qnsm — an) (o — yn) + (1 — @ntm) Yntm — Yn)ll
< (1 = antm) [Yntm = Ynll + lonem — anl |v0 — yull

meaning that, for all n > ng, almost surely

[Zntmt1 = Tng1ll £ (1 = angm) {I1Zn4m — 2nll + M1 [Angm — Anl}
+ |en+m — anl |lzo — ynll
< (1 = antm) |Tn+m — zull + M1 [Angm — Anl
+ Mz |t m — anl,

()

where almost surely My := sup,cy ||yn — 2ol < o0o. Therefore, for all n > ng, almost
surely

| Tnrme1 — Tyl

An—i—m
— A Y —
1 e 3=y P =l oo
n+m n—+m n—+m
|Zn+m — @nl| { |Zn+m — Tnl| |Zn+m — Tnl| }
=(l-« — t (1l -« —
( n—i—m) )\n-i-m—l ( n+m) )\n+m )\n—i-m—l
[ Antm — An| | Qptm —
Mi——— + My—————
* ! )\n—‘rm * 2 >\n+m
< (1 . an+m) Hanrm - ﬂ3n|| T M ‘ 1 . 1 M, |)‘n+m - An‘
)\n-l-m—l )\n+m >\n+m—1 )\n+m
T M, |an+m - an|’
)\n—i-m

where almost surely M3 := sup,,cy || Zn+m — n|| < 00. Accordingly, for all n > ng, almost

surely
|Zn+m+1 — Tny| [Zn+m — Znll My ’ 1 1
< (1= appm) 2t = 4 Lo —— | — — 6
)\n-l—m ( n+m) )\n—l—m—l e Qntm )\n )\n—‘rm ( )
Ms 1 1 Mo Qp,
+any - R — | - :
e Ontm )\n—&—m An—f—m—l i )\n—‘rm Qntm

where the second term on the right comes from A, < L (n > ng) and

Antm = Anl _ p Antm = Al p [Angom = An| L‘ 1 ; ‘

>\n+m L)\ner o )\n)\n+m )\n )\n+m .
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Condition (C5) and the triangle inequality mean that, for all n > ny and for all [ > 1,

1|1 1 anu 1 |1 L], 1 1 1
Qi1 | An Antidl| — Qi1 Qngr [ A Ay Qppigl | Al Antirl
1 1 1 1 1 1
<o - + - ;
Q4 )\n )‘n—‘rl On4i4+1 )\n—‘rl )\n—l—l—&—l
1 |- O | il Anpr 1 1 O | 1 | _Onl
Antit1 Qnti4+1 | Qntit1 Antil Ant Qntl|  Antitl Qpti+1
<ot ) 1y G|
Antl Qntl|  Angitl Qptl+1
Conditions (C2) and (C3) thus mean that, for all [ > 1,
1 1 1
lim - —=0and lim 1- I 2o (7)
n—=00 Qip4| An >\n+l n—=00 Ap4] Q77NN

Hence, (C2) and (7) guarantee that, for all € > 0, there exists n; € N such that, for all
n > ni,

MlL ’1 1 ‘ E M3 ’ 1 1 < E MQ ‘1 (7% < €
Qnt+m )\n )\n—‘rm o 3’ Qn+m )\n-i—m )\n-l—m—l o 37 An—i—m QAp+tm o 3
Therefore, (6) means that, for all n > ng := max{ng, n1}, almost surely
x J— p—
[Zn+mt1 — Tn | <(1— anim) [#n4m — Tl + eanim. (8)

)\n—‘rm )\n+m—1

Further, induction guarantees that, for all n > ns, almost surely

H$n+1+m(n) — Tp+1 H

An+m(n)

IL’n, m(n— - 4n—
< (1 i) { (1~ 0 i) [#n-ssmin-p = 20

)‘n—Q-l—m(n—l)
+e (1 - (1 - an—1+m(n—1))) } + €Qpntm(n)

Hxn—l—i-m(n—l) — Tp-1 ”

= (1 = apmm)) (I — n14m(n—
(1 = ngomim)) ( ) A W

+e{l— (1= anpmm) (1 = Cntsmn-1)) }

n

Tro+mng) = Tno -
< H (1—Oék+m(k)) H tmine) H +6{1_ H (1_ak+m(k))}'

k=ns )\ng —1+m(n2) k=ns

By taking the expectation in this inequality conditioned on F,, (n > ng) defined in (1),
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we have for all n > ng

Hxn2+m(n2) — Tny H

A

E Hanrm(n)Jrl - CUn—HH

fn] S H (1—ak+m(k))E

k:nz

g

+€ {1 -] (1 - ak+m(k))} 9)

k‘:’nz

An—&-m(n)

na+m(na)—1

almost surely. Moreover, Sub-assumption 3.2(i) means the existence of m € N satisfying
max{m(k): k =mn,n —1,...,n2} < m. Accordingly, Condition (C1) and the monotone
decreasing condition of (o )nen lead to the finding that 0 < limsup,, . [];_,, (1 —
Qegrm(k)) < msup,, o0 [Ty, (1 = @g4m) = 0. Therefore, (9) means that, almost surely

x -
limsup E H ntm(m)+l — Tntl H Fn| <,
n—0o0 )‘ner(n)
which, together with the arbitrary condition of €, means that Lemma 3.1 holds. [ |

Lemma 3.1 leads to the following.
LEMMA 3.2 Suppose that the assumptions in Lemma 3.1 hold. Then, almost surely

2
Ty — T(w")(xn)

n—oo

li_>m E [Hxn — ynl? ‘]:n] =0and lim E “

7| =0

Proof. Fix x € X C Fix(T®) (i € Z) and n € N arbitrarily. Assumption (A1) ensures
that, for all k € N, [lyx — z[|* < ||(2x — 2) — MG () 12 = || (2 — yie) — MG () ||
Hence, from ||z —y||* = ||z[|* — 2(z,y) + [lyl|* (z,y € H),

Iy = @l < ok = 2l + 22k (@ = g, G wg) ) = lla — il
The definition of z; (k € N) and the convexity of || - |2 thus imply that, for all k& € N,

2k — 2| < o llzo — 2)* + |z — zl* + 2(1 — ar) M <9€ — Yks G(W)(fﬁk)>
— (1= ag) ok — yill”-

Since the above inequality holds for k = n + m(n),n +m(n) —1,...,n+ 1, it can be
deduced that

n+m n+m
|Znsmr1 —2|® < Joppr — 2l + lmo —2|® D an— Y (1—ap) |z — ysll?
k=n+1 k=n+1
n+m
+2 ) N ‘<$ = Yks G(w’“)(fﬂk)>’ 7
k=n+1

which, together with My := sup,,cy 2[(z — yn, G")(x,))| < oo almost surely, and the

10
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triangle inequality, means that, almost surely

n-+m n+m
(1= ans1) |Zns1 = i l® < lzo —2|® D an+ M D N
k=n-+1 k=n+1

|Zn+1 = Tormy|l

+ At (1Tna1 — 2l + |Znyme1 — z]) Aot
n-+m

(10)

Taking the expectation in this inequality conditioned on F,, ;1 defined in (1) leads to the
finding that, almost surely

(1 — ang1)E [”%H - yn+1H2 ‘fn+1}

n+m n—+m
< ||$O_x||2 Z oy + My Z Ak (11)
k=n+1 k=n+1

Hxn+1 - xn+m+1” ‘Fn—&-l]

# i [(ons =l + g = of) 12252
n-rm

Hence, from the definition of F,, (n € N), Assumption 3.3, Lemma 3.1, and lim;,_, o0 v, =
lim,, oo A, = 0, we have

Tim B [l — gl | 7] =0 (12)
almost surely. Further, since (A1) means that, for all n € N,

Hy ~ T (g H - HT (mn - )\nG(w")(azn)) ~ Twa)(z,) G (z,,)

<A

I

we find that, for all n € N,

Jn =T @) < 2 e — gl 4+ 2y — T ()|
(13)
) )|

< 2|z — yal* + 277

I

where the first inequality comes from [z +y||* < 2|jz[|* +2||y||* (x,y € H). Accordingly,
(12), Assumption 3.3, and the convergence of (A, )pen to 0 guarantee that, almost surely
limy, o0 E[[|2n — T (2,,)]12|Fn] = 0. This completes the proof. [ |

The following lemma demonstrates that any weak sequential cluster point of (x,)nen
in Algorithm 1 is almost surely in X.

LEMMA 3.3 Suppose that Sub-assumption 3.2(ii) and the assumptions in Lemma 3.1
hold. Then, for all i € T, almost surely

lim
n—oo

Ty — T(i)(xn)‘ =0 and nhm H —7® ( - )\an(i)(:L‘n)> H =0.

11
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Proof. Sub-assumption 3.2(ii) and Lemma 3.2 guarantee that, for all j € Z, almost surely

Blimsup ||z, — T(j)(a:n) Tp — T(w")(ﬂfn)

n—oo

2
< limEU

n—o0

2
]-"n} = 0.

This means that lim, e ||z, — 7Y (2,,)|| (j € ) almost surely equals 0. The triangle
inequality and (A1) ensure that, for all i € Z and for all n € N,

which, together with Assumption 3.3, lim;,, oo Ap = 0 almpst surely, and limy, 00 ||z —
T@(x,)| = 0 almost surely, means that limy, e ||z, — T (2, — XV O (2,)|| (§ € T)
almost surely equals 0. This completes the proof. [ |

vf(i) (zn)

)

zy — TV <:cn — /\an(i)(xn)) H < ’

z, — T (xn)H + A

The following can also be proved.

LEMMA 3.4 Suppose that the assumptions in Theorem 8.1 hold. Then, almost surely

limsup f(zy,) < f*:= min f(z).

n—00 zeX

Proof. Fix * € X* := {z* € X: f(z*) = f*} and n € N arbitrarily. From (Al), for
all k € N, [lyx — 2*|1> < ||(z — 2*) — MG (21,)]|2, which, together with ||z — y||2 =
|2 — 2(z,y) + ||y||> (z,y € H) and the definition of df, means that, for all & € N,
almost surely

o = @117 < llaw = ¥ + 20, (£ () = 0 (i) ) + MEAL,

Hence, the convexity of || - ||> means that, for all k¥ € N, almost surely

g — 2"

< agllog — | + lla — 27 + 21 = ) (£ (@) = £ (@) ) + MEAL

Since the above inequality holds for k = n+m(n),n+m(n) —1,...,n+ 1, almost surely

n+m
2 w Wi
o 2 (e (S0 ) — 1 )
k=n+1
H I, w2§? M} gﬁ -
Tn+m+1 — Tntl o — T 1 2
< M, A
- b )\n-‘,-m * )\n—i-m U * An—i—m 7

k=n+1 k=n+1

where almost surely Ms := sup, cn(||zn+1 — ¥ + [|[ZTngms1 — 2¥||) < 0.

Now, let us assume that Sub-assumption 3.2(iii) holds. Then, for all x € H, al-
most surely E[f+2)(2)|Fa) = E[E[f) (@) Fal|lFal = Ef(2)|Fa] = f(@); i
E[f(@s) ()| F,] almost surely equals f(x) for all k > n and for all € H. Hence, by

12
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taking the expectation in (14) conditioned on F,,, we have

2 n+m
) > (=) (flar) = f*)
n+m j—l (15)
>~ )\n-i,-m /\n+m [a— n+m kel

almost surely. Since (C5) and the monotone decreasing conditions of (a, )nen and (An )nen

satisfy

’iUO—IL" 2n+m +1 2 On41

D7 ar < mlleo - *? £ <min) (m(n) = 1) [leo — ¥ T

n+m k—rnt1 n+m n+1

M "X A
3 A < M < mn) (m(n) — 1) oM, (16)
n-+m k=n-+1 n+m

Sub-assumption  3.2(i), (C4) and  limy, 00 An = 0 mean  that

limy, o0 ([|20 — xH [Antm) Zk “nt10x < 0 and hmn—>00(M12/)\n+m) ZZIZZJA )‘% < 0.
Accordingly, Lemma 3.1 guarantees that, almost surely

lim sup Z(l — an+k))\n+k (f($n+k:) - f*) <0
n—oo n+m k=1

Now, let us assume that the assertion in Lemma 3.4 does not hold; i.e., for all Qe F,
P(Q2) = 1 and there exists w €  such that limsup,,_,. f(zn(w)) — f* > 0. Accordingly,
there exist v > 0 and n3 € N such that f(z,(w)) — f* > v for all n > ng. The monotone
decreasing conditions of (a,)nen and (Ap)nen and lim, o ay, = 0 thus guarantee that

m

0 > lim sup D (1 = i) Mtk (F(@nin(w)) = )
n—o00 n+m k=1
. 2An—i—m
> ylimsup ———m(n)(1 — anpt1) > 2y > 0,
n—r00 n+m

which is a contradiction. Therefore, almost surely limsup,, . f(z,) — f* <0.
Next, let us assume that Sub-assumption 3.2(iv) holds. Inequality (14) thus leads to
the finding that, for all n € N, almost surely

n+m
2(1 Oén-i—m n+m Z < wk) f(wk)(x*))
Antm k=n+1
2
<M5||$n+m+1—$n+1|| w0 — &*[|" man4m M1m>‘n+m
- Antm Antm Antm

Since the definition of df(*) means that fs)(z,) — f) (z) < (2, — 21, G (2,))

13
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(k=n+1,n+2,...,n+m), almost surely

n+m
21 = ) Y, (£ @) - £ ()
k=n-+1
2
< M |Tnsms1 — Tnyll |zo — || man1m M12m)‘721+m (17)
- )\n+m )\n+m )\ner
n+m
+2Mi(1 = apem) Y llon — 2]
k=n+1
Further, from [l — ol < i1 —will + 1y — 2l and iz —yill = aalloo—uill (1 € N),

Assumption 3.3 and Lemma 3.3 ensure that lim;_, ||z;31 — 2;]| almost surely equals 0.
Hence, the triangle inequality guarantees that, for some j € N, lim;_, . ||z; — T4 || almost
surely equals 0. Taking the expectation in (17) thus ensures that, for all € > 0, there
exists ng € N such that, for all n > n4, almost surely

2(1 = antm) (f(zn) = f7)

S M5E ”xn+m+1 B $n+1H ]:n:| + H'CCO B $*||2an+m
m)\n—‘rm

+ M2\ + 2M1y (1 = i),
)\n-l—m

where the left side comes from the condition that almost surely f(z) =
(1/m) (H1)m—1 E[f(“) (2)| Fym] with tm = n 4 1 and the definition of F,,. Hence, from

l=tm
Sub-assumption 3.2(i), Lemma 3.1, (C4), and lim,, oo A\, = lim, o @, = 0, almost

surely

2limsup (f(xn) — f*) < 2Mje.

n—oo
Therefore, the arbitrary condition of € guarantees that Lemma 3.4 holds. [ |
Now we are in the position to prove Theorem 3.1.

Proof. Lemma 3.3 ensures the existence of Q € F such that P()) = 1 and
limy, o0 |20 (W) — T@ (2, (w))| = 0 for all w € Q and for all i € Z. Moreover, Lemma 3.4
means that there exists Q € F such that P(Q) = 1 and limsup,, . f(z,(w)) < f* for all
w € Q. Now, let w € QNQ and let 2* € W(z,,(w))nen. Assumption 3.3 and P(QNQ) = 1
guarantee the existence of a weak sequential cluster point of (z,(w))nen. Then, there
exists (zn, (w))ieny C (Zn(w))nen such that it converges weakly to z* € H. Here, let us fix
i € T arbitrarily and assume that z* ¢ Fix(T(®). From Opial’s lemma [39, Lemma 3.1],

2, () = TY (")

I

liminf ||z, (w) — 2¥|| < lim inf‘
l—00 l—o0

which, together with w € Q and (A1), means that

hmmeAM—xW<hmmqﬁ@@m@D—T@@ﬂ

l— =00

< liminf ||z, (w) — 2™ .
l—o00

14
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This is a contradiction. Therefore, z* € Fix(T®) for all i € Z; i.e., z* € X. Furthermore,
the weakly lower semicontinuity of f [2, Theorem 9.1] leads to the finding that

Fla®) < Tigminf f (2, (@) < limsup f (2(w)) < /.

n—oo

That is, z* € X*. This completes the proof. [ |

3.3 Convergence rate analysis of Algorithm 1

The following proposition establishes the rate of convergence for Algorithm 1.

PROPOSITION 3.1 Suppose that the assumptions in Theorem 3.1 hold and that (zy,)nen
is the sequence generated by Algorithm 1. Then, there exist N; € R (i = 1,2) such that,
for allt € T and for alln € N, almost surely

‘ < VN1, + NoAy,.

Moreover, under Sub-assumption 3.2(iii), if there exists ko € N such that f(x,) > f*
almost surely for all n > ko, then there exist k; € N and N; € R (i = 3,4,5) such that,
for all n > max{ko, k1}, almost surely

Ty — T® ()

n+m

=N fla) - £ < 1\73M £ N\, + N5 2 (18)
m Antm An

Under Sub-assumption 3.2(iv), there exist ko € N and N; € R (i = 6,7,8,9,10) such
that, for all n > ks, almost surely

An m n
flan) — [ < N6O()\+) + N7, + Ns% + / Noay, + NigAp. (19)

n+m

Here, let us compare the stochastic first-order method with random constraint projec-
tion [45] with Algorithm 1. In [45], the problem

M
minimize f(x):=E [f(”) (x)} subject to x € C := m c® (20)
i=1

was discussed [45, (1)-(3)], where f®): RY — R is a convex function of z involving a
random variable v, and C® ¢ RN (1=1,2,..., M) is a nonempty, closed convex set onto
which the metric projection P® can be efficiently computed. The following stochastic
first-order method [45, Algorithm 1, (9)] was presented for solving problem (20): given
T € RN,

2k = T — akG(vk)(fk),
- o ] 21)
T1 = 2k — Bk (Zk — P (Zk)) , with T =z or Tp = Tpy1,

where P(*) stands for the stochastic metric projection onto C™), and (a)ren, (B )ken C
(0,00). Under certain assumptions, Algorithm (21) converges almost surely to a random

15
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point in the solution set of problem (20) [45, Theorem 1]. Theorem 2 in [45] implies that,
under certain assumptions, Algorithm (21) with oy, = 1/vk and f; := 38 > 0 (k € N)
satisfies

(LS re)| <o () # o[t <o (ten)

where f* is the optimal value of problem (20) and d(z, C) := infyec ||z — y|| (z € RY).
Meanwhile, Algorithm 1 can be applied to problem (20) even when C () is not always
simple in the sense that P() cannot be easily computed (see Section 5 for an example of
problem (20) when C® is not simple). Theorem 3.1 guarantees that any weak sequential
cluster point of (z,)nen generated by Algorithm 1 almost surely belongs to the solution
set of Problem 2.1 including problem (20). Proposition 3.1 implies that Algorithm 1 with
Ay i=1/n% and a, := 1/n® (n > 1), where a € (0,1/2) and b € (a,1 — a), satisfies, for

alli €7,
’ -0 (\/%a) . (22)

Moreover, (18) implies that, under the assumptions in Proposition 3.1 and the condition
o(An) = 1/n¢, where ¢ > a,

1 X 1
— Z f(xk)_f*20<nmin{a,b—a,c—a})’ (23)

m
k=n+1

E

Ty — 7 (zn)

while (19) implies that

flap) = f*=0 <nmin{a/21,b—a,c—a}> ’ (24)

Proof. From (11), the monotone decreasing conditions of (a,)nen and (Ap)nen with
lim,, o0 v, = 0, and the almost sure boundedness of (x,,)nen, there exist N; € R (i = 1,2)
such that, for all n € N, almost surely E[||x, — yn||*|Fn] < N1y + Na),. Accordingly,
(13) ensures that, for all n € N, almost surely

E |

Sub-assumption 3.2(11) guarantees the existence of N3 € R such that, for ¢ € Z and for all
neN, ||z, — TO(z,)|?> < N3E[||z,, — T®)(x,)||?|F;] holds almost surely. This means
that, for all © € Z and for all n € N, almost surely

Lemma 3.1 and the monotone decreasing condition of (A,)pen with lim, o0 Ay = 0

Tn — T (z,,)

2
‘an} < 2(Nyay, + NoXy,) + 2M32X2.

. 2
Zn — T (2,)|| < 2N3 (Nyay, + NoX,) 4 2NsME,,.

16
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guarantee that, for all n € N, almost surely

_ E [||$n+m+1 — Tpy| |-7:n] _ 0(/\n+m). (25)

)\ner )\ner

E | Zntms1 — Tnsa|

Fn

)\ner

Let us assume that Sub-assumption 3.2(iii) holds. From (15) and (25), for all n € N,
almost surely

2 = oMnim) | llwo — a*)? "X M
T 2L (L) (fan) = f7) < My = 4 B Dot YA
n+m k=n-+1 n+m n+m k=n-+1 n+m k=n-+1

Hence, (16) guarantees that there exist Ny, N5 € R such that, for all n € N, almost surely

2

>\n+m

n+m
()‘n—l—m)

3 (- e (flan) — ) < Ms?

k=n+1

Qp
Ny— + N\,
)\n+m+ 4)\n+ 5An

Since (o )nen converges to 0, there exists ns € N such that 1 — oy, > 1/2 for all n > ns.
From the monotone decreasing condition of (A,)nen and the existence of ng € N such
that almost surely f(z,) — f* > 0 for all n > ng, we have for all n > ko := max{ns,ng},

1 . Ms;o(Agm) Nian Ns
— E — < =~ — 4+ =\
m flaw) = 17 < m  Ant+m + m A, + m’ "
k=n-+1

almost surely.
Let us assume that Sub-assumption 3.2(iv) holds. Then, (17) guarantees that, for all
n € N, almost surely

n+m
201 = anim) D (S (@a) = f @)
k=n-+1
| Tntmt1 — Tnsll Qn =
< Ms + Na + Nodn + 2Mi(1 = ) D o — 2k
)\n-‘rm >\n k=n+1

From (10), ||Znt1 — ynll = anllzo — yall (n € N), and the triangle inequality, there exist
n1 € Nand N; € R (i = 1,2, 3) such that, for all n > f1q, almost surely

[2n = Znall < llen = yall + lyn = Znta]

<V Niay + Nodp + Nsa,

which, together with the triangle inequality and the monotone decreasing conditions of

17
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(an)nen and (Ap)nen, means that, for all n > 7y, almost surely

n+m m—1

S llwn =l < D0 (m = Dllanty — Togjial
k=n+1 =0
m—1

(]

(m—j) <\/N1an+j + Nodptj + N3an+j)

1 _ _ _
———i—2<¢Nﬂm+JwAn+A@mQ.

2

.
Il
=)

IA
2
3

Since (o, )nen converges to 0, there exist a € (0,1) and ny € N such that a < 2(1 — )
for all n > ny. From (25), for all n > max{ng, 71,72}, almost surely

Ms o( )\ N, N:
Mz 0Anim) | Naom  Ns
a  Aptm a A a

COM, s~ _ _
—ﬁwmf)%vM%+MM+M%)

which, together with (C4) (i.e., there exists M € R such that a,, < M\, for all n € N),
completes the proof. [ |

m (f(zn) — f7) <

The following remark is made regarding Proposition 4.1.

REMARK 3.1 From a discussion similar to the ones for obtaining (6) and (9), there exist
M; € R (i = 1,2) such that, for all n > ng, almost surely

Lntm(n — Tn I _
n+m(n k=,
where N(n) = max{(L/ ()| (/) = (L/Mesmi)] (/i) | (L Akmesy) =

|
(1/)‘k+m(k)—1)|> (1/)‘k+m(k))|1 - ak/ak+m(k)|: k = n,n — 1, cee ,77,2}. ACCOI‘diIlgly, (25
can be replaced with (26).
4. Stochastic proximal point algorithm for nonsmooth convex optimization

This section presents the convergence analysis of the following proximal-type algorithm
for solving Problem 2.1.

Algorithm 2 Stochastic proximal point algorithm for solving Problem 2.1
Require: n € N, (@p)nert, (n)nen C (0, 00).

1:n+0, g€ H

2: loop

3 yp =T (Prox, poun (2))

4 Zpg1 = apxo+ (1 — an)yn

5: n<n-+1

6: end loop

18
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Algorithms 1 and 2 are based on the Halpern fixed point algorithm [18, 46]. In contrast
to Algorithm 1, Algorithm 2 uses the approach of proximal point algorithms [2, Chapter
27], [3, 5, 31, 32, 40, 45] that optimize nonsmooth, convex functions over the whole space.

4.1 Assumptions for convergence analysis of Algorithm 2

Let us consider Problem 2.1 under (A1), (A2), and (A4) defined as follows.

(A4) Prox,sw (v > 0,i € Z) can be efficiently computed.

Tables 10.1 and 10.2 in [9] provide several examples of convex functions for which prox-
imity operators can be computed within a finite number of arithmetic operations.
The conditions of the step-size sequences in Algorithm 2 are as follows.

ASSUMPTION 4.1 Let o > 1. The step-size sequences (an)nen C (0,1) and (yn)nen C
(0,1), which are monotone decreasing and converge to 0, satisfy the following conditions:

(o)
1|1 1
(C1) Y = o0, (C2) lim — —| =0, (C3) lim 1- -2 | =,
=0 n—=0 Qn41 |Ynd+1l  In n—=00 Yn 41 Qpt1
1 - A
(C4) lim <% =0, (C5) lim ’7”“2 il o) (062 A < (e ).
n—00 Yp n—00 (p41 ’Yn-i-l On+1 )\n+1

Examples of (ay)nen and (7, )nen satisfying Assumption 4.1 are 7, := 1/(n +1)® and
an :==1/(n+1)" (n € N), where a € (0,1/2), b € (a,1 —a), and a + b < 1.
The convergence of Algorithm 2 depends on the following assumption.

ASSUMPTION 4.2 The sequence (wp)nen Satisfies Assumption 3.2, where Ay, is replaced
with vp,. The sequence (yp)nen s almost surely bounded.

A similar discussion to the one for defining (4) implies that, if there exists a simple,
bounded, closed convex set C' D X, then y,, (n € N) in Algorithm 2 can be replaced with

Yp 1= PC [T(w") (PI’OX,Ynf(wn)(JIn))} 5 (27)

which implies the boundedness of (Y, )nen-

4.2 Convergence analysis of Algorithm 2

THEOREM 4.1 Suppose that Assumptions (A1), (A2), (A4), 4.1, and 4.2 hold, and let
(n)nen be the sequence generated by Algorithm 2. Then, any weak sequential cluster
point of (zn)nen almost surely belongs to the solution set of Problem 2.1.

The proof starts with the following lemma.

LEMMA 4.1 Suppose that the assumptions in Theorem 4.1 hold. Then, almost surely

lim E ”wn—i-m—&-l - xn—i—l”

7| =0

19
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Proof. Sub-assumption 3.2(i) ensures that, for all n € N, there exists m(n) € N such
that limsup,, ,.. m(n) < oo, TWntm) = TWn) and fwnim) = fWn) almost surely. Ac-
cordingly, (A1) and the triangle inequality ensure that, for all n > ng, almost surely

”yn+m - yn“ é H PrOX’Y7L+n1f(w") (xn+m) - Prox’y7l+mf(wn) (xn) H
+ ||Prox,, . pewm (@n) — Prox,, pu. (2,)

)

which, together with Proposition 2.2(ii), means that

|Ynt+m — Ynll < |Tntm — zall + HPFOX'y,,m,Lan)(wn) - PrOX,ynfwn)(xn)H .

Put zy := Prox, fw.(zn) and 2, := Prox, . fw.(zn) (n € N). Proposition 2.2(i) thus

means that (2, — 2,) /v, € 0f W) (2,) and (2 — 2n) /Ynim € 0f“)(Z,) (n € N). Hence,
the monotonicity of df(®=) implies that, for all n € N, (zn — Zn, (xn — 2n) /m — (T —
Zn)/Yn+m) > 0, which means that

1
TnVn+m
+ (2n = Zny (Yn — Yntm)Zn) } > 0.

{ (2n = Zn, (Yn+m — M)Tn) + (20 — Zns —Yntm(2n — Zn))

Accordingly, for all n € N, ||z, — Zull < (|[vntm — Yul/Ynem) (|2nl] + ||Zn]])- Thus, for all
n € N, almost surely

|’Yn+m - ’7n| (‘

|Yntm = Ynll < | Tntm — zall + |zl + IZnl]) -

n+m

A discussion similar to the one for obtaining (5) guarantees that, for all n € N, almost
surely

"Yn+m - ”Yn| (

|Zntmt1 — Tnp1ll < (1 = angm) | Tnpm — zall + lznll + (12 ll)

n+m

+ [antm — anl [0 — Yl -
Therefore, the same discussion as for (6) implies that, for all n € N, almost surely

| Zntm — 2nl| Q

|Zntm+1 — Tl <(1 - angm) + Qntm 1 '1 _
Tn+m Yn+m—1 Tn+m
1 1 1
Qn+m | Tn+m  Intm—
L |[Ytm — 1l (

2
n+m Tnt+m

n
[z = ynll
Qntm

[nim =221

[znll + 1Znll) -

Therefore, the proof of Lemma 3.1, Sub-assumption 3.2(i), and Assumptions 4.1 and 4.2
lead to the assertion in Lemma 4.1. This completes the proof. [ ]

LEMMA 4.2 Suppose that the assumptions in Theorem 4.1 hold and zy, := Prox,, fow.) ()
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for all n € N. Then, almost surely

2
lim E [Hxn — zn)? ‘]—"n} =0 and lim E U Ty — T(wn)(:vn)H
n—00 n—oo

7| 0.

Proof. Choose x € X and n € N arbitrarily and define z; := Prox,, e, (2x) (k € N).
Proposition 2.2(i) thus ensures that, for all k € N, (z — z, 21, — 2z) < e (f@¥) () —
U (zx)), which, together with (z,) = (1/2)(l|lz||*+ |yl|* ~ llz — y||*) (x,y € H), means
that

o = @l < llow = @l = D12k = 2ll” + 29 (£ () = £ (z1))

Since the convexity of || - ||* and (A1) mean that, for all k € N, ||zpy1 — 2||* < agllzo —
z)|? + |lzx — x> = (1 — ag)||ze — T (21,)||%, we also have, for all k € N,

|zhs1 — zl” < g 2o — l* + |lz — zl|” = |12k — zxl” + 2% <f(w’“)($) - f(wk)(zk:)>

—(1—ay) sz - T(w’“)(zk)HZ : (28)

Furthermore, the definition of f® (i € Z) and Proposition 2.2(iii) imply that there
exists K1 € R such that

ka1 — 2l < an llzo — @il + llzx — 2l — |2k — @l® + 2K [l — 2

(- AN
(1—ag) ||k (ze)|| -
Accordingly,
n+m n+m
|zt = zna® < llwo — 2l DY an+2K1 > ke — 2zl
k=n-+1 k=n-+1
Ipnt+1 — T 1
i (g1 — 2]+ [n g — af)) 1t = Trematll = )
Yn4+m
9 n+m n+m
(1= i) 2001 = T )| < oo —2l? D2 ap+2K1 Y wlle -zl
k=n-+1 k=n-+1
Ipnt+1 — T 1
i (11 — 2]+ [n g — af)) Pt = Zrematll = g5

Yn4+-m

Therefore, from a discussion similar to the one for obtaining (12), Assumptions 4.1
and 4.2, and Lemma 4.1 lead to lim, . E[|[zn — 2n||?|Fs] = 0 almost surely and
limy, o0 Ef[| 20 — T (2,)|1?|Fn] = 0 almost surely. Since (A1) and ||z + y||? < 2||=||® +
2||lyl|? (x,y € H) guarantee that

2

@) ()| 2 (w.)
20 = T ()| < 2l@n = 20l +2 |20 = T (@)

2

§6||$n_zn”2+4 Zn_T(wn)(zn) )
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we have lim,, o0 E[[|2, — T) (,)||?|Fn] = 0 almost surely. This completes the proof. W
Lemma 4.2 leads to the following.

LEMMA 4.3 Suppose that the assumptions in Theorem 4.1 hold. Then, for all ¢ € T,
almost surely

lim HJUn — T(i)(xn)H =0 and lim ||z, — z,] = 0.
n—o00 n—o00

Proof. The same discussion as for proving Lemma 3.3 guarantees that lim, o ||z, —
T(i)(mn) | =0 (i € Z) almost surely. Lemma 4.1 ensures that (||Zn+m+1—Zn+1ll/Yn+m)neN
almost surely is bounded. Hence, (29) and lim,, oo @, = lim;, 00 7, = 0 guarantee that
lim;, o0 ||Zn — 2| almost surely equals 0. This completes the proof. [ |

Lemma 4.3 leads to the following.

LEMMA 4.4 Suppose that the assumptions in Theorem 4.1 hold. Then, almost surely

limsup f(z,,) < f* := min f(x).

n— 00 zeX

Moreover, any weak sequential cluster point of (zyp)nen almost surely belongs to X* :=

{z* € X: f(z*) = f*}.

Proof. Choose z* € X* and n € N arbitrarily. Inequality (28) guarantees that, for all
k €N,

lonss = 21 < ay o — ¥ + g — 2> + 29 (£ (@%) = 0 )

295 (£ () = £ (z1))

which, together with the nonempty condition of 0 f (“”“)(azk) and the triangle inequality,
implies that, for all k € N, there exists @y, € df“*)(z},) such that

ki1 — 21 < an o — I + g — 2> + 29 (£ (@) = ) )

+ 29 Jurll |2k — 2]l -

Accordingly,
n+m
Jntmir = 2% 17 < Jan = a* P +2 2y (£ @) = 10 ()
k=n+1
n+m n+m
+llzo—a*|* Y an+2 D> ke ek — 2l
k=n+1 k=n+1
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A discussion similar to the one for obtaining (14) implies that

2 n+m
> o (£ (@) = £ @)
Yn4+m j—1
+
" oy Ingmer =zl | llwo — 2% X
< ([[zn41 = 2™ + lzntmir — 7)) + dooar (32
Tn+m Tn+m j—
n+m
+ > el o — 2l -
n+m k=n+1

Hence, the same discussion as for the proof of Lemma 3.4, together with Lemma 4.3
and Assumptions 3.2 and 4.1, leads to the finding that limsup,,_, . f(z,) < f* almost
surely. Furthermore, the same discussion as for the proof of Theorem 3.1, together with
Assumption 4.2 and Lemmas 4.3 and 4.4, guarantees that any weak sequential cluster
point of (z,,)nen almost surely belongs to X*. This means that Theorem 4.1 holds. H

4.3 Convergence rate analysis of Algorithm 2

The following proposition establishes the rate of convergence for Algorithm 2.

PROPOSITION 4.1 Suppose that the assumptions in Theorem 4.1 hold and that (zy)nen
is the sequence generated by Algorithm 2. Then, there exist K; € R (i = 1,2) such that,
for alln € N, almost surely

‘ < v Kiop + Koy,

Moreover, under Sub-assumption 3.2(iii), if there exists ko € N such that almost surely
f(xn) > f* for all n > ko, there exist ki € N and K; € R (i = 3,4,5,6) such that, for
all n > max{kg, k1}, almost surely

x, —TW (zn)

1 n+m o a
— Z flay) = f* SK3M+K4J+ Ksay, + Kgyn. (33)
m Rt Yn+m Tn

Under Sub-assumption 3.2(iv), there exist K; € R (i =7,8,9,10) such that, for alln € N,
almost surely

0] [0
fxn) = f* §K7M+K87n+ Kyay, + K197 (34)
Yn4+m Tn

Let us compare Algorithm 1 with Algorithm 2. Algorithm 1 can be applied to only
smooth convex stochastic optimization whereas Algorithm 2 can be applied to nonsmooth
convex stochastic optimization. Theorem 4.1 guarantees that any weak sequential cluster
point of the sequence generated by Algorithm 2 almost surely belongs to the solution set
of Problem 2.1 when f® (i € Z) is smooth. Proposition 4.1 implies that Algorithm 2
with v, := 1/n® and a,, := 1/n® (n > 1), where a € (0,1/2), b € (a,1—a), and a+b < 1,
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satisfies, for all 1 € 7,

x, — T ()

’ -0 ()

which is the same as the rate of convergence of Algorithm 1 with A, := 1/n® and
an = 1/n (n > 1) for ||z, — TO(z,)| (see (22)). Moreover, (33) and (34) imply that,
under the assumptions in Proposition 4.1 and the condition o(~,) = 1/n¢, where ¢ > a,

1 ' 1 1
_ _ f* — Y S
m Z f(l‘k) f 0 (nmin{a/Q,ba,ca}> ’ f(l'n) f 0 (nmin{a/2,ba,ca}) ’

k=n+1

Therefore, under the condition that A, = v, := 1/n?% and a, := 1/nb (n > 1), the rate of
convergence of Algorithm 1 (see (23) and (24)) is almost the same as that of Algorithm
2.

Proof. Since (29) and (30) hold, the almost sure boundedness of (x,)nen and the mono-
tone decreasing conditions of (ay)nen and (Y )nen with lim, o @, = 0 mean the exis-
tence of K; € R (i = 2,3) such that, for all n € N, almost surely

2
E 0 = o[ Fa] < Ko + Kyy, B U\z = T ()| H < Ksan + K3,

which, together with (31) and the existence of K4 € R such that, for all ¢ € Z and for all
n € N, almost surely ||z, — T (2,,)||? < K4E[||2n — T (2,)||2| Fn] (see Sub-assumption
3.2(ii)), means that, for all i € Z and for all n € N, almost surely

. 2
Hl’n — T(Z) (SL’n) < 10K4 (KQOén =+ Kg’)/n) .

The same discussion as for obtaining (25) means that almost surely

E lZntms1 — Tpy |

Yn+m Tn+m

}“n] _ ntm) (35)

Let us assume that Sub-assumption 3.2(iii) holds. Lemma 4.1, the almost sure bound-
edness of (zp)nen, and (29) imply that, for all n € N, almost surely ||z, — z,| <
vV Kz, + K37, Taking the expectation in (32) conditioned on F,, thus guarantees that
there exist K; € R (i = 7,8,9) such that, for all n € N, almost surely

9 o(Ynam)  Ks X 9Ky "X
E e (f(zr) = f7) < Ky nml 4 § oy + E Y/ Koag + K3y,
ot Vi Y
A f—nt nm Mo Ly

where Kg := max;er sup{Huff)H: ul) € OfD(z,),n € N} < oo comes from the almost
sure boundedness of (2, )nen and Proposition 2.2(iii). Accordingly, from the existence of
mo € N such that almost surely f(z,)— f* > 0 for all n > my, (16), and the monotone
decreasing conditions of (o, )nen and (Y )nen, there exist K; € R (i = 10,11) such that,
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for all n > mg, almost surely

1 "= K7 o0(Ynim) Ko«
.. Z f(xk)_f* < 77 nrm + 107“'+‘I{11 \V/ K205n+K3'7n-
m k=n+1 M ntm mn

Next, let us assume that Sub-assumption 3.2(iv) holds. From (32) and the definition
of 8fx)  for all n € N, almost surely

n+m

2 3 (£ (@) - £ @)
k=n+1
2
x 1 — Tnal ro — ¥||° ma
< (H$n+1 _ 35*” + Hxn+m+1 _ $*H) H n+m+ n+ H + ” H n+m (36)
In+m Yn4+m
n+m n+m
12Ky > ok -l +2Ko > o — ol
k=n+1 k=n+1

From (29) and (30), the triangle inequality means that, for all n € N, almost surely

st = znll < Jons1 = gall + [T (z0) = 2| + 120 = 2l

<ay, ”xO - ynH +2 V Kooy, + K3vn,

which, together with the triangle inequality and the monotone decreasing conditions of
(an)nen and (Vp)nen, means that, for all n € N, almost surely

n+m m—1
S on— 2l € 3 01— ) [5nss — 2nsgl
k=n+1 7=0
m—1
< Z (m—3j) <K11Oén+j +2v/Koantj + Ks’ynﬂ')
=0
m(

1
m(m +1) (Knoén + 2/ Kooy, + K3”Yn> ;

2

IN

where almost surely K11 := sup{||zo — yn|: n € N} < oco. Taking the expectation in (36)
conditioned on F,, thus guarantees that, for all n € N, almost surely

Tn+m Tn
+1
+ mKgy/ Koay, + K3”yn + ,ml(rnz)Kg (Kllan + 24/ Kooy, + Kg’yn> s
which, together with (C4), completes the proof. ]

REMARK 4.1 A discussion similar to the one for obtaining (26) ensures that there exist
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mp € N and K; € R (i = 1,2) such that, for all n > mq, almost surely

Tn4+m(n — Tn I - K
i | J7ntm 1 “H‘fn] <K [ (1= tesmm) + KaN(n), (37)
7n+m(n) k=mo
where  N(n) = max{(1/Vesm@m)l — /%sm@)ls (1/pm) |1/ Vermpr) —

(/)0 (U @pm@) Wty — W6l Ve pmys B = mn — 1,...,mo}. Accord-
ingly, (35) can be replaced with (37).

5. Numerical results

This section considers Problem 2.1 when f®: R% — R and 7" : R? — R? (i € T) are
defined for all z := (21,2, ...,2q) € R? by

i 1 i i i i
FO () = 3 <a:,A( )x> + <b( ),a:> or ;wj(-) ‘a:j —ag)
z+ Pc (;chém(x)” , (38)

kel

T0) () = %

where A e R4 ig a diagonal matrix with diagonal components )\S-i) >0, b e R?,

W50, eR Y >0, eRY, O = {r eRY: o — )| <} (e Tk e K=
{1 K}jED ={1,2 ,...,d}),andC.—{meRd.Ha:HSl}.

Since the metric projection onto each of C' and C’,ii) (i € Z,k € K) can be computed
within a finite number of arithmetic operations, (") (i € Z) defined by (38) can be
computed efficiently. Moreover, T() (i € T) satisfies the firm nonexpansivity condition
(see (A1)), and Fix(T™) coincides with a subset of C' with the elements closest to C,gi) s
in terms of the mean square norm [48, Proposition 4.2]. This subset, denoted by Cg )=
fo € C: a0 (2) = (1/K) Yyerc(min, oo o — 2)? = minyee 80(y)} (= Fix(T0),
is called the generalized convex feasible set [8, 48], which is well defined even when C'N
MNiex Cp” = 0 (see [8, 21, 28, 48] for applications of the generalized convex feasible set).

The boundedness of C' guarantees that Fix(T()) = C'(Z # () [48, Remark 4.3(a)].

The experimental evaluations of the two proposed algorlthms were done using a Mac
Pro with a 3-GHz 8-Core Intel Xeon E5 processor and 32-GB 1866-MHz DDR3 memory.
The algorithms were written in Java (version 9) with d := 210 = 1024, I := 16, and

K—3Thevaluesof)\() e [0,d], b e [-1,14 wl” € (0,1], o € [-1,1], 1! €

(0,1], and ck € [-1/Vd,1/v/d)? were randomly generated using the Mersenne Twister
pseudorandom number generator (provided by Apache Commons Math 3.6). Algorithm
1 (resp. Algorithm 2) was used with (4) (resp. (27)), which implies the boundedness
of (Yn)nen (see Assumptions 3.3 and 4.2). The step-size sequences were A\, = 7, =
1073/(n + 1)* and ay, := 1073/(n + 1), where (a,b) is (A) (1/4,1/2) or (B) (1/8,3/4),
which satisfy Assumptions 3.1 and 4.1.2

2Existing fixed point optimization algorithms [24, 26] with small step sizes (e.g., vn := 1072/(n+1)%,1073/(n +
1)%) have faster convergence. Hence, the experiment used step sizes An = 75 := 1073/(n + 1)¢ and ay, :=
1073/(n + 1)®.
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To see how the choice of (wy,)nen affects the convergence rate of the two algorithms,
Algorithms 1 and 2 were used with one of the following conditions.

(I) The samples were generated nearly independently; i.e., for all i € Z, there existed

pi € (0,1] such that, almost surely inf ey P(w, = i|Fp) > pi/1.

(IT) The samples were selected to be nonexpansive mappings of which the fixed point sets

were the most distant from the current iterates; i.e., w, € argmax;cy ||z, — T® (2,)|?

for all n € N.

(ITI) The samples were generated in accordance with a random permutation of the indexes

within a cycle; i.e., for all t € N, (T(n)), cn, where n = tI,tI +1,...,(t+1)I —1, was
a permutation of {T(l)7 7@, .. ,T(I)}.

(IV) The samples were generated through state transitions of a Markov chain; i.e., (wp)nen

was generated using an irreducible and aperiodic Markov chain with states 1,2,...,1.

Conditions (I)—(IV) were defined on the basis of Assumptions 4-7 in [45]. The conclu-
sions in [45] show that the sequence (wy,)nen in each condition satisfies Sub-assumptions
3.2(i) and (ii). In the experiment, (wy,)nen in (IV) was generated using a positive Markov
matrix with randomly chosen elements.

One hundred samplings, each starting from a different randomly chosen initial point,
were performed, and the results were averaged. Two performance measures were used.
For each n € N,

100 100

7 1 w
Dy = 10022]% — T (g, (s ))H and F, = 00 2 [f< )($n(s))},
s=1 i€l
where (z,,(s))nen is the sequence generated from initial point x(s) (s = 1,2,...,100) for

each of the two algorithms. The value of Dy, represents the mean value of the sums of
the distances between z,(s) and T )( ( ))- Hence if (Dp)nen converges to 0, (2 )nen

converges to some point in (.7 Fix(T") = ;.7 C ). F, is the average of E[f() (x,,(s))]
(s =1,2,...,100), and the values of F generated by Algorithms 1 and 2 with Conditions
(D—(1IV) differ since the samples are coming from different distributions in (I)—(IV). The
stopping condition was n = 1000.

First, let us consider the problem when f®(z) := (1/2)(z, A®z) + (b, z) (i € T)
(ie., f (@) is smooth and convex), which can be solved using Algorithm 1. Table 1 shows
the number of iterations n and elapsed time when Algorithm 1 with one of (I)~(IV) and
one of (A) and (B) satisfied D,, < 1072 and |F,, — Fj,_1| < 1075. All the algorithms
converged to a point in ();c1 Fix(T) in the early stages. F;, when Algorithm 1 satisfied
|F, — F,_1] < 107° was different from Fyggg because the behavior of Algorithm 1 was
unstable in the early stages. Checking showed that Algorithm 1 satisfied D,, ~ 0 for
n > 10 and that its behavior was stable for n > 900. When one of (I)~(IV) was fixed,
Fip00 generated by Algorithm 1(A) was smaller than Fjgoo generated by Algorithm 1(B).
Accordingly, Algorithm 1(A) performed better than Algorithm 1(B).

Next, let us consider the case in which f®)(z) := > jep w](-l)]wj - ag-z)\ (1 € I) (ie.,
f@ is nonsmooth and convex), which can be solved using Algorithm 2. Table 2 shows
that all the algorithms optimized F}, in the early stages and then searched for a point
in ez Fix(T®), in contrast to Algorithm 1 (see Table 1). Checking showed that the
behavior of Algorithm 2 was stable. Moreover, when one of (I)-(IV) was fixed, Algo-
rithm 2(B) satisfied D,, < 1072 more quickly than Algorithm 2(A), and Fjggo generated
by Algorithm 2(B) was smaller than that generated by Algorithm 2(A). Accordingly,

Algorithm 2(B) performed better than Algorithm 2(A).
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Table 1. Behavior of D,, and F), for Algorithm 1

D, <1073 |Fy, — Fr1] <107° n = 1000
n  time [s] D, n  time [s] F, time [s] F,

Alg. 1(I)(A) 6 0.000071 0.000392 | 132 0.001263 0.022259 | 0.009604 —0.011421
Alg. 1(I)(B) 6 0.000072 0.000000 | 301 0.002930 0.010067 | 0.009704  0.002931
Alg. 1(IT)(A) 6 0.001134 0.000000 | 250 0.037588 0.024567 | 0.147227  0.006503
Alg. 1(I1)(B) 5 0.000963 0.000100 | 99 0.015022 0.038290 | 0.147379  0.019506
Alg 1(IIT)(A) || 5 0.000061 0.000000 | 78 0.000754 0.033988 | 0.009607 —0.005376
Alg 1(IIT)(B) || 4 0.000051 0.000000 | 110 0.001063 0.019045 | 0.009731  0.003758
Alg.1(IV)(A) || 5 0.000062 0.000065 | 423 0.004195 0.016480 | 0.009871  0.007351
Alg.1(IV)(B) || 5 0.000062 0.000000 | 484 0.004830 0.025469 | 0.009889  0.020530
Table 2. Behavior of D,, and F}, for Algorithm 2

D, <1072 |Fn — Fr1] <107° n = 1000

n time [s] D, n  time [s] F, time [s]

Alg.2(I)(A) > 1000 — — 14 0.000191 0.206366 | 0.010437 0.202815
Alg.2(I)(B) 522 0.005282  0.009996 | 14 0.000193 0.206323 | 0.009920 0.194252
Alg.2(IT)(A) 770 0.120310 0.009993 | 9 0.001693 0.193260 | 0.155903 0.191289
Alg.2(II)(B) 46 0.007322 0.009871 | 9 0.001651 0.193248 | 0.148430 0.187172
Alg.2(IIT)(A) 771 0.008040 0.009961 | 14 0.000194 0.193133 | 0.010388 0.191453
Alg.2(III)(B) 96 0.001040 0.009769 | 14 0.000190 0.193123 | 0.009999 0.187654
Alg.2(IV)(A) 976 0.010334 0.009998 | 7 0.000106 0.193286 | 0.010596 0.191582
Alg.2(IV)(B) 121 0.001304 0.009790 | 7 0.000109 0.193281 | 0.009994 0.188013

6. Conclusion

Two stochastic optimization algorithms were proposed for solving the problem of min-
imizing the expected value of convex functions over the intersection of fixed point sets
of nonexpansive mappings in a real Hilbert space. One algorithm blends a stochastic
gradient method with the Halpern fixed point algorithm while the other is based on a
stochastic proximal point algorithm and the Halpern fixed point algorithm. Consideration
of a case in which the step-size sequences are diminishing demonstrated that any weak
sequential cluster point of the sequence generated by each of the two algorithms almost
surely belongs to the solution set of the problem under certain assumptions. Convergence
rate analysis of the two algorithms illustrated their efficiency. A discussion of concrete
convex optimization over fixed point sets and the numerical results demonstrated their
effectiveness.
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